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Abstract
The battery replacement and disposal however become a big issue with the rapid devel-
opment of electronic devices. Alternative power sources from our ambient environment
therefore grasp people's interest in recent years. Among numbers of small-scale energy
sources, using piezoelectric generators to convert vibrational energy into electrical en-
ergy received much attention as low-level mechanical vibrations are available in many
environments and as piezoelectric transducers that allow the direct conversion of vi-
brations into electricity also permit easy maintenance and good integrability.
A nonlinear interface ("Synchronized Switching Harvesting on Inductor", SSHI),
consisting in a switching device and an inductor, has been proved to improve the
piezoelectric harvester performance especially for weakly-coupled harvesting system.
This technique opens a new stage for piezoelectric energy harvesting system. However,
existing works were usually done under the excitation with only one frequency infor-
mation. A more practical excitation will contain more than one frequency information
and usually broadband and random, for example the car motion, machine vibration,
motor rotation, etc. In addition, the coupling eﬀect due to the harvesting process is also
an interesting issue to discuss. The modeling of piezoelectric harvester in the existing
publications usually takes into account only the electromechanical coupling within the
harvester during the harvesting process. Nevertheless, in practical applications of seis-
mic or indirectly-coupled piezoelectric harvesters, the mechanical interaction between
the host structure and the harvester is an essential issue. The purpose of this work
is to analysis the seismic type piezoelectric harvester from a practical perspective and
to provide an optimal design of the harvester. In this work, the broadband modeling
based on the concepts of self-sampling and self-aliasing is described under broadband
and/or random excitations for the nonlinear interface called "Periodic Switching Har-
vesting on Inductor" (PSHI). For PSHI technique, the switching device is considered to
be turned on at a speciﬁc switching frequency, which can be any ratio of the harvester
resonant frequency. Then this thesis work extends to the stochastic modeling in order
i
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to have mathematical expressions that can directly describe broadband performances of
the harvester with the power spectral density (PSD) function of signals. As the switch
is turned on at a given frequency, the modeling can be derived using cyclostationary
theory. The eﬀectiveness of stochastic modeling is also validated with experimental
measurements and time-domain iterative calculations, and the harvester performance
under a band-limited noise excitation is been discussed under noises with a bell-curved
spectra. An optimal switching frequency slightly less than twice the harvester resonant
frequency is proved to have the optimal power output under the optimal resistive load.
This switching frequency is however dependent on the electromechanical coupling fac-
tor of the harvester; the smaller the electromechanical coupling factor, the closer the
optimal switching frequency will be to twice the harvester resonant frequency.
The other part of this thesis work is to discuss the interaction (mechanical to me-
chanical coupling eﬀect) between the host structure and the seismic harvester. The
analysis is conducted with a Two-Degree-of-Freedom (TDOF) model consisting in a
host structure and a harvester. An energy conversion loop is therefore formed between
the host structure and the harvester, within the harvester and between the harvester
and the resistive load. The TDOF model is veriﬁed with the Finite Element Method
(FEM) model and the experimental work. An optimal mass ratio of harvester dynamic
mass to host structure dynamic mass, which is about few percent, is proved to have the
optimal power output at the optimal resistive load. The modeling is further applied
to a practical self-powered Structural Health Monitoring (SHM) system providing the
best design of the harvester. A practical consideration with the broadband excitation
is also introduced with the stochastic showing the eﬀect of frequency detuning between
the host structure and the harvester. The analysis is conducted in two design crite-
ria providing diﬀerent energy harvesting processes, constant force factor and constant
electromechanical coupling factor. With a constant electromechanical coupling factor,
the harvester performance is surprisingly with very little change due to the mismatch-
ing of harvester and host structure resonant frequencies providing a larger tolerance in
frequency detuning.
Keywords: Energy harvesting; scavenging; broadband modeling; piezoelectric; stochas-
tic modeling; nonlinear processing; frequency detuning; backward coupling eﬀect.
ii
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Résumé
La décroissance de la consommation électrique des dispositifs électroniques (tels que
des réseaux de capteurs autonomes) leur a permis une croissance sans précédent. Néan-
moins, les éléments de stockage d'énergie (piles et batteries), bien qu'ayant initialement
promus ce développement, sont devenus un frein à la prolifération des microsystèmes
électroniques. Cette limitation s'explique par la durée de vie relativement limitée de
ces éléments (l'auto-décharge drainant quelquefois plus d'énergie que celle consommée
par le système) nécessitant une maintenance non négligeable et prohibitive lorsque les
dispositifs sont nombreux et/ou inaccessibles, ainsi que par des considérations environ-
nementales ; le processus de recyclage des batteries étant complexe et coûteux.
Pour palier à ce problème, la possibilité d'exploiter l'énergie de l'environnement im-
médiat du dispositif a été proposée et a fait l'objet de nombreuses recherches au cours
des dernières années. En particulier, la récupération d'énergie mécanique exploitant
l'eﬀet piézoélectrique est l'une des pistes les plus étudiées actuellement pour la concep-
tion de microgénérateurs autonomes capables d'alimenter les dispositifs électroniques.
Par ailleurs, dans ce domaine, il a été démontré que l'utilisation d'interfaces électron-
iques eﬀectuant un traitement non-linéaire de la tension de sortie de l'élément actif
permet d'améliorer grandement les capacités de conversion (et donc de récupération)
de l'énergie vibratoire. L'une de ces approches, nommée Synchronized Switch Har-
vesting on Inductor (récupération par commutation synchronisée sur inductance) s'est
montrée particulièrement eﬃcace, pouvant augmenter la quantité d'énergie récupérée
par un facteur supérieur à 10 par rapport aux techniques linéaires. Cette technique
consiste à connecter l'élément piézoélectrique sur une inductance pendant un bref in-
stant. L'élément piézoélectrique ayant un comportement diélectrique, ceci forme ainsi
un circuit résonant qui conduit à une oscillation de la tension. Si le temps de connexion
est choisi comme étant égal à une demi-période du circuit résonant ainsi formé, il se
produit une inversion de tension. Cette dernière conduit à un processus cumulatif qui
augmente artiﬁciellement la tension de sortie de l'élément piézoélectrique ainsi qu'à
iii
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une réduction du déphasage entre tension et vitesse de déplacement ; ces deux eﬀets
conduisant à l'augmentation importante des capacités de conversion.
Néanmoins, l'étude des microgénérateurs d'énergie est quasiment toujours faite en
considérant une excitation sinusoïdale, ce qui correspond rarement à la réalité. Peu de
travaux expérimentaux, et encore moins théoriques, ont été menés en considérant une
excitation large bande (impulsion, bruit...) ; ceci étant d'autant plus vrai pour les dis-
positifs incluant un élément non-linéaire. Ainsi l'objectif de cette thèse est d'étudier le
comportement des récupérateurs d'énergie piézoélectriques interfacés de manière non-
linéaire. Pour ce faire, diﬀérentes approches seront prises, en considérant le processus
de commutation comme un auto-échantillonnage du signal, ou en appliquant des
théories d'analyse stochastique pour quantiﬁer les performances du dispositif. Ainsi,
plusieurs formes d'excitation appliquée au système pourront être analysées, permettant
d'étudier la réponse du système sous des conditions plus réalistes.
Toujours dans l'optique d'une implémentation réaliste, un autre objectif de cette
thèse consistera à évaluer l'impact de la récupération d'énergie par couplage sismique
sur la structure hôte, démontrant la nécessité d'envisager le système dans sa globalité
aﬁn de disposer de systèmes performants capables de convertir eﬃcacement l'énergie
vibratoire sous forme électrique pour un usage ultérieur.
Mots-clés: Matériaux piézoélectriques; transfert d'énergie; large bande; modélisation
stochatique; désaccord de fréquence; eﬀet de couplage; récupérateur sismique.
iv
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Notations
Symbol Signiﬁcation
Alphabetic character
A piezoelectric force factor vector
A cross-sectional area of piezoelectric element
B input matrix
C structural damping coeﬃcient
C damping matrix
C0 internal capacitance of piezoelectric element
[cE] elastic stiﬀness matrix determined at constant electric ﬁeld
c elastic rigidity
D electric displacement
[d] nodal degree of freedom
d31 piezoelectric constant in 3-1 mode
E electrical ﬁeld
Edissipated total energy dissipation
Es extracted energy from source
EI¯ ﬂexural rigidity
sE compliance of piezoelectric material
e piezoelectric stress matrix
F force vector
F exerted-force
FM force magnitude
Fp restoring force due to the stiﬀness of piezoelectric element
f frequency
fs switching frequency
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f0 resonant frequency
H(t) Heaviside step function or Unit step function
H transfer function
hAB impulse response of A to the input B
In identity matrix of size n
I current
I0 initial current
J second moment of inertia
j imaginary unit
K stiﬀness
K stiﬀness matrix
KpE stiﬀness of piezoelectric element in short-circuit
Ks structural stiﬀness
k2 electromechanical coupling factor
L inductance
l beam length
M mass matrix
M bending moment
M mass
mX mean of signal X
m¯ mass per unit length
N shape function
N natural numbers
P harvested power
Ps extracted power from source
Q electric charge
Qi electrical quality factor
QM mechanical quality factor
q(x1, t) external force applied at position x1
qi modal displacement of ith mode
RL resistance
RAB cross-correlation function between random signals A and B
RnAB cyclic cross-correlation function between random signals A and B
S material strain
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SAB power spectral density between signals A and B
SnAB spectral cross-correlation density (SCD) between random signals A and B
[S] permittivity matrix evaluated at constant strain
T transfer matrix
T material stress
TLCR oscillation period of LCR oscillator
Ts switching period
t time
t0 time delay
ta or t
′
a switch closing time for step 1
tb or t
′
b switch closing time for step 2
ti inversion time
tn switching instant
tp thickness between two electrodes of piezoelectric element
U˜ Fourier transform of displacement
U1 displacement magnitude of host structure
U2 displacement magnitude of harvester
u displacement matrix
u displacement or deﬂection
uM maximum displacement amplitude
V voltage
V˜ voltage in frequency domain
V˜0 piecewise function of voltage
VM voltage before inversion
Vm voltage after inversion
w beam width
x state vector
xc neutral axis
y external excitation displacement
Z electrical impedance
Z integers
Greek character
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α Force factor
χ Multiplication factor for deﬁning the damping matrix
β Multiplication factor for deﬁning the damping matrix
γ Inversion factor
ρ Density
ω Angular frequency
ω0 Natural angular frequency
ωs Angular switching frequency
ζ Structural damping ratio
Φ Magnetic ﬂux
φi Phase shift reference to the force excitation for i variable
η Eﬃciency factor
λ Ratio between open-circuit voltage and displacement
ψ Young's modulus
υ Poisson's ratio
θ Deﬂection slope
δ Dirac delta function
ν Poisson's ratio
Subscripts
Symbol signiﬁcation
E open circuit
D short circuit
H host structure
p piezoelectric element
b beam
h harvester
s switching
sup supporter
+ just after the inversion
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FFT Fast Fourier transform
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MOSFET Metal-Oxide-Semiconductor Field-Eﬀect-Transistor
MsM Magnetostrictive materials
PSD Power spectral density
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SHM Structure Health Monitoring
SSD Synchronized Switch Damping
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1 Generalities on Energy Harvesting
This chapter aims at presenting the main physical phenomena and applica-
tions of energy harvesting with a direct link of the topics covered in this the-
sis. It gives a general introduction of energy harvesting in order to present
the motivations that lead to the development of renewable energy, the po-
tential energy source and then focuses on energy harvesting from vibration
motion with piezoelectric materials. The other objective of this chapter is
to summarize current scientiﬁc literatures related to this thesis work. A de-
scription of the state of the art in terms of energy harvesting, piezoelectric
energy harvester and broadband modeling is thus also exposed.
1.1 Motivation
The mobile wireless applications has a rapid growth thanks to the decrease in consump-
tion of electronic components and has brought the development in energy harvesting.
Primary batteries, which initially promoted the development of portable electronic
devices, have paradoxically became a brake on this growth, particularly because of as-
sociated maintenance issues (charging, replacement). Compared to the computational
demands predicted by Moore's law, the battery capacity has improved very slowly
(Figure 1.1), showing the need of micropower generators. For a Structural Health
Monitoring (SHM) system, it is typically impractical and costly to change batteries
periodically over the lifetime of the structure. Another energy system which is capable
of being adapted to the infrastructure with a longer lifespan, for example, ambient en-
ergy in surrounding medium or infrastructure itself, is therefore required. Given these
reasons, alternative power sources from our ambient environment has been paid much
attention. Figure 1.2 shows a good example of an autonomous Wireless Sensor Network
(WSN) nodes with energy supplied by a renewable energy harvesting system. Sensors
and electronics powered up by energy harvesters could be placed on the structure with
1
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Figure 1.1: Battery capacity versus processor performance [1].
Figure 1.2: Block diagram of energy renewable Wireless Sensor Networks system [2]
limited accessibility, such as bridges, airplanes, ships and manufacturing plants, pro-
viding an unlimited power supply for the lifespan of electronic devices and make them
completely self-sustaining. However, the dimension constrain is a tricky problem and
optimal designs for energy harvesters being able to eﬃciently convert ambient energy
into electrical energy and provide enough power to the electronics is still an open issue.
The analytical work with practical considerations on real applications, for example,
the heat losses induced by the environment for thermoelectric generators and broad-
band and/or random excitation for vibrational microgenerators, is still a subject less
explored.
Table 1.1 provides the list of power requirement of various household electronic
devices. Some of these equipments require only a small power level from 1 µW to 100
mW. Aside from applying on systems such as WSN and SHM, energy harvesters which
are capable of continuously harvesting energy from ambient sources could be another
option for supplying household electronics energy.
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Table 1.1: Average power consumption of common household electronic devices
Product Average power consumption
LCD screen (21-inch) 30-80 W
Laptop computer (fully on, charged) 30 W
Fluorescent light bulb 14 W
DVD player (playing) 10 W
ipad (wiﬁ and video mode) 2.5 W
iphone 5 (talk/stand-by) 680 mW/24 mW
HTC One S smart phone (talk/stand-by) 630 mW/170 mW
Kindle touch Ereader (reading mode) 210 mW
TV remote 100 mW
Small portable FM radio 30 mW
Quartz wristwatch 1 µW
1.2 Potential Energy Conversion Mechanisms
Energy harvesting is the process that converts any kind of energy from the ambient
environment to usable electrical energy. Ambient energy sources could be mechanical
vibration, electromagnetic sources, light, airﬂow, heat, sun power, and temperature
variations, as shown in Table 1.2. Several excellent literatures reviewed possible energy
sources for energy harvesting and gave a comparison between them [36]. Priya has
shown a broad survey of potential energy sources, which are listed in Figure 1.3 [5], for
wireless sensor networks. This survey expands from natural energy, mechanical energy,
thermal energy, radiation wave energy and battery capacities. Under direct sunlight,
solar cell oﬀers excellent power density about 15000 µW/cm3, which is about 2 orders
of magnitudes higher than other sources. The solar energy is deﬁnitely a very promising
source for powering electronic devices, but the variation of light intensity could however
lead to a signiﬁcant drop in the power density. Also it is not possible to have an
eﬃcient solar power conversion inside buildings or under the cover, compromising their
application in many cases. Otherwise, power scavenged from thermal gradients and
from kinetic energy are the other most attractive sources, comprising of mechanical
vibrations, air ﬂow and human power. Roundy et al [3] concluded that for a device
with a lifetime in the range of 1 year or less, the battery is the easiest and the most
versatile solution (as shown in Figure 1.4), but mechanical vibrations proﬁt more for
a longer lifetime requirement.
This section provides an up-to-date assessment of available energy harvesting meth-
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Table 1.2: Sources of energy available in the surrounding which are/can be tapped for generating
electricity [5]
Human Body Vehicles Structures Industrial Environment
Breathing, blood
pressure,
exhalation, body
heat
Aircraft, UAV,
helicopter,
automobiles,
trains
Bridges, roads,
tunnels, farm
house
structures
Motors,
compressors,
chillers, pumps,
fans
Wind, solar,
temperature
gradient, daily
temperature
Walking, arm
motion, ﬁnger
motion, jogging,
swimming, eating,
talking
Tires, tracks,
peddles, brakes,
shock
absorbers,
turbines
Control-
switch, HVAC
systems, ducts,
cleaners, etc.
Conveyors,
cutting and
dicing,
vibrating
machine
Ocean currents,
acoustic waves,
EM waves, RF
signal
0 50 100 150 200 250 300 350 400
Solar (inside)
Temperature gradient
Human power
Air flow
Pressure Vibrations
Mechanical  Vibrations
Available Power (mm/cm3) 
Figure 1.3: Comparison of various potential power sources for the sensor networks [5]
ods in the micro to mili-watt scale, which is suitable for low-power electronics. As
the area of available energy sources is very broad, we can generalize these common
renewable energy sources roughly into three main categories: 1. thermal conversion, 2.
ambient-radiation sources and 3. vibration conversion.
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Figure 1.1:  Power density versus lifetime for batteries, solar cells, and vibration generators. 
 
The shaded boxes in the figure indicate the range of solar (lightly shaded) and vibration 
(darkly shaded) power available.  Solar and vibration power output are not a function of 
lifetime.  The reason that both solar and vibrations are shown as a box in the graph is that 
different environmental conditions will result in different power levels.  The bottom of 
the box for solar power indicates the amount of power per square centimeter available in 
normal office lighting.  The top of this box roughly indicates the power available 
outdoors.  Likewise, the area covered by the box for vibrations covers the range of 
vibration sources under consideration in this study.  Some of the battery traces, lithium 
rechargeable and zinc-air for example, exhibit an inflection point.  The reason is that both 
battery drain and leakage are considered.  For longer lifetimes, leakage becomes more 
dominant for some battery chemistries.  The location of the inflection roughly indicates 
when leakage is becoming the dominant factor in reducing the amount of energy stored in 
the battery. 
The graph indicates that if the desired lifetime of the device is in the range of 1 year 
or less, battery technology can provide enough energy for the wireless sensor nodes under 
12 
Figure 1.4: Comparison of power from vibrations, solar, and various battery chemistries [3]
1.2.1 Thermal Energy
The thermal energy exists ubiquitously in our daily life, such as heaters and heat
induced by the friction motion. It commonly presents in two forms, 1. temperature
gradient and 2. tempera ure time variation. The ﬁrst form is also call d Seebeck eﬀect
or thermoelectric eﬀect, and the second form is the pyroelectric eﬀect.
1.2.1.1 Seebeck (Thermoelectric) Eﬀect
The temperature gradient in the environment could be directly converted to electric
voltage through the Seebeck (thermoelectric) eﬀect, discovered by Thomas Johann
Seebeck. The Se beck eﬀect is illustrat d in Figur 1.5, where th induced v ltage is
V =
∫ T2
T1
(SB(T )− SA(T ))dT , (1.1)
SA and SB are the Seebeck coeﬃcients of the metals A and B as a function of temper-
ature, and T1 and T2 are the temperatures of the two junctions.
A traditional thermoelectric (TE) power generator consists in number of doped semi-
conductor elements arranged electrically in series but thermally in parallel. A practi-
cal example is the thermogenerator by the Micropelt GmbH, which is shown in Fig-
ure 1.6(a). TE leg pairs or thermocouples are composed of n- and p-type semiconductor
materials which are separately produced and optimized on two silicon wafers. When
heat is ﬂowing through two silicon wafers (hot side and cold side), a voltage will be
produced. TE legs are optimized with the doping Bi2Te3, which could have maximum
18% Carnot eﬃciency when the temperature diﬀerence is about 350K. The kit of ter-
mogenerator is capable of delivering few miliwatts under ten to thirty degree diﬀerence.
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Figure 1.5: Illustration of a thermocouple. A thermocouple consists of two conductors (metals A
and B) connected to each other. They have diﬀerent Seebeck coeﬃcients and, thus, the
voltage V between the output terminals is proportional to the temperature diﬀerence T1 -
T2 between the ends of the couple [7]
Thermoelectric generators are reliable and have the advantage of limited noise emis-
sion compared to vibration-based harvesters, but their performance is however still in
low eﬃciency if there is only a small temperature gradient available. Chen et al [8]
also mentioned that although the Seebeck eﬀect of temperature gradient resulting in
electric ﬁeld is important, the heat loss caused by Joule and Peltier eﬀect with elec-
tric current ﬂowing in thermoelectric medium is also important. The development of
materials raises the thermal heat ﬂow and improve the ﬁgure of merit; it however also
makes the maintenance of temperature gradient diﬃcult caused by better conductivity
and high heat exchange [9]. In addition, the costly fabrication, scarce and toxic ma-
terial content and limited operational temperature make the usage of thermoelectric
generators restrictive.
The use of hybrid thermoelectric system provides another choice for evaluating the
eﬃciency of thermogenerator. Omer et al [10] proposed a two stage solar concentrator
for combining heat and thermoelectric power generation. The thermal eﬃciency could
be obtained more than 30 % when the collector tilt angle is from 0 to 20 degree at
atmospheric pressure.
1.2.1.2 Pyroelectric Energy Harvesting
Instead of Seebeck eﬀect, the thermal energy could be also with the form of temperature
time-variation, which is also the pyroelectric eﬀect. Certain materials which are able
to generate an electrical charge because of a polarization change when they are under
a time varying temperature are called pyroelectric materials. Not like the traditional
thermoelectric power generator, the pyroelectric energy conversion does not need the
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p-type legs, Bi2Te3 
bases compounds 
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bases compounds 
n contact 
p contact 
(a) (b)
Figure 1.6: Micropelt Thermogenerator: (a) Thermogenerator; (b) TE-Power PLUS (source:
www.micropelt.com)
high temperature source. The performance of a pyroelectric material is described by
its ﬁgure of merit of electric displacement, the breakdown voltage and the coupling
between the time-variation of temperature and electric induction (as the pyroelectric
equation is similar to the piezoelectric equation). A strong temperature dependent
electric displacement could maximize the electrical charge extracted from a pyroelectric
material when it is heated and cooled. The breakdown voltage decides the moment
when the pyroelectric material suﬀers a destruction of charge storing capability. In 1983
Oslen's group proposed the ﬁrst pyroelectric conversion cycle, 'Olsen cycle' or 'Ericsson
cycle' [11]. For each cycle, a copolymer P(VDF-TrFE) was able to generate 30 mJ/cm3
between 23 to 67 ◦C by applying maximum electric ﬁeld of 55 kV/mm [12]. Zhu et
al [13] examined the energy generated with electric-ﬁeld-induced phase transitions
through rhombohedral, orthorhombic and tetragonal phases during the Ericsson cycle
with a 1.1 mm thick [110]-oriented PZN-4.5PT single crystals. The electric ﬁeld is
applied with varying frequency from 0.01 Hz to 1 Hz, and a 101.8 mJ/cm3 energy is
generated over the whole Ericsson cycle between 100 and 130 ◦C and electric ﬁeld EL =0
MV/m and EH =2 MV/m. Although it is more diﬃcult to obtain high temperature
time-variation than temperature gradient, in the work of Sebald et al [9], a better
power output had been shown for pyroelectric energy harvesting than thermoelectric
energy harvesting at low frequency (10−4 Hz) and low heat exchange coeﬃcient.
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Figure 1.7: Overview of a RF energy harvesting system [21].
1.2.2 Ambient-Radiation Sources
The energy can be also converted from ubiquitous radio transmitters, but the energy
harvesting from this kind of source has to be either with very large area for collecting
radiation energy or very close to the radiation source to get useful energy level. The
common example is to deliberately broadcast RF or electromagnetic wave energy [14]
to power remote devices. A general RF energy harvesting is composed of receiving
radio waves with an antenna, converting the signal, and then conditioning the output
power, as shown in Figure 1.7. This is now commonplace in passive Radio Frequency
Identiﬁcation (RFID) systems. However, energy conversion systems of ambient RF
energy are very limited in power, usually in the range of few µW. Yeatman [15] recalled
that an electric ﬁeld of 1 V/m recovers no more than 0.26 µW/m2 while the maximum
ﬁeld near a source is within a few volts per meter. To improve the RF energy conversion
eﬃciency and to maximize the output power, current research eﬀorts on designing
eﬃcient antenna and rectennas (rectifying antenna) [1619]. An array of rectennas has
demonstrated that the voltage, current and power requirements for microwave power
transmission can be satisﬁed by conﬁguring the dipole rectenna elements in serial and
parallel connections [20].
Another form of radiation energy is the light radiation. A nantenna (nanoantenna)
is a solar collection device based on rectifying antennas. The idea of using antennas
to collect solar energy was ﬁrst proposed by Robert in 1972 [22]. A nantenna is an
electromagnetic collector designed to absorb speciﬁc wavelengths that are proportional
to the size of the nantenna. Idaho National Laboratories has designed a nantenna
to absorb wavelengths in the range of 3-15 µm [23], which is shown in Figure 1.8.
These wavelengths correspond to photon energies of 0.08-0.4 eV. Both modeling and
experimental measurements demonstrate that the individual nantennas can absorb
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(a) (b)
Figure 1.8: Nantenna by Idaho National Laboratories: (a) An array of nantennas, printed in gold and
imaged with a scanning electron microscope; (b) Nantenna sheet, stitched together from
18 coupons
close to 90 percent of the available in-band energy. A photovoltaic (PV) cell also has
the capability of converting light energy into electrical energy using semiconducting
material silicon to convert the energy from photons of light to electricity. Commercially
available PV cells could provide 15 % conversion eﬃciency and the minimum average
electrical power over a 24h period in a temperate location is around 2 W· m−2. In order
to increase the conversion eﬃciency, engineers at Stanford University have ﬁgured out
how to simultaneously use the light and heat of solar energy to generate more than
twice as eﬃcient as existing methods by coating a piece of semiconducting material with
a thin layer of the metal cesium [24]. Overall, photovoltaic energy conversion could
oﬀer higher power output levels compared with other energy harvesting mechanisms,
but its power output is nevertheless dependent on environmental conditions.
1.2.3 Vibration Conversion
Mechanical vibrations are common in many environments. They range from small
vibrations of the walls and ﬂoor, rotating machinery to very high loads of mechanical
parts in contact with an aircraft engine. It varies widely in frequency and amplitude as
described in Table 1.3. It has the beneﬁt of low restriction from exterior environmental
factors. It simply uses the idea of converting vibration kinetic energy to electrical
energy. The power density of vibration-based energy harvesting devices is comparable
to some other power sources such as thin- and thick-ﬁlm lithium and lithium-ion battery
and thermoelectric energy (Figure 1.9).
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Table 1.3: Acceleration magnitude and frequency of potential sources vibration among common com-
mercial devices [25]
Vibration Source Acceleration (m s−2) Frequencypeak (Hz)
Car engine compartment 12 200
Base of 3-axis machine tool 10 70
Blender casing 6.4 121
Clothes dryer 3.5 121
Person tapping their heel 3 1
Car instrument panel 3 13
Door frame just after door closes 3 125
Small microwave oven 2.5 121
HVAC vents in oﬃce building 0.2-1.5 60
Windows next to a busy road 0.7 100
CD on notebook computer 0.6 75
Second story ﬂoor of busy oﬃce 0.2 100
Smart Mater. Struct. 17 (2008) 043001 Topical Review
Table 7. Novel solar cell data detailing material composition, open circuit voltage, short circuit current, power provided per unit area and
power conversion efficiency.
Open circuit AM simulated Power
Material voltage/short circuit Fill Power/area solar intensity conversion
Active area composition current factor (%) mW cm−2 mW cm−2 efficiency (%)
0.0725 cm2 GaAlAs/GaAs 0.7 V/3.7 mA 69 35.72 100 24.6
0.15 cm2 3-methylthiophene
onto textured n-Si
wafers
0.26 V/2.0 mA 0.24 3.47 30 0.42
Not given Dye-sensitized 0.344 V/ 45 2.04 100 0.91
nanocrystalline TiO2 5.93 mA cm−2
4.0 cm2 Crystalline silicon 0.696 V/ 83.6 29.23 100 24.7
42.0 mA cm−2
1 cm2 Multicrystalline 0.664 V/ 80.9 25.03 1000 20.3
thick = 99 μm 37.7 mA cm−2
1 cm2 Multicrystalline 0.653 V/ 78.6 25.34 1000 19.9
thick = 218 μm 38.8 mA cm−2
1 cm2 Phosphorus gettered 0.660 V/39.8 80.7 26.27 — 21.2
thick = 220 μm multicrystalline silicon mA cm−2
0.25 cm2 AlGaAs/Si monolithic 1.5 V/23 mA cm−2 77.2 34.5 1 sun 19.9
thick = 354.87 μm Tandem solar cell
top = 0.25 cm2 Three-terminal 0.857 V/ 77.9 26.31 135.3 —
bottom = 0.33 cm2 monolithic GaAs/Si 30.7 mA cm−2
cascade solar cell
Figure 3. Plot of power density versus voltage for common
regenerative and lithium/lithium-ion power supply strategies.
[153] (only one cell), with n- and p-type semiconductor legs
connected electrically in series by metal strips and thermally in
parallel [153]. Thermocouples are examples of thermoelectric
elements that have a temperature difference between two
junctions of dissimilar materials that results in an electrical
current. In figure 4, heat from a source at a temperature, Tw ,
is conducted to an electrically insulated heat exchanger with
a thermal conductance, K1. Heat flows from the source to
the hot side of the heat exchanger at a rate Qh and from the
exchanger to the thermocouple. Electrical current subjected
to a resistive load of R1 is produced from the temperature
differential between the hot and cold sides of the thermocouple.
Heat flows from the cold junction at a rate of Qc, at a
temperature of TC, to the cold side of the heat exchanger that
has a conductance of K2 [153].
Figure 4. Schematic of a typical thermoelectric system.
The advantages of thermoelectric generators are that they
are reliable, solid state and have long operation times with lit-
tle noise and emissions [153, 165]. Yet, commercial realiza-
tion of thermoelectric generators has been delayed due to ma-
terial problems associated with thermocouple modules. These
modules are fabricated from intermetallic compounds such as
Bi2Te3, Pb–Te and Si–Ge, which have intrinsically low melt-
ing and/or decomposition temperatures, low energy conver-
sion efficiency and toxic content and are presently scarce [51].
Limited energy conversion efficiencies and operational tem-
peratures have restricted the usage of thermoelectric devices
9
Figure 1.9: Power density versus voltage for common regenerative and lithium/lithium-ion power sup-
ply strategies [25]
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Figure 1.10: Schematic for a typical vibration-based energy harvester
The vibration conversion system is usually designed by exploiting the oscillation of
a proof mass with a resonant second-order spring K and mass M system with a linear
damper C (Figure 1.10). The diﬀerential equation that describes the movement of the
seismic mass, u(t), with the external excitation y(t) is expressed as
Mu¨(t) + Cu˙(t) +Ku(t) = −My¨(t). (1.2)
The ﬁrst known device utilizing this type of energy is the watch made by Abraham-
Louis Perrelet in 1770. The mechanism of this watch is automatically winded during
movements of the wearer. The operation of the ambient vibration energy is an excellent
way to replace the use of batteries which have limited lifetime. To this end, several
types of micro-generators have been developed to convert mechanical energy into elec-
trical energy. The vibration-based energy could be converted either via magnetic ﬁeld
(electromagnetic), or via variable capacitance (electrostatic), or via the electric ﬁeld
variation on electrostrictive polymers, or via the strain in a piezoelectric material. In
this section, electromagnetic conversion, electrostatic conversion and electrostrictive
polymers used for mechanical energy conversion will be introduced and the power har-
vesting based on piezoelectric materials will be discussed in detail separately in the
next section.
General vibration-based energy harvesting systems are summarized in Figure 1.11.
This ﬁgure gives a quick idea of vibration energy conversion mechanisms. The ﬁrst
row indicates the energy harvesting mechanism; the second row shows the actual im-
plementation and tools employed to convert mechanical energy; the third row exposes
energy harvesting techniques for each harvester mechanisms.
Cette thèse est accessible à l'adresse : http://theses.insa-lyon.fr/publication/2013ISAL0085/these.pdf 
© [Y-C. Wu], [2013], INSA de Lyon, tous droits réservés
12 Chapter 1: Generalities on Energy Harvesting
Ambient Vibration-based Energy Sources & Energy-Harvesting Systems 
Electromagnetic 
Energy Harvesting 
Electrostatic 
Energy Harvesting 
Electrostrictive 
Energy Harvesting 
Piezoelectric 
Energy Harvesting 
Waste Mechanical 
Energy 
(Generator)  
Initially Charged 
Varactor (Variable 
Capacitor, 
Electret) 
Initially Polarized  
(External Electric 
Field or Hybridize 
with Electret or 
Other Genators 
able to Deliver 
High Voltage ) 
Waste Mechanical 
Energy (PZT-
based materials, 
Piezoelectric 
Polymers) 
By Changing 
Magnetic Field  
Vibrations Change 
the Distance 
Between Two 
Electrode Plates 
Vibrations Change 
the Polarization 
(Pseudo 
Piezoelectric 
Behavior) of 
Electrostrictive 
Materials  
By Straining, 
Deforming and 
Vibrations of 
Piezoelectric 
Materials  
Optimization, Energy-Harvesting and Battery Charging Circuit 
Storage Unit (Battery, Capacitor, Supercapacitor) 
1 
2 
3 
Figure 1.11: Vibration-based energy harvesting systems (partially references [6])
1.2.3.1 Electromagnetic Conversion
This section focuses on the use of electromagnetic transducers for harvesting the vi-
brational energy. Electromagnetic transducers were the ﬁrst being used as a vibration
power converter. The movement changes the magnetic ﬂux Φ and induces a voltage V
across the coil proportional to the time rate of change of magnetic ﬂux linkage of the
coil and the number of coil turns N (Eq. (1.3)), where the magnetic ﬂux Φ through a
surface Ai is deﬁned by an surface integral of magnetic ﬁeld B (Eq. (1.4)).
V = −dΦ
dt
= −N dΦ
dt
(1.3)
Φ =
∫ ∫
Ai
B · dA (1.4)
The electromagnetic power conversion is used in numerous applications from the
large-scale power harvesting to smaller scale applications in microscale. Electromagnet
microgenerators can harvest micro- to milli-watt levels of power using both rotational
and linear devices. One of the simplest applications is the ﬂashlight shown in Figure
1.12. When the ﬂashlight is shaken, a magnet moves inside the coil. The electrical
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Figure 1.12: Flashlight by electromagnetic generator [4]
charge is created and then stored in a capacitor which allows the lighting of a diode.
The power generated by this device is approximately 200 mW at a steady shake rate
200 cycle/min.
Many studies have been done on this subject. Some achievements corresponding
to the MEMS (micro-electromechanical system) scale can generate powers between 1
µW and 100 µW. Other embodiments with larger structures could reach powers of
a few hundred of µW. The device developed by Li el al [26] can supply an infrared
transmitter. It occupies an area of about 1 cm3 and provides a power of 70 µW.
The basic mechanical schematic is shown in Figure 1.13. This work was continued
by Lee el al [27] who carried out a micro-generator integrated in the size of a AA
battery and used for a 914.8 MHz FM wireless temperature sensing system, as shown
in Figure 1.14. Systems providing higher powers in the mW range have also been
made, as the device of El-Hami el al [28], which can generate a little more than 1
mW for a volume of 240 mm3 or that of James el al [29] whose power output reached
3 mW. Perpetuum LTd. proposed their cm3 scale commercial products of vibration-
based electromagnetic generators used in industrial or rail monitoring systems with an
output up to 20 mW under a 10 g RMS vibration. From the studies introduced here, it
is shown the electromagnetic converters perform well in macroscale. However, there is
still some diﬃculties to fabricate and optimize them with MEMS scale systems due to
the poor properties of planar magnets and the number of turns that can be achieved
with limited planar coils.
Another energy conversion mechanism which could be categorized in this section
is the magnetostrictive energy harvesting. Magnetostrictive materials (MsM) are a
class of materials that change their shape under an applied magnetic ﬁeld, or change
magnetization under an applied mechanical stress (Villari eﬀect). Since such devices
can be controlled by magnetic ﬁeld, they can be operated in a non-contact mode. Staley
and Flatau [31] produced a Terfenol-D based magnetostrictive harvester with maximum
DC voltage less than 0.35 V. The hybrid harvester combining PZT and Terfenol-D
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 18 
output voltage was up to 4.4V and maximum power could reach 830 µW when driven by 
a 200 µm displacement at its resonant frequency 110 Hz. 
 
 
Figure 1.4 Schematic of a typical electromagnetic harvester (Amirtharajah and Chandrakasan, 
1998) 
 
The energy conversion mechanism is simple without the need of smart materials, 
but it has relatively larger volume because of the required permanent magnets and pick-
up coil. Due to its inductive property, comparatively high output current levels are 
achievable at the expense of low voltage. Voltage multiplier may be a suitable solution to 
increase the voltage level. Wafer-scale systems, however, are quite difficult to achieve 
owing to the relatively poor properties of planar magnets, the limitations on the number 
of turns achievable with planar coils and the restricted amplitude of vibration. 
1.3.2 Electrostatic energy harvesting 
The electrostatic energy harvesting relies on the changing capacitance of 
vibration-dependant varactors, or variable capacitors whose electrodes are moveable to 
Figure 1.13: General mechanical schematic of electromagnetic generator [30]
Figure 1.14: Illustrations of: (a) Inner structure of the micro power generator; (b) the AA size micro
power generator which is integrated with a power-management circuit [27]
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Second, the environmental energy has the potential to be used permanently, achieving the goal of long-lasting sensor 
networks. The energy monitor records the characterization of environmental energy and sends to the power management 
component. With the built-in power management algorithm, the power management component makes decision to either 
turn on or off the power switching and control and optimize the functions of the smart regulator. 
3. MODELING OF THE MSM HARVESTING DEVICE 
3.1 Prototype of MsM harvesting device 
Smart material is a primary element in energy harvesting in that it is in the first stage to convert ambient vibrations to 
electrical energy. Current technology focuses mainly on PZT materials2, 7. However, due to its brittleness and 
depolarization problems, PZT harvester faces challenges in the long-term SHM encountered in low-level ambient 
vibrations, not to mention higher frequency vibrations usually prevalent in aerospace environments. MsM, however, is 
not poled because magnetostriction is an inherent property of ferromagnetic materials. Thus, MsM can permit almost 
unlimited vibrational cycles, ideal for long-term SHM with significantly enhanced reliability. It has a high magneto-
mechanical coupling coefficient (0.97 in Metglas13, 14 versus 0.3~0.4 in PZT “31” bending mode), efficiently translating 
vibrational energy into electrical energy, and a large coefficient of magnetostriction at low magnetic field8, 16, 17. 
Metglas2605SC also has high flexibility such that it could operate with large bending curvature in strong ambient 
vibrations. In addition, MsM possesses wider temperature range capability than PZT (Curie temperature 370±C for 
Metglas vs. 230±C for PZT-5H). 
 
(a) 
 
(b) 
Fig. 2. (a) Prototype of MsM energy harvesting device, (b) MsM layer (Metglas 2065SC) and laminate 
 
This paper presents a new class of energy harvester module based on MsM. It has two units: a harvesting device 
comprising a giant MsM laminate (Metglas 2605SC) bonded on a cantilever copper beam and a pick-up coil as shown in 
Fig. 2(a), and an energy harvesting circuit discussed in Sec. 4.1. Due to small thickness 18 µm of the standard Metglas 
2605SC ribbon, a multi-layered MsM is laminated as shown in Fig. 2(b). MsM beam utilizes Villari or sensing effect of 
magnetostrictive, where induced-strain from a ferromagnetic material produces a change in the magnetization of the 
material. Upon dynamic or cyclic loading, this change in magnetization is converted into electrical energy using a pick-
up coil surrounding the MsM laminate according to Faraday’s law. One drawback in Terfenol-D harvesters is the bias 
magnets and this leads to bulky dimension. In this study, a strong transverse magnetic field is introduced to anneal 
Metglas such that it can eliminate the usage of bias magnetic field and moderately reduce the harvester’s footprint13, 14. 
3.2 Electro-mechanical circuit model 
Fig. 3(a) shows the geometry of the beam resonator of 
MsM harvester in side view. It is known that a 
continuous system such as a cantilever beam has an 
infinite number of natural frequencies. However, since 
the fundamental vibration mode is dominant and it 
provides most of the energy. As a result this beam 
resonator can be simplified as an equivalent 1-DOF 
mass-spring-damper system, as shown in Fig. 3(b). 
The equation of motion for the equivalent 1-DOF 
 
(a) 
 
(b) 
Fig. 3. (a) Geometry of the beam resonator in side view, (b) 
equivalent 1-DOF mass-spring-damper resonator model 
Figure 1.15: Prototype of MsM energy harvesting device [34]
[32, 33] would have better performan e, but it is still not applicab . Instead of using
Ferromagnetic materials, Wang and Yuan proposed a magnetostrictive harvester with
the alloy (Metglas 2605SC) to promote the power output with a maximum output
power and power density of 200 µW and 900 µW/cm3, respectiv ly, at a low freq ency
[34].
1.2.3.2 Electrostatic Conversion
Electrostatic generators are constituted by a charged capacitor with one or two move-
able electrodes. They have a better capability to be integrated with MEMS scale
devices via the use of silicon micro-mach ning fabrication techniques. Unlike elec-
tromagnetic systems, electrostatic generators need to be preloaded before generating
power. Meninger el l recalled th principl of operating these devices in [35]. The
general idea is to put a certain amount of charge on the micro-generator, which acts
as a capacitor plate, and extract the energy from it by changing the spacing between
the electrodes when the plate is under motion. Electrostatic generators generally can
be categorized into: 1. Electret-free electrostatic generators and 2. Electret-based
electrostatic generators. There are two possible modes for electret-free electrostatic
generator (Figure 1.16), either constraining the charge on the capacitor while the the
capacitance decreases and voltage increases, or constraining the voltage across the ca-
pacitor while the capacitance decreases and the charge moves out from the capacitor.
For the voltage-constrained conversion mode, the capacitance decreases as plates move
and causes charges moving from the capacitor back into the reservoir. For the charge-
constrained mode, as the capacity decreases, the voltage must increase to satisfy the
constant charge condition, and thus the net energy is gained (the net area under the
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Figure 1.16: Principle of operation of the electrostatic transducer [36]: (a) Charge constrained cycle;
(b) Voltage constrained cycle
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Figure 1.17: Standard energy conversion cycles for electret-free electrostatic devices [36]
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(a) (b)
Figure 1.18: Two electrostatic microgenerators: (a) a portion of a constant-gap variable capacitor
fabricated at MIT for a 1 cm2 device; (b) a 2 cm2 compressible-plate capacitor fabricated
at Imperial College [4]
Q−V plot in Figure 1.17). For the same condition of Cmax and Cmin and assuming the
same voltage level for the maximal voltage in charge constrained cycle and the external
voltage applied in voltage-constrained cycle (Vcst = Vmax), the voltage-constrained cy-
cle could convert more energy than what is possible with the charge-constrained cycle.
Instead of considering a classical implementation of electrostatic energy harvesting fea-
turing a constant permittivity, Lallart et al have proposed the enhanced conﬁguration
with an added dielectric layer which has high permittivity and hence abruptly changes
the equivalent permittivity. The comparison of the associated energy cycle with this
enhanced electrostatic generator has proved the better harvester performance when
it is under a constant charge constrained cycle in [37]. MIT and Imperial College
both developed electret-free micro-electrostatic generators (Figure 1.18) using silicon
micro-machining process. However, with this type of electrostatic generator, an ac-
tive electronic circuit is required for applying the charge cycle and an external supply
source (battery, charged capacitor) is needed to polarize the capacitor at the beginning
of cycle or at least at the ﬁrst cycle. Whether it is operated in charge-constrained or
voltage-constrained cycles, electrostatic converters are based on a variable capacitive
structure, and they generally can be classiﬁed into:
1. In-plane gap closing converter.
2. In-plane overlap converter.
3. Out-of-plane gap closing converter.
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Figure 1.19: Basic conﬁgurations for electrostatic converters [36]
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Figure 1.20: Electrostatic converter using an electret [38]
4. In-plane converter with variable surface.
These are illustrated in Figure 1.19.
One solution to avoid the requirement of charge or voltage input is to use electrets,
the electrically charged dielectrics that is capable of polarizing electrostatic energy
harvesters; in this case, the use of electrets is similar to the use of permanent magnets
in the electromagnetic energy harvesting system. The use of electret-based electrostatic
generator is similar to electret-free one. The main diﬀerence relies on that the electret
layers are added to plates of the variable capacitor to polarize it as shown in Figure 1.20.
Halvorsen et al [39] designed and fabricated a MEMS electrostatic energy harvester
with an electret bias. This device works in out-of-plane motion and features a high
voltage output in a continuous mode with about 1 µW power output at a 0.03 g2/Hz
acceleration power spectral density. Naruse et al have developed an electrostatic micro
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J. Micromech. Microeng. 19 (2009) 094002 Y Naruse et al
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Figure 1. New structure of a electrostatic micro power generator
supported on microball bearings. It is possible to apply to
low-frequency vibration (low spring constant) because it supports a
proof mass with microball bearings.
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Figure 2. Evaluation of the separation gap distance with the mover
position.
part moving (several tens Hz level) [5, 6]. The resonance
frequency ωres is given by
ωres = (k/m)1/2 (1)
where k is the spring constant and m is the mass. To vibrate at
low resonance frequency, the spring constant needs to be low.
On the other hand, a spring with a low spring constant cannot
retain the moving part well, and cannot keep a narrow gap to
prevent an electrode from breaking.
Therefore, to keep a firm separation gap, this design
has a structure that effectively keeps the separation gap with
microballs. Figure 2 shows this separation gap distance with
the mover position.
The mover keeps a narrow gap of 38–57 μm as it changes
position. This design is not only suitable for good gap control,
but also suitable for vibration and long-range movement at low
frequency with a spring that has a low spring constant.
Figure 3. Schematic of electrostatic induction power generation
using electret principle.
2.2. Electret structure: stripe masked electret
Figure 3 shows the principle of power generation with
electrostatic induction [2, 7, 8]. The electret is a dielectric
material that has a quasi-permanent electrical charge. A pair
of collector electrodes is connected with load R.
When the electret is faced to the one collector electrode
(1), induced electrical charges exist in the collector electrode
(1) because of electrostatic induction as shown in figure 3.
Then the electret part moves over to the other collector
electrode (2), the electrical charges move to in the collector
electrode (2) from the collector eletrode (1) through the
external load R. The power generation from vibration can be
obtained as a result of this charge movement through the load
R repeatedly.
Boland et al show that the load-matched output power
Poptimal of the electret power generator using a rotation model
is given by
Poptimal = σ 2nπr2f
(
4kiε0
d
(
1 +
kig
d
))−1
(2)
where σ is the charge density, n is the number of electrodes,
r is the radius, f is the frequency, ki is the dielectric constant
of the electret, ε0 is the vacuum permittivity, d is the thickness
of the electret and g is the separation gap [8]. To obtain a
large power output, (1) high charge density (surface potential),
(2) high frequency (the number of charge movements) and
(3) narrowing the gap between electrodes are advantageous.
For the electret electrode, (1) higher surface potential of
the electret and (2) narrower electrode width are important to
obtain a higher power output from a certain vibration energy
input. Therefore, we developed a new electret structure that
keeps high surface potential with electrode width using SiO2.
Figure 4 shows (a) a generic electret structure and (b) our
new structure: stripe masked electret. The potential difference
of electrodes is necessary to obtain charge movement. For the
generic electret structure, patterned SiO2 on a substrate is
shown. The area of the electret and the area of the substrate
form the potential difference [2, 9]. Our stripe masked electret
structure has a guard electrode of aluminum on SiO2 films to
form lower surface potential than the electret, and a hollow
structure of SiO2 to prevent charge drifting to the guard
electrode.
Figure 5 shows the surface potential of each electret
structure versus line width taken with an electrostatic
2
Figure 1.21: New structure of a electrostatic micro power generator supported on microball bearings
[41]
power generator consisted in an electret structure for low-frequency energy harvesting
applications. This generator shows a power output of 40 µW at very low frequency
vibration (2 Hz, 0.4 g) with parallel sliding force on the support of microball bearings.
Boisseau et al [40] modelled an in-plane multibump electret-based energy harvester
with FEM software and compared simulation results with Boland's formula to show
that the size of bumps (electrode width) and electrode spaces should be optimized to
maximize the output power of the energy harvester.
An electrostatic is deﬁnitely a promising option for powering electronic devices be-
cause of their high mechanical-to-electrical coupling, low-cost and high integrability
with MEMS systems. However, drawbacks of diﬃcult capacitor gap control and the
need of voltage or charge input or the stability of electret make the implementation of
electrostatic generator diﬃcult.
1.2.3.3 Electrostrictive Polymer
Lallart et al compar d energy harvesting using el ctrostrict ve polymers with piezo-
electric and magnetostrictive materials in Figure 1.22, and showed that electrostrictive
polymers have high deformatio abilities, high elasticity nd low perating fr quen y
which is suitable for biomedical application such as human muscle.
Electrostriction is generally deﬁned as quadratic coupling between strain Sij and
the electric ﬂux density Dm under the assumption of linear relationship between the
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2 Small-Scale Energy Harvesting
(a) Frequency contents
(b) Stress-strain curves
Figure 1. Comparison of (a) frequency contents and (b) stress-strain curves of electromechanical systems
and typical applications
matching, thanks to their ﬂexibility (Young’s modulus in the range of a few MPa to hundreds
of MPa ([5]) - which is much less than piezoelectric polymers). In addition to this high strain
capabilities, electrostrictive polymers are cheap and also present high conformability, simple
processing, and can be obtained in various shapes over large surfaces.
Hence, some recent studies have considered the use of such materials for harvesting energy
from ambient vibrating sources. Then purpose of this chapter is therefore to give an overview
of energy harvesting principles using electrostrictive polymers as well as enhancement
possibilities both in terms of materials and techniques. The chapter is organized as follows.
Section 2 aims at exposing the basic mechanisms of electrostriction allowing the derivation
of the constitutive equations. Then material elaboration and enhancement will be exposed in
Section 3, together with a ﬁgure of merit dedicated to energy harvesting ability assessment
allowing a fair comparison of intrinsic material characteristics. Interfaces for efﬁciently
harvesting the converted energy and optimization principles will be exposed in Section 4,
as well as realistic implementation issues. Finally, a short conclusion highlighting the main
topics and results exposed in this chapter will be summarized in Section 5.
184 Small-Scale Energy Harvesting
Figure 1.22: Comparison of (a) frequency contents and (b) stress-strain curves of electromechanical
systems and typical applications [42]
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polarization and the electric ﬁeld [43, 44]:
Sij = Mmnij · En · Em + sEijkl · Tij
Dm = ε
T
mn · En + 2 ·Mmnij · En · Tij,
(1.5)
where sEijkl is the elastic compliance, Mmnij is the electric-ﬁeld-related electrostriction
coeﬃcient, εTmn is the linear dielectric permittivity, Tij is the stress and Em, En the
electric ﬁeld.
The conversion between mechanical-to-electrical energy is based on electric ﬁeld-
induced molecule motion, dipolar movement or phase transition for electrostrictive
polymers. There are generally two methods for harvesting energy using an electrostric-
tive polymer: 1. electrostrictive cycles and 2. pseudo-piezoelectric cycles. The cycle
analysis is under the assumption that the dimensional change of material on the elec-
trical boundary condition is negligible. The mechanical-to-electrical energy harvesting
in electrostrictive materials could be illustrated by the mechanical stress/strain and
electric ﬁeld-intensity/ﬂux-density loops. In order to maximize the harvesting energy
density (J/m3), the area inclosed in the loop should be as large as possible within the
limitation of the polymer materials. There are many cycles being described to con-
trol electrical boundary conditions to optimize the inclosed area in the loop. In the
following, electrostrictive cycles proposed by Liu et al [45] will be introduced:
a) Constant electric ﬁeld stretching and open-circuit release (Figure 1.23):
1. Stretching under a given electric ﬁeld E0.
2. Releasing in open circuit (constant charge).
3. Decreasing the electric ﬂux density to the original position.
b) Constant electric ﬁeld stretching and release (Figure 1.24):
1. Stretching under a constant electric ﬁeld E0.
2. Increasing electric ﬁeld to E1.
3. Releasing the applied stress.
4. Decreasing electric ﬁeld to E0.
c) Open-circuit stretching and release (Figure 1.25):
1. Stretching in open circuit (constant electric ﬂux density) with an initial electric
ﬁeld E0.
2. Increasing electric ﬁeld to E1.
3. Releasing in open circuit (constant electric ﬂux density).
4. Decreasing electric ﬁeld to E0.
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liu et al.: mechanical and electric boundary conditions for energy harvesting 2413
Fig. 2. Energy harvesting cycle under constant ﬁeld (1–2) and open
circuit (2–3) electrical boundary conditions.
or misleading conclusions as to how to achieve the highest
harvesting energy density and harvesting eﬃciency. In en-
ergy harvesting applications the quadratic model, there-
fore, will provide a more accurate understanding; hence,
the following analysis will be based upon the electrostric-
tive equations provided in (2).
B. Energy Harvesting Cycle #1: Constant Field and
Open-Circuit Electrical Boundary Conditions
The standard coupling factor expressed above for piezo-
electric materials is based upon electrical boundary condi-
tions in which the device is electrically short circuited as
stress is applied and open circuited as the stress is removed
[9]. In the case of electrostrictive materials, such boundary
conditions would not result in energy harvesting. However,
a similar excitation that would result in energy harvesting
would consist of a constant, nonzero electric ﬁeld applied
to the device as stress is applied; then open-circuit condi-
tions as the stress is removed. This electromechanical cycle
is shown in Fig. 2. The material is stress free at state 1
of the cycle, and an electric ﬁeld E0 is applied and kept
constant as the stress is increased to Tmax, ending in state
2. The electrostrictive device is then open circuited when
the stress is removed, ending in state 3. From state 3 the
electric ﬁeld E0 is re-established in the material, returning
to the original state 1. The total mechanical input energy
density available for the energy harvesting for such a cycle
can be shown to be W1+W2 = (1/2)sT
2
max, and the energy
W1 can be calculated as follows.
As the material is in open-circuit condition from state
2 to 3, the electric ﬂux density is constant and is given by:
D = εE0 + 2ME0Tmax. (9)
The electric ﬁeld intensity as the stress is removed, there-
fore, is given by:
E = E0
ε + 2MTmax
ε + 2MT
. (10)
This ﬁeld intensity reaches its peak value Ep when the
applied stress becomes zero, or:
Ep = E0
(
1 +
2MTmax
ε
)
= E0(1 + γ), (11)
where γ corresponds to the relative change in dielectric
constant due to applied stress and is deﬁned as follows:
γ =
2MTmax
ε
. (12)
For existing electrostrictive materials, γ is less than 1.
Now:
W2 = −
∫ 3
2
TdS =
1
2
sT 2max − 2
E20
ε
M2T 2max
=
1
2
(
sT 2max − εγ2E20
)
(13)
⇒ W1 = 2E
2
0
ε
M2T 2max. (14)
Therefore, the coupling factor is given by:
k =
2ME0√
sε
. (15)
The result of (15) is the same as the linearized equiva-
lent coupling of (8), but we should notice that the electrical
ﬁeld E0 in (15) is the lowest ﬁeld during the cycle, but for
(8) E0 is the middle or average ﬁeld of the cycle. If E0
is chosen so that the peak electric ﬁeld intensity Ep is the
maximum allowable due to material constraints, Emax, the
maximum harvesting energy density is given by:
W1max =
γ
(1 + γ)2
MTmaxE
2
max. (16)
The coupling factor associated with this energy density
is given by:
k =
2MEmax
(1 + γ)
√
εs
. (17)
C. Energy Harvesting Cycle #2: Constant-Field Boundary
Conditions During Stressing and Unstressing of Material
Another possible method of imposing electrical bound-
ary conditions is to keep the electric ﬁeld constant as the
material is stressed, then change the ﬁeld to a diﬀerent
value that is kept constant as the stress is removed. Such
a cycle is shown in Fig. 3.
As in Section II-B, a constant electric ﬁeld E0 exists
from state 1 to state 2 as the stress is increased to Tmax.
From state 2 to state 3 the electric ﬁeld is increased from
E0 to E1, then kept constant until the stress is reduced
from Tmax to 0 from state 3 to state 4. At zero stress the
electric ﬁeld is reduced to E0, returning to state 1. In the
dielectric-ﬁeld plot, the path 1–4 and 2–3 are not paral-
lel, which is due to the stress dependence of the dielectric
constant. The converted energy can be shown to be:
W1 = TmaxM
(
E21 − E20
)
. (18)
Figure 1.23: Energy harvesting cycle under constant ﬁeld (1-2) and open circuit (2-3) electrical bound-
ary conditions [45]
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Fig. 3. Energy harvesting cycle under constant electrical ﬁeld condi-
tions as the material is stressed a d unst ess d.
Fig. 4. Energy harvesting cycle under open-circuit conditions as
stress is applied and removed.
The input energy density W2 = (1/2)sT
2
max, and the cou-
pling factor, therefore, is given by:
k =
√√√√√ M
(
E21 − E20
)
1
2
sTmax + M
(
E21 − E20
) . (19)
The maximum energy harvesting density and coupling
occurs when E0 is set to be zero and E1 is set to Emax.
W1max = TmaxME
2
max, (20)
and:
k =
√√√√ ME2max1
2
sTmax + ME
2
max
. (21)
D. Energy Harvesting Cycle #3: Open-Circuit Boundary
Conditions During Stressing and Unstressing of Material
Another type of electrical boundary condition is to have
open-circuit boundary conditions as the stress is applied
and removed, as shown in Fig. 4. From state 1 to state 2
and state 3 to state 4, the electric ﬁeld changes automat-
ically as the stress changes. From state 2 to state 3 and
from state 4 to state 1, the electric ﬁeld is changed through
Fig. 5. Passive diode circuit for energy harvesting.
the electrical interface. We deﬁne the ﬁeld at state 1 to be
E0 and the ﬁeld at state 3 to be E3.
The energy harvesting density is:
W1 =
MTmax
1 + γ
[
E23 − E20
]
. (22)
Its associated coupling factor is given by:
k =√√√√√ (1+γ)M
[
E23 −E20
]
1
2
(1+γ)2 Tmax+(1+γ)M
[
E23 −E20
]−2M2TmaxE2s/ε .
(23)
The maximum harvesting density then occurs when
E0 = 0 and E3 = Emax.
W1max =
MTmaxE
2
max
1 + γ
. (24)
The coupling factor under these conditions is given by:
k =
√√√√ (1 + γ)ME2max1
2
(1 + γ)2sTmax + ME
2
max
. (25)
E. Energy Harvesting Cycle #4: Passive Diode Circuit
for Energy Harvesting
A circuit that has been proposed for electrostatic-based
energy harvesting [10] also can be used with electrostric-
tive materials and is shown in Fig. 5. The circuit uses high-
voltage diodes for passive switching. The main advantage
of this circuit design is simplicity.
The energy harvesting cycle is shown in Fig. 6. However,
as the circuit is passive, the voltage change across the de-
vice occurs only due to the electrostrictive eﬀect. As a
result, it can be shown that the voltages VL and VH are
constrained by the following condition:
VL < VH < γVL. (26)
These constraints severely impair the energy harvesting
density and coupling factor when γ is small.
The harvesting energy density in this system is given by:
W1 = ε (EH − EL) [(1 + γ)EL − EH ] , (27)
Figure 1.24: Energy harvesting cycle under constant electrical ﬁeld conditions as the material is
stressed and unstressed [45]
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Fig. 3. Energy harvesting cycle under constant electrical ﬁeld condi-
tions as the material is stressed and unstressed.
Fig. 4. Energy harvesting cycle under open-circuit conditions as
stress is applied and removed.
The input energy density W2 = (1/2)sT
2
max, and the cou-
pling factor, therefore, is given by:
k =
√√√√√ M
(
E21 − E20
)
1
2
sTmax + M
(
E21 − E20
) . (19)
The maximum energy harvesting density and coupling
occurs when E0 is set to be zero and E1 is set to Emax.
W1max = TmaxME
2
max, (20)
and:
k =
√√√√ ME2max1
2
sTmax + ME
2
max
. (21)
D. Energy Harvesting Cycle #3: Open-Circuit Boundary
Conditions During Stressing and Unstressing of Material
Another type of electrical boundary condition is to have
open-circuit boundary conditions as the stress is applied
and removed, as shown in Fig. 4. From state 1 to state 2
and state 3 to state 4, the electric ﬁeld changes automat-
ically as the stress changes. From state 2 to state 3 and
from state 4 to state 1, the electric ﬁeld is changed through
Fig. 5. Passive diode circuit for erg harvesting.
the electrical interface. We deﬁne the ﬁeld at state 1 to be
E0 and the ﬁeld at state 3 to be E3.
The energy harvesting density is:
W1 =
MTmax
1 + γ
[
E23 − E20
]
. (22)
Its associated coupling factor is given by:
k =√√√√√ (1+γ)M
[
E23 −E20
]
1
2
(1+γ)2sTmax+(1+γ)M
[
E23 −E20
]−2M2TmaxE2s/ε .
(23)
The maximum harvesting density then occurs when
E0 = 0 and E3 = Emax.
W1max =
MTmax
2
ax
1 + γ
. 4
The coupling factor under these conditions is given by:
k =
√√√√ (1 + γ)ME2max1
2
(1 + γ)2sTmax + ME
2
max
. (25)
E. Energy Harvesting Cycle #4: Passive Diode Circuit
for Energy Harvesting
A circuit that has been proposed for electrostatic-based
energy harvesting [10] also can be used with electrostric-
tive materials and is shown in Fig. 5. The circuit uses high-
voltage diodes for passive switching. The main advantage
of this circuit design is simplicity.
The energy harvesting cycle is shown in Fig. 6. However,
as the circuit is passive, the voltage change across the de-
vice occurs only due to the electrostrictive eﬀect. As a
result, it ca be shown that the vol ages VL and VH are
co traine by the following condition:
VL < VH < γVL. (26)
These constraints severely impair the energy harvesting
density and coupling factor when γ is small.
The harvesting energy density in this system is given by:
W1 = ε (EH − EL) [(1 + γ)EL − EH ] , (27)
Figure 1.25: Energy ha vesting cycle und r pen-circuit conditions as stress is applied and removed [45]
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Table 1.4: Energy Balance Considering Electrostrictive Harvesting Techniques [42]
Constant Electric
Field Stretching
and Open-Circuit
Release
Constant Electric
Field Stretching and
Release
Open-Circuit
Stretching and
Release
Provided electrical
energy density
2MT0E
2
0 MT0
(
E20 + E
2
1
)
+
1
2ε
(
E21 − E20
) 12 (ε+ 2MT0)E21 −
1
2
ε2
ε+2MT0
E20
Extracted electrical
energy density
2MT0
(
1 + MT0ε
)
E20 2MT0E
2
1 +
1
2ε
(
E21 − E20
)
1
2
[
(ε+2MT0)
2
ε E
2
1 − εE20
]
Harvested energy
density
2M
2
ε T
2
0E
2
0 MT0
(
E21 − E20
) (
ε+2MT0
ε
)
MT0E
2
1 −(
ε
ε+2MT0
)
MT0E
2
0
Lallart et al [42] summarized the associated energy balance for each cycle in Ta-
ble 1.4. Pure electrostrictive cycles require nonzero electrical initial conditions (leading
to nonzero initial strain as well), and therefore some energy waste might occur due to
the losses in the material. In addition, these cycles require driving the electrical con-
ditions of the materials for a long time period, hence making them quite complex to
implement in an autonomous, self-powered system.
Another family for harvesting energy from electrostrictive is subjecting a DC-biased
electric ﬁeld to the sample [46,47], allowing the polymer to operate in a pseudo piezo-
electric behavior. The dynamic behavior of an electrostrictive element in a pseudo
piezoelectric cycle could be expressed with the linearized electrostrictive equations by
assuming that the generated electric ﬁeld EAC is negligible compared to the bias electric
ﬁeld EDC , and the stress magnitude remains small enough so that ε 2MT :
S˙ = sT˙ + 2M(EDC + EAC)
2
D˙ = (ε+ 2MT ) E˙AC + 2M (EDC + EAC) T˙ ,
(1.6)
which are similar to those obtained when using piezoelectric elements, with an equiva-
lent piezoelectric coeﬃcient d = 2MEDC . The maximum energy density is then given
in Lallart's work [48] as:
Wmax ≈ 2piM
2
ε
E2
DC
T 2
0
. (1.7)
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The performance of energy harvesting with electrostricive polymers are obviously
dependent on material properties themselves (e.g. permittivity, electrostrictive coeﬃ-
cient and elasticity). A better performance in energy harvesting can be particularly
obtained by increasing the dielectric constant of the electrostrictive polymers [47, 48].
Although the energy harvested using electrostrictive polymers is still very small for
supplying an electronic device, these materials are relatively new and there are still
great improvements to be accomplish with regard to the design process. However, the
mechanical characteristics of the polymers may still make them a good candidates for
energy harvesting, especially suitable for human motion.
1.3 Energy Harvesting using Piezoelectric Materials
Piezoelectric materials have been commonly used for many years to convert mechanical
energy into electrical energy. Piezoelectric generators can potentially power electronic
devices ranging from a few µW to several hundred mW. Compared to other two main
mechanisms of vibration energy harvesting systems, electrostatic harvester and electro-
magnetic harvester, piezoelectric energy harvesters have beneﬁts in their high integra-
bility with small-scale systems, easy maintenance, easy implementation, robustiness,
high energy density and appropriate voltage output (Table 1.5 and Figure 1.26). Ac-
cording, piezoelectric energy harvesting systems have received much attention in recent
decades. In this thesis work, the focus will be put on piezoelectric energy harvesting
systems. The basic knowledge of piezoelectric materials and piezoelectric harvesting
systems, how to optimize piezoelectric energy harvester mechanically and electrically
will be introduced in an organized order in this section.
1.3.1 Brief Introduction of Piezoelectric Harvester
Piezoelectric materials have property of directly transforming the mechanical strain to
electricity current. When the crystal is mechanically strained, or when the element is
deformed by the application of an external stress, electric charges appear on certain
of the element surfaces; and when the direction of the strain reverses, the polarity of
the electric charge is reversed. This is called direct piezoelectric eﬀect, which is shown
in Figure 1.27. According to IEEE standards, piezoelectric equations may be written
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Table 1.5: Comparison of vibration Energy-Harvesting Techniques
Electrostatic Electromagnetic Piezoelectric
Compatibility with
MEMS systems
Very good Diﬃcult Good
Energy density Low High High
Current size Micro Macro Macro/micro
Problems Need of adding
charge source or
electret; very low
current output
Very low output
voltages; bulky
Moderate output
voltages; limited
mechanical strain
Advantages High output voltage;
easier to integrate in
microsystems
Long lifetime;
Robustness; no
voltage source
needed
No need control
any gap; no voltage
source needed
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approach, and (2) energy harvesting for other electronic devices 
using bulk devices. This article mainly focuses on small-scale 
power energy harvesting techniques ( ∼ 1–100  μ W) using the 
MEMS/thin-ﬁ lm approach for the self-supported operation of 
portable or embedded microdevices and systems. Further, we 
focus on mechanical vibration energy as the prime source 
for generating electric power since it is abundant and has an 
inﬁ nite life time. 
 The question one might ask at this stage is: “What is the best 
mechanism for converting mechanical energy into electrical 
energy at  ∼ mm 3 dimensions?” There are several mechanisms 
that can be utilized to convert vibration mechanical energy 
into electrical energy, including electromagnetic, piezoelectric, 
magnetoelectric, dielectric elastomers, and electrets. Marin 
et al. have studied the scaling of output power as a function of 
effective material volume ( v ) for different mechanisms. 5 By 
taking into acc nt constitutive equa ions for the respecti e con-
version mechanisms, the output power of the electromagnetic 
mechanism is proportional to  v 2 , while that of the piezoelectric 
mechanism is proportional to  v ¾ . Thus, at smaller scales, the 
piezoelectric mechanism becomes more at ractive as compared 
to electromagnetics. To obtain an approximation of the critical 
size where piezoelectricity becomes more useful,  Figure 1 
plots harvester volume versus normalized output power 
(normalized by acceleration and multiplied by frequency) for 
various piezoelectric and electromagnetic prototypes reported 
in the literature. 5 From  Figure 1 , it can be determined that 
the critical size is in the vicinity of  ∼ 0.5 cm 3 . At a smaller 
device volume than this critical size, the electromagnetic 
transformation factor (similar to electromechanical coupling 
in piezoelectrics)
 T c c coil c c b( , )( )cos(θ( , )) ( )B L' ! % ' y y yz z  (1) 
 reduces sharply with a decrease in magnitude of induction and 
length of the coil. Here  B represents the magnetic ﬁ eld,  L is the 
length of the coil,  θ is the angle between  ×
&&
z B  and the differential 
conductor length  
))&
ld  ,  y c and  z c are coordinates in the plane of 
the coil, and  y b is the coordinate on the beam. The transforma-
tion factor directly couples the input mechanical energy to the 
output electrical energy. A reasonable assumption for four-bar 
electromagnetic energy harvesters is that coil velocity (dz/dt) 
is orthogonal to the magnetic ﬁ eld vector  B given the close 
proximity of magnets and coil. In order to estimate the voltage, 
the expression in  Equation 1 is integrated over the length of the 
co l. Thus, dl is the integral variable. Another major problem 
with inductive harvesters at small scales is their low output 
voltage, which makes it difficult to use rectification and 
ac/dc conversion circuits. 6 In addition to the normalized power 
a d utput voltage, assembly at this scale critically affects the 
cost of the system. Below the critical volume, assembly of 
the conductive coil and magnetic layer becomes challenging 
since monolithic MEMS fabrication is not readily avail-
able at the present time. The mechanisms at this scale can be 
cost-effective if they can be fabricated by monolithic MEMS 
processes without substantial post-assembly efforts. Thus, for 
MEMS-scale energy harvesters smaller than  ∼ 0.5 cm 3 , pie-
zoelectric transduction is the most appropriate scenario since 
standard MEMS processes are available for many piezoelectric 
materials. Electrostatic harvesters need separate voltage sources 
and are relatively bulkier than piezoelectric harvesters at the 
same power output. 7 Most importantly, piezoelectric harvesters 
can directly convert mechanical energy into electrical energy 
and can be directly integrated into monolithic MEMS-scale 
systems. 3 , 8 – 13 
 Another question often posed is, “How can one achieve self-
powering when the power required is much larger than what 
can be achieved by MEMS-scale piezoelectric harvesters?” 
Most reported piezoelectric devices show orders of magnitude 
smaller normalized power density than required by the sensors 
and systems at the present time. In scenarios where multiple 
environmental resources are available besides mechanical 
energy, self-powering may be achieved by developing a smart 
architecture, which utilizes all the environmental resources, 
such as wind, magnetic ﬁ elds, light, sound, temperature gradi-
ents, and radio frequency waves. However, the best scenario for 
cost and size is to develop MEMS-scale piezoelectric harvester 
technology to generate sufﬁ cient power. 
 The general principle for conversion of low frequency 
mechanical stress into electrical energy using a piezoelectric 
transducer is shown schematically in  Figure 2 . 14 This trans-
formation from mechanical to electrical energy is obtained 
through the direct piezoelectric effect. The resulting energy 
can be stored after using a rectiﬁ er and dc-dc converter circuit. 
  
 Figure 1.  Output power as a function of effective material 
volume for piezoelectric and electromagnetic vibration energy 
harvesting mechanisms. Variation of output power normalized 
by acceleration and multiplied by frequency as a function of 
device volume for various energy harvesters found in literature 
and commercially. 5 The red and green lines are the linear fi t to 
the data. This fi gure shows that below  ∼ 0.5 cm 3 , the piezoelectric 
mechanism has an advantage over electromagnetic 
mechanism. 
Figure 1.26: Output power as a function of eﬀective material volume for piezoelectric and electroma -
netic vibration energy harvesting mechanisms [49]
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Figure 1.27: The direct piezoelectric eﬀect. source: http://bostonpiezooptics.com/?D=6
as Eq. (1.8), where {T}, {S}, {E} and {D} are respectively the stress, the strain,
the electric ﬁeld and the electrical induction tensors. Piezoelectric material physical
properties are the elastic stiﬀness matrix determined at constant electric ﬁeld, [cE],
the transpose piezoelectric stress matrix [et] and the permittivity matrix evaluated at
constant strain, [εS]. In the case of a piezoelectric disk poled along its symmetry axis
and uniformly stressed on both sides in the polarization axis direction, the constitutive
equations can rewrite as Eq. (1.9) linking the thickness variation of the disk (or dis-
placement) u, the force Fp applied on the disk, the voltage V across the disk electrodes
and the outgoing electric charge Q. Equation (1.10) denotes the clamped capacitance
C0, the force factor α, and the stiﬀness in short-circuit KpE of the piezo-disk. A and
tp are respectively the area of the electroded surface and thickness between the two
electrodes.  TD
 =
 cE −et
e εS
 SE
 (1.8)

Fp = KpEu+ αV
Q = αu− C0V
(1.9)
C0 =
εS33A
tp
, α =
e33A
tp
, KpE =
cE33A
tp
(1.10)
Figure 1.28 illustrates two practical coupling modes in which piezoelectric material
may be used, the 31 mode and 33 mode, where the 3 direction is also the poling
direction. In the 31 mode, the stress is applied in the direction perpendicular to the
poling direction so that the induced voltage is in the 3 direction and strained is in 1
direction. The 31 modes leads to the use of thin bending element and induce a large
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Figure 1.28: Illustration of 31 mode and 33 mode operation for piezoelectric material
strain in the 1 direction. The most common type of 31 mode is a bimorph. In the 33
mode, the stress is applied in the same direction than the poling direction, such as the
compression of a piezoelectric block that is poled on its top and bottom surface. In 33
mode, the voltage and stress are in the same direction. In practice, the 31 mode has
been most commonly used coupling mode. Baker el al [50] showed that, for diﬀerent
types of piezoelectric materials, the 31 mode has a lower electromechanical coupling
factor, k2. However, under the equal volumes, it is observed that the cantilever with 31
mode produces two orders more of power magnitude when subjected to the same force
as a larger strains can be produced. Roundy el al [3] also presented that the resonant
frequency for the 31 mode is much lower. Then it is concluded that in a small force,
low vibration level environment, the 31 mode is more eﬃcient as larger strains can be
produced with smaller input forces.
Except the eﬀect of diﬀerent modes, the type of applied input would also lead dif-
ferent energy conversion performances. Generally, power harvesting by piezoelectric
materials could be classiﬁed into two categories, 1. direct mechanical-to-electrical cou-
pling, 2. indirect mechanical-to-electrical coupling (Figure 1.29). For directly-coupled
piezoelectric harvesters, the stress is applied directly or via a mechanism to constrain a
piezoelectric material, and a conversion between mechanical and electrical is considered
as directly driven i.e.without intermediate storage of energy in mechanical form (in-
termediate storage could be, for example, a mass movement or a vibrating structure).
In practice, the power recovered by this kind of device is very low as the piezoelectric
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Figure 1.29: General types of piezoelectric conversion [52]: (a) indirect mechanical-to-electrical cou-
pling; (b) direct mechanical-to-electrical coupling
element releases energy when the stress is removed and the released energy is consid-
ered as lost or unusable. As the deformation of piezoelectric materials is diﬃcult to
implement, how to apply the piezoelectric element in such a converting system is im-
portant. The piezoelectric shoe developed by MIT is a famous example, the converted
power is relativ ly low (8 mW) compared to the available mechanical energy and the
eﬃciency is only of the order of 1 % or less [51]. This is mainly due to the diﬃculty of
applying stress on the piezoelectric elements from the movement of the foot. This ex-
ample illustrates the fact that the overall performance of micro-generators with direct
conversion is generally limited by the losses of mechanical device. However, it is easier
to implement directly-coupled piezoelectric harvesters under a broadband excitation
as there is no need in frequency tuning.
The indirectly-coupled piezoelectric harvester (or seismic piezoelectric harvester) al-
lows the independent design of host structure persuading the easier micro-generator
maintenance and optimization of the system response. The easiest implementation of
this type is shown in Figure 1.30. It is a cantilever beam on which piezoelectric elements
are bonded. The cantilever beam system provides a supplementary energy conversion
stage, which is eﬀective for single mode excitation. The cantilever beam conﬁgura-
tion is the most common type of piezoelectric harvester and is the focus in this work.
However, factors that will change the resonant frequency have to be considered when
designing this type of harvester. Also, a seismic piezoelectric harvester suﬀers defects
of narrow frequency band and frequency tuning issue. A cantilever beam conﬁgured (or
indirectly-coupled or seismic) piezoelectric harvester is usually modeled as a lumped
mass-spring-damper-piezo single-degree-of-freedom (SDOF) system as shown in Fig-
ure 1.31 with the frequency response a narrow band. The eﬀective mass M is bounded
on a structural stiﬀness Ks, a damper C, and a piezoelectric element characterized by
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Figure 1.30: Classic system for indirect conversion: (a) system schematic; (b) sinusoidal input and
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Figure 1.31: Model of vibrating structure including a piezoelectric element
the force factor α and the internal capacitance C0. An external excitation is applied
on the eﬀective mass M . The governing equations of the piezoelectric harvester with
simpliﬁed lump system can be described by [5355]:
Mu¨+ Cu˙+Ksu = F − Fp, (1.11)
where Fp = KpEu+ αV,
I = αu˙− C0V˙ . (1.12)
Fp is the restoring force due to the stiﬀness of piezoelectric element KpE and the
electrical force αV and F is the excitation force.
Williams and Yates [56] ﬁrst proposed an analysis of a micro-electric generator for
microsystems with a very simple model considering a constant damping coeﬃcient
and they concluded that the power harvesting is proportional to the cubic vibration
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frequency. However, there exists a damping eﬀect induced by the energy conversion
process yielding the decrease in vibration [57,58], especially for highly-coupled harvester
systems, causing an overestimation in power harvesting when the vibration magnitude
is assumed to be constant [59]. Lu el al [60] studied the power and performance based
on piezoelectric cantilever beam with the load resistance. The work shows that the
load resistance would modify the performance of harvester itself and there is an optimal
resistance value for which the harvested power and performance simultaneously reach
a maximum value. Richards el al [61] discussed the eﬃciency of a piezoelectric energy
conversion device when it is excited at its resonance by a harmonic force with constant
amplitude. This work conﬁrms the existence of a resistance value that maximizes
performance and the eﬃciency strongly depends on the product of the mechanical
quality factor QM and electromechanical coupling factor k2. This eﬃciency expression
is given in Eq. (1.13), where electromechanical coupling coeﬃcient, k 2, deﬁnes the
conversion eﬃciency of a piezoelectric element, and the mechanical quality factor, QM,
characterizes the the ratio of capable energy storage and the dissipated energy by
structural internal damping. Lefeuvre et al [62], Shu and Lien [55] however have
shown that the same maximum power will appear for two resistance values for medium
to highly-coupled systems (k2QM > pi). From the eﬃciency expression proposed by
Richards et al (Eq. (1.13)), we can see that performance increases logically with the
coupling factor and mechanical quality and ﬁnally reaches a saturated power limit.
η =
1
1 + 2
k2QM
(1.13)
1.3.2 Performance Optimization
Roundy et al [63] did a detailed analysis with diﬀerent proof masses, coupling coeﬃ-
cients and working frequencies on a two-layer bimorph cantilever-conﬁgured piezoelec-
tric harvester with simply a resistive load. The analysis was performed with a standard
beam equation, the constitutive piezoelectric equations and circuit equations, leading
the output power expressed as a function of vibration amplitude and frequency. The
analysis shows that the power output is maximized when the driving frequency ω is
equal to the natural frequency of the harvester ωn, and it drops oﬀ dramatically as ωn
deviates from ω (Figure 1.32(a)). The power output depends on the harvester proof
mass in a proportional trend (Figure 1.32(b)); the thickness is changing with the proof
mass to ﬁx the natural frequency by modifying the volume of piezoelectric materials. In
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the constitutive piezoelectric equations
and circuit equations, we can derive a rela-
tionship for power output as a function of
input vibration amplitude and frequency.2
Equation 1 shows this relationship:
(1)
where
•  is the frequency of driving vibra-
tions.
• n is the resonance frequency of the
generator.
• cp is the elastic constant of the piezo-
electric ceramic.
• k31 is the piezoelectric coupling co-
efficient.
• tc is the thickness of one layer of the
piezoelectric ceramic.
• k2 is a geometric constant that relates
average piezoelectric material strain
to the tip deflection.
•  is the dielectric constant of piezo-
electric material.
• R is the load resistance.
• V is the voltage across the load resis-
tance.
• Cb is the capacitance of the piezoelec-
tric bimorph.
•  is the dimensionless damping ratio,
which represents the viscous loss from
the system. 
The complicated second term represents
the square of voltage across the load
resistor as a function of input vibrations
and frequency. While the RC circuit is
oversimplified, it does give a reasonably
good approximation of the amount of
power generated.
If we assume that the device is operat-
ing at resonance (that is, the driving fre-
quency, , matches the natural frequency
n), then we could rewrite Equation 1 as
,
(2)
where n2 = km1, substituting k, the
equivalent spring stiffness. This equation
is similar to the one developed by Shad
Roundy, Paul Wright, and Jan Kalaley,2
except that we’ve used mass and stiff-
ness in place of natural frequency, and
the coupling coefficient k31 in place of
the strain coefficient d31.
Implications 
It directly follows from Equation 1 that
power output is maximized when the
natural frequency n is equal to the dri-
ving frequency . In fact, power output
drops off dramatically as n deviates
from , as Figure 3a shows. Equation 2
indicates that power is dependent on the
proof mass m. As Figure 3b shows, this
relationship is close to linear in the tar-
get region. Because natural frequency
depends on the stiffness and mass (n =
(k/m)1/2), an increase in mass will neces-
sitate an increase in stiffness to maintain
the natural frequency. We typically
accomplish this increase in stiffness by
making the piezoelectric beam thicker or
wider, thus increasing the amount of
piezoelectric material. So, a mass increase
is typically accompanied by an increase in
the volume of piezoelectric material. 
Figure 3c graphically indicates the rela-
tionship between the power and coupling
coefficient. As the figure shows, with
increasing coupling, power increases
quickly up to a point, beyond which the
increase is quite modest. Nevertheless,
because system-level coupling is usually
below the “knee” in Figure 3c (especially
for microfabricated devices), improving
the material coupling coefficient is an
important research area. All of the para-
meter values in Figures 3 are typical of
devices that we’ve built and tested. Fur-
thermore, vibrations of 2.5 m/s2 at 120
Hz are typical of many low-level vibra-
tions we’ve measured.2
Table 3 summarizes the design rela-
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Figure 3. Simulations for a 1 cm3 piezoelectric scavenger driven by vibrations of 2.5 m/s2. (a) Power output versus driving
frequency. The design’s resonance frequency is 120 Hz, and its proof mass is 9 grams. (b) Power output versus proof mass. All 
parameters are constant except piezoelectric-beam thickness; maximum deflection is approximately 90 m. (c) Power output 
versus coupling coefficient. The proof mass is 9 grams, and the maximum deflection is approximately 90 m. 
Figure 1.32: Simulations for a 1 cm3 piezoelectric scavenger driven by vibrations of 2.5 m/s2: (a)
Pow r ou put versus driving frequ ncy. The design resonance frequency is 120 Hz, and
its proof mass is 9 g; (b) Power output versus proof mass. All parameters are constant
except piezoelectric-beam thickn s ; maximum deﬂection is approximat ly 90 µm; (c)
Power output versus coupling coeﬃcient. The proof mass is 9 g, and the maximum
deﬂection is approximately 90 µm [63]
this work, the tradeoﬀ between the host struc ure v bration and harve ter per ormance
during the mechanical energy converting process is not taken into ac ount with varying
harvester mass. With increasing coupling k2, the power output increases quickly up to
a point and then the increase becomes quite modest, reaching a saturation value. The
optimization of the performance of piezoelectric harvesters can be either done through
the mechanical conﬁguration or the electrical circuit. A detailed discussion of how to
improve piezoelectric harvesters through either piezoelectric conﬁgurations or circuitry
and power storage can be found in the review work of Ant n a d Sodano [64].
1.3.2.1 Mech nical Structure Op imization
Typically, a seismic piezoelectric harvester needs to be tuned to have a resonant fre-
quency as close as possible than the excitation frequency to maximize the harvested
power. In addition, the increase in induced strain is also a key parameter for maximiz-
ing the power output. Therefore, piezoelectric harvester optimization in mechanical
structure design can be split into two parts with fr qu ncy tuning consid ration nd
mechanical strain optimization. With respect to frequency tuning mechanism, the work
reviewed in this paragraph concentrates on single frequency excitations, which means
the harvester is capable of frequency tracking but not with widen-band; broadband
excitation issue will be discussed in the next section.
Given to the frequency tuning issue, Roundy and Yang [65] proposed an analysis
based on Williams's model [56] for actively altering either the eﬀective stiﬀness or mass
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between the source and the piezoelectric
transducer, we must tune the scavenger
to within +/ 3Hz. Practically, this can
be quite difficult because the scavenger
geometry and material properties show
enough variation to push the device off
resonance. One way to design scavengers
with a wider bandwidth is to connect N
spring-mass-damper systems (Figure 5a
shows a system with three masses and
four springs). This locates the i + 1th sys-
tem’s resonance frequency one band-
width away from that of the ith system.
The various spring-mass subsystems’ res-
onant frequencies thus almost overlap
such that at least one element is in reso-
nance over the desired frequency range.
Figure 5b shows the frequency response
for Figure 5a’s mass position amplitudes,
where k1 = 568 N/m, k3 and k2 = 776
N/m, and k4 = 488 N/m. The masses are
m1 = 2.8125 grams and m3 = 2.268
grams, while m2 = 30 grams. We added a
damping constant of 0.025. As the figure
shows, the overall bandwidth is 17.5 Hz,
with two of the four springs contributing
to the output at any given time.
Of the three possible approaches to
increasing the generator’s operation fre-
quency, the most feasible seem to be mul-
timass, multimode resonators, which can
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Figure 4. Applying axial loads to alter beam stiffness. (a) Schematic of a simply supported piezoelectric beam scavenger with an
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Figure 1.33: Applying axial loads to alter beam stiﬀness. (a) Schematic of a simply supported piezo-
electric beam scavenger with an axial preload (with the top half of proof mass removed
for the sake of simplicity); (b) Ratio of tuned resonance frequency to original resonance
freq ency as a fu ction f the axial preloa [63]
to tune the natural frequency of the harvester. However, it is found that altering the
eﬀective stiﬀness or the mass using an active actuator will never result in a net increase
in power output as required energy is larger than the harvested energy. Extending this
analysis, altering the damping ratio with active tuning actuators was proposed, which is
also proved to be not beneﬁt in harvested power as the power required by the actuator
always exc ed the increase in power output. Instead of tuning the harvester in an
active way, Roundy t al [63] introduced another method to alter the stiﬀness of the
beam by applying axial loads. The beam is modeled as a simply supported beam with
a proof mass in the middle as shown in Figure 1.33. The preload can be achieved by
screwing or other devices that push on the clamps at either end of the beam. The
resonance frequency of the beam can be reduced by approximately 40 % by using a
preload equal to half of the critical buckling load (Figure 1.33(b)). Lallart et al [66]
have proposed a low-cost semi-active self-tuning technique consisting in a nonlinear
stiﬀness tuning schem d scribed by Guyomar et al in [67]. When the piezoelectric
element is switchi g on and is connected to the circuit, a voltage source would apply a
pre-stress on it and therefore allows the control of the stiﬀness ensuring a net positive
energy output and a wider bandwidth. Challa et al [68] also proposed a piezoelectric
harvester with tunable stiﬀness using bidirectional repulsive and attractive magnetic
forces at the beam free end. This technique enforces the harvester resonance frequency
tunable from 22 to 32 Hz and enables a 240 to 280 µW power output. Zhu et al have
done a detailed review work in [69] covering both mechanical and electrical methods.
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easily triple the generator’s bandwidth,
and passive tuning actuators, which can
reduce frequency by 50 percent. Also,
because a passive tuning actuator requires
no power once the frequency is tuned,
over time the total energy output will
increase. 
Alternative mechanical structures
Most researchers have focused on tra-
ditional or slightly varied cantilever
beams. A cantilever beam has several
advantages: it produces relatively low
resonance frequencies and relatively high
average strain for a given force input. It
is also easily realizable in a microfabri-
cation process. However, a broader con-
sideration of potential design geometries
can increase scavenger performance.
A design geometry should try to
address at least one (if not all) of the fol-
lowing goals:
• Maximize the piezoelectric response for
a given input. This can be accomplished
either by maximizing the material’s
average strain for a given input or by
changing the design to use direct cou-
pling rather than the transverse cou-
pling that piezoelectric bimorphs use.
• Improve scavenger robustness by
reducing stress concentration.
• Minimize the losses (damping) asso-
ciated with the mechanical structure.
• Improve the scavenger’s manufac-
turability.
There are a few potential designs that
address one or more of these goals.
Improving the geometry of the scav-
enger’s piezoelectric bimorph is itself a
major improvement area. Bulk material
properties impose a strain limit of 500
microstrain on the bimorph to avoid
brittle fracture. To prevent overstrain
and maximize energy, we must design
geometries that produce uniform and
large strain below the 500 microstrain
limit. With the same volume of lead zir-
conium titanate (PZT, the most common
type of piezoelectric material) and an
increasingly triangular trapezoidal pro-
file (rather than a rectangular cantilever),
we can distribute the strain more evenly,
such that maximum strain is reached at
every point in the bimorph. A trape-
zoidal geometry can supply more than
twice the energy (per unit volume PZT)
than the rectangular geometry, reducing
both the bimorph’s size and cost. Figure
6 shows the bending energy value rela-
tive to a cantilever of uniform width for
three alternative beam geometries. 
In addition to modifying the cantilever
beam’s profile, we are exploring
• A simply supported beam. This design
exploits the trapezoidal shape, while
letting us apply an axial load at the
clamped ends (which provides for fre-
quency tuning).
• A curved compressor. In this design, we
utilize curvature in the generator to
ensure that the acting force induces
compressive rather than tensile stress in
the piezoelectric material. This extends
fatigue life—the number of bending
cycles the structure can withstand
before failing—while maintaining the
same power output level as an equiv-
alent tensile stress. Again, we can
apply a lateral force to tune the nat-
ural frequency of the generator to its
environment.
• A compliant mechanism and stack.
This design translates relatively low-
force, high-displacement proof mass
oscillations into smaller-displacement,
higher-force motion around a PZT
stack. This capitalizes on the direct-
coupling mode’s higher efficiency
without the usual high actuation force
requirement. 
Developing alternate structures can
significantly increase a device’s longevity.
This, in turn, lets the device operate at
larger vibration amplitudes and thus gen-
erate more energy from the environment.
V
ibration-based energy scav-
enging is a viable means of
obtaining the small quantities
of energy necessary to power
wireless sensor nodes. Current technol-
ogy, however, focuses mostly on rectan-
gular cantilever bulk PZT structures.
Such structures have low bandwidth,
inefficiently utilize PZT material, and
can’t be integrated with standard fabri-
cation methods. To overcome some of
these problems, we’re pursuing three
approaches to improving vibration-
based energy scavengers:
• Frequency tuning. Current designs
must resonate at the driving frequency
to generate significant power. We are
pursuing designs incorporating tuning
actuators that will tune the generator’s
natural frequency to match the driving
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Figure 6. Relative bending energies and
strain profiles for alternative beam
geometries. (a) U = 1; (b) U = 1.54; and
(c) U = 2.17. The red circles indicate the
point at which load is applied.
Figure 1.34: Relative bending energies and strain proﬁles for alternative beam geometries. (a) U =
1; (b) U = 1.54; and (c) U = 2.17. The red circles indicate the point at which load is
applied [63]
To maximize the mechanical strain and concurrently avoiding the br ttle fracture
on some piezoelectric materials (f r example, piezoelectric ceramics 1), improving the
geometry of the piezoelectric ele ent is a major improvement area for piezoelectric
harvester optimization. Roundy et al [63] summarized that with the same volu e of
piezoelectric material (Lead zirconate titanate (PZT) in this work), an increasingly
triangular trapezoidal proﬁle will lead to a more evenly distributed strain and would
possess about twice the bending energy than a rectangular cantilever (Figure 1.34).
The eﬃciency and maximum tolerable excitation amplitude of piezoelectric beam har-
vesters were examined with diﬀerent beam shapes in the work of Goldschmidtboeing
and Woias [70]. The design of beam shapes followed the limitation of piezoelectric ma-
terial surface area and the criterion of maximizing the strain of the beam but preventing
exceed the yielding stress. The work examined three beam shapes with diﬀerent tip
masses and their eﬀect on the eﬃciency and the maximum tolerable excitation ampli-
tude. A triangular shap beam was found to have the maximum tolerable excitation
amplitude and a heavy tip mass (no more than beam mass) op imizes the harvester
eﬃciency. Instead of changing the shape of piezo lectric ma erials, Patel et al [71] in-
vestigated the geometric parameter of piezoelectric coverage (piezoelectric layer length,
piezoelectric layer thickness and piezoelectric layer position) on a rectangular cantilever
energy harvester. The work reveals that an optimal piezoelectric layer length (and sub-
strate thickness, to ﬁx the natural frequency) exists to have maximum power, and the
piezoelectric thickness (and tip mass inertia, to ﬁx the natural frequency) is observed to
1In piezoelectric harvesters, piezoelectric ceramics is not the only choice, however, it is the common
choice.
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Figure 1.35: An equivalent model for a piezoelectric vibration energy harvesting system
have a signiﬁcant inﬂuence on power output. Cao et al [72,73] investigated the optimal
design for a PZT thin-ﬁlm device with the optimized electromechanical coupling factor
k2 analytically and experimentally showing that the electromechanical coupling factor
reaches an optimum value when the electrode coverage is around 42 % of membrane
area. The best combination of substrate and piezoelectric thickness was also found to
achieve the optimal k2; in addition, the eﬀect of substrate stiﬀness on electromechanical
coupling factor was obtained. In their experimental work, for a 2µm thick substrate,
an increase of factor 4 can be achieved in the coupling coeﬃcient by increasing the
piezoelectric thickness from 1µm to 3µm.
1.3.2.2 Electrical Circuitry Optimization
The improvement of piezoelectric harvester can also be achieved in optimizing the
power circuitry. The complete system of piezoelectric harvester is shown in Figure 1.35
generally with three portions, the left portion of this ﬁgure is the equivalent model of
vibrating piezoelectric element near one of the resonance frequency, and the right por-
tion represents the energy storage system which is connected through a diode bridge
rectiﬁer with the vibrating part. The energy storage system is however out of scope in
this thesis. Except the energy storage circuit system, optimization circuits and voltage
adaption circuit can exist to optimize the energy conversion. The interface circuit will
actively change the mechanical-electrical properties of vibrating piezoelectric element
and accordingly, interface circuit design becomes very important. Generally, the inter-
face between piezoelectric element and energy storage system can be usually separated
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Figure 1.36: Adaptive energy harvesting circuit [75]
into 3 parts, 1. simply the conversion between AC and DC (for example, conversion AC
/ DC by a diode bridge) , 2. adaptive energy harvesting circuit (DC-DC converter), 3.
optimization of energy extraction [74].
A bridge rectiﬁer generally is followed by a ﬁlter capacitor to convert the AC voltage
delivered by piezoelectric inserts to DC voltage. Shu and Lien [55] did a detailed
analysis with diﬀerent approaches for weakly-coupled, medium-coupled and highly-
coupled AC-DC rectiﬁed piezo-harvesters. The simplest adaptive interface circuit could
be a resistance load, a capacitive load, or an inductive load. However, compared to the
resistance load, both capacitive and inductive load will strongly aﬀect the vibrating
piezoelectric element performance, for example, a higher capacitance will result a lower
electromechanical coupling coeﬃcient k2. Lu's work [60] shows that there is an optimal
load resistance for which the power delivered by the piezoelectric inserts is maximum.
To obtain the applicable voltage level for the rechargeable battery or a supercapacitor
and the optimized power, a DC-DC converter was proposed by Ottman et al [75]
(Figure 1.36). They have ﬁrst proposed a step-down, adaptive DC-DC converter used
to maximize the power harvested from the piezoelectric device [76]. For a step-down
converter operating in a discontinuous current conduction mode, an optimal duty cycle
has to be determined where power ﬂow from the piezoelectric device is maximized,
which depends strongly on the excitation frequency. The use of the converter is shown
to increase the power to the energy storage element, an electrochemical battery, by
4 times compared to when the battery was directly charged with a piezoelectric and
a AC-DC rectiﬁer. Extended the work of Ottman, Lefeuvre [62] et al developed a
piezoelectric harvester system with a buck-boost converter (or a ﬂyback switching mode
DC-DC converter). The buck-boost DC-DC converter acts as a constant input average
resistance which achieves the optimization criteria of seismic piezoelectric harvester, so
there is no need an extra load resistance to optimize the harvesting power, and it can
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work eﬀectively whether the rectiﬁed voltage of piezoelectric harvester (or the input
voltage of DC-DC converter) is higher or lower than the applicable voltage level of
battery, with 88% eﬃciency considering the control circuit consumption. Instead of
having a switching frequency decided by the duty cycle of a buck-boost converter, the
converter or a switch device is turned at each extremum of the mechanical displacement
synchronizing the electric charge process with the system vibration. This interface is
called 'Synchronous Electric Charge Extraction (SECE)' technique (Figure 1.37(c))
proposed in [77]. As SECE technique shares the same concept with the buck-boost
converter, it also has the independency in resistive load and could improve the power
harvesting with a factor 4 compared to the interface consisting in simply a resistive
load (standard technique).
A self-adaptive power harvesting circuit has been developed by Guyomar el al [54]
from an idea addressing the vibration damping problem on mechanical structure, 'Syn-
chronized Switch Damping' (SSD) [78] [79] to optimize the extracted energy from
the piezoelectric element. The main principle of this nonlinear interface 'Synchro-
nized Switch Harvesting (SSH)' consists in synchronizing the piezoelectric open-circuit
voltage with the system vibration to improve the eﬃciency of the energy conversion
process. Several works have been addressed in this technique [54, 8082]. Compared
with standard technique (simply connected with a resistive load), this nonlinear tech-
nique makes the electrical harvested power increase above 900% under a proper design.
Nonlinear technique implements a switch in series with an inductor and connected
with the piezoelectric element in parallel (Parallel-SSHI, Figure 1.37(e)) or in series
(Series-SSHI, Figure 1.37(g)); the switch is closed when extreme displacement occurs
for harmonic excitation. Few works reviewed and compared these nonlinear electronic
interfaces [81, 8386] as shown in Figure 1.37 and Table 1.6. If the quantity of used
piezoelectric material is roughly proportional to the ﬁgure of merit k2QM , SSH tech-
niques permits a dramatic reduction of the quantity of piezoelectric material compared
to the standard technique. SECE seems to work well for low-coupled harvester sys-
tems; its performance however decreases after reaching the optimal power output at
k2QM = pi/4. With respect to the load adaption, Parallel SSHI technique works at a
higher resistive load to achieve a higher power while Series SSHI technique requires a
lower resistive load compared to standard technique. The beneﬁt of SECE technique is
that it does not need load adaption for optimizing energy conversion, which also makes
it well adapted to multimodal or broadband excitation. Shu et al also mentioned that
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Table 1.6: Comparison of nonlinear interfaces for piezoelectric harvester
Maximum Power
Expression
Suitable
Harvester
System
Resistive Load Adaption
Standard DC
Interface
k2QM ≤ pi,
Pmax =
pi
2
k2QM
(pi+k2QM )
2
FM
2
C
k2QM ≥ pi,
Pmax =
FM
2
8C
Highly-coupled k2QM ≤ pi,
Ropt =
pi
2C0ω
k2QM ≥ pi,
Ropt =
2α2−piC0Cω±2α
√
α2−piC0Cω
2C(C0ω)
2
SECE DC
Interface
P = 2pi
k2QM
(1+ 4pi k2QM)
2
FM
2
C Low-coupled No need load adaption
Parallel
SSHI DC
Interface
Pmax ≈
k2QM
pi(1−γ)+8k2QM
FM
2
C
Very low and
medium-
coupled
Higher than Ropt of standard
interface,
Ropt =
pi
C0ω(1−γ)
1
1+
8k2QM
pi(1−γ)
Series SSHI
DC Interface
Pmax ≈ k
2QM
2pi 1−γ1+γ+8k
2QM
FM
2
C Very low and
medium-
coupled
Lower than Ropt of standard
interface,
Ropt =
pi
2C0ω
(
1−γ
1+γ +
4
pik
2QM
)
both Series and Parallel SSHI techniques signiﬁcantly improve the energy harvester
bandwidth [66, 80, 87]. The comparison between standard interface, SECE interface,
Parallel SSHI interface and Series SSHI interface can be found in Table 1.6.
Except the nonlinear interfaces mentioned above, transformations of these nonlinear
interfaces are also very interesting in terms of diﬀerent consideration and requirement.
The SSHI MR (Magnetic Rectiﬁer) technique proposed by Garbuio et al [88] ultimately
reduces the losses due to the threshold voltage of the diodes. The 'Double Synchronized
Switch Harvesting' (DSSH) circuit proposed by Lallart et al [89] improves the power
output for a very weakly-coupled harvester system. This technique associates the
Series SSHI circuit and the SECE circuit and an intermediate energy storage capacitor
is included allowing decoupling extraction and storage stage and controlling the trade-
oﬀ between energy extraction and damping eﬀect. In addition, the use of SECE circuit
makes the independency to the load adaption.
The using nonlinear treatments for energy harvester allows a signiﬁcant increase of
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Table 2
Energetic terms definitions∫
Fu˙ dt Input energy
1
2 Mu˙
2 Kinetic energy
1
2 KEu
2 Elastic energy∫
Cu˙2 dt Mechanical losses∫
αV u˙ dt Converted energy
the mechanical energy transformed on an electrical form. This
energy is the sum of the electrostatic energy stored on the capac-
itor C0 of the piezoelectric disk and the energy delivered to the
electric circuit connected to the electrodes (11)
Mu¨ = F − KEu − αV − Cu˙ (9)∫
Fu˙ dt = 1
2
Mu˙2 + 1
2
KEu
2 +
∫
Cu˙2 dt +
∫
αV u˙ dt (10)
∫
αV u˙ dt = 1
2
C0V
2 +
∫
VI dt (11)
3. Interface circuits
The characteristics of the electronic load powered by the
piezoelectric generator defines the voltage and the power
required for a normal operating condition. The voltage required
is generally a low DC voltage in the 1–20 V range, depending
on the application.
The voltage delivered by the piezoelectric element is not DC
but AC. Its amplitude depends on the piezoelectric element char-
acteristics, its dimensions and also on the mechanical vibrations.
The mechanical vibrations, which result from ambient vibra-
tions, may vary in more or less important proportions. Thus,
an electronic interface is needed to ensure the voltage compat-
ibility between the terminal electric load and the piezoelectric
element. An electric energy storage element, such as a capacitor
or an electrochemical battery, may be also included to compen-
sate a temporary level reduction of the environmental vibrations
or to overcome a peak of the power consumed by the electronic
load.
Previous work showed that the electronic interface may sig-
nificantly influence the energy harvesting effectiveness [8,9].
Moreover, another power optimization way has recently been
investigated with the so-called “synchronized switching harvest-
ing with inductor (SSHI)” technique, which consists in a specific
non-linear processing of the voltage delivered by the piezoelec-
tric inserts [10,11].
This section presents four different optimization approaches
and compares their respective effectiveness for harvesting
energy. The first approach uses the so-called “standard circuit”,
which is the most frequently used interface in piezoelectric
energy harvesting devices. The three other approaches are rather
new: they implement a non-linear voltage processing synchro-
nized with the mechanical vibration.
Fig. 2. Standard interface circuit.
3.1. Standard interface
The considered Standard interface circuit shown in Fig. 2
includes a diode rectifier bridge and a filter capacitor. This is
practically the simplest circuit for rectifying and smoothing an
alternating voltage. The terminal electric load is modeled by an
equivalent resistor RL having a power consumption equal to the
average input power of the actual terminal load. The analysis of
the standard circuit is presented in considering a single-mode
vibration. So, the mechanical displacement u is assumed to be
purely sinusoidal in steady state operation. In this condition,
the open circuit voltage delivered by the piezoelectric element
V is sinusoidal too. But the electrical circuit connected to the
piezoelectric element changes the waveform of V. Indeed, the
piezoelectric element is on an open circuit only when the rectifier
bridge is blocking, therefore when the absolute value of V is
lower thanVDC. The corresponding theoretical displacement and
voltage waveforms are shown in Fig. 3. The voltage ripple ofVDC
is here neglected. It is a good approximation on condition that
the time constant RLCr remains much larger than the mechanical
vibration period.
The calculation of the harvested power for a mechanical dis-
placement u is done in considering the piezoelectric outgoing
current I given in Eq. (2).
In steady state operation, the average current through the filter
capacitor Cr is null, so the absolute value of the electric charge
outgoing from the piezoelectric element during a period T is
Fig. 3. Standard interface: displacement, voltage and current waveforms.
(a) (b)
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equal to the average current flowing through the load RL. The
integration of the current differential equation Eq. (2) leads to
the expression of the rectified voltage VDC as a function of the
displacement amplitude UM given in Eq. (12). Then, the average
harvested power P is calculated in Eq. (13)
VDC = RLα
RLC0ω + π2
ωUM 2
P = V
2
DC
RL
= RLα
2(
RLC0ω + π2
)2 ω2U2M (13)
In the case of weakly coupled energy harvesting devices,
the harvested power is negligible compared to the mechani-
cal power. So, the equivalent load resistance RL value has no
significant influence on the amplitude UM of the mechanical dis-
placement. In this case, the average harvested power reaches a
maximum PMAX for an optimal equivalent load resistance ROPT,
respectively, given in Eqs. (14) and (15)
PMAX = α
2ω
2πC0
U2M (14)
ROPT = π2C0ω (15)
However, it is intuitivel understandable that harvesting a
significant amount of the vibrati nal energy induces a dampi g
effect on the mechanical system, leading to a reduction of the
vibration amplitude. This effect is taken into account in consider-
ing the energy balance expressed in Eq. (10). During a particular
semi-period T/2 (see Fig. 3), the mechanical energy provided to
the system is equal to the sum of the mechanical losses and the
converted energy, leading to Eq. (16).
At the resonance frequency, the displacement amplitude over
the force amplitude ratio reaches a maximum, and the expres-
sion of the energy balance given in Eq. (16) can be simplified
with the assumptions that the displacementu remains sinusoidal,
and that the force F and the velocity are in phase (the consid-
ered resonance is not the resonance of the piezoelectric element
itself, but the resonance of the global electromechanical system).
These assumptions are valid while the electromechanical cou-
pling of the system is relatively weak (so that non-linearities on
the electrical variables of the system do not induce significant
non-linearities on the mechanical variables), and considering
that the resonator is weakly damped (that is to say resonators hav-
ing practically a mechanical quality factor above 20). According
to these assumptions, the analytical expression of the displace-
ment amplitude at resonance as a function of the external force
amplitude FM given in Eq. (17) is derived from (16)∫ t0+T/2
t0
F
du
dt
dt = C
∫ t0+T/2
t0
(
du
dt
)2
dt + V
2
DC
RL
T
2
(16)
UM = FM
Cω + 2RLωα2(RLC0ω+π/2)2
(17)
Then, in considering Eqs. (17) and (13) it is possible to get
a relation between the average harvested power P, the external
Fig. 4. Synchronous charg extraction interface circuit.
driving fo ce amplitude FM, th equivalent load resistan e RL
and the others paramet s of the system. Eq. (8) allows to include
the lectromechanical coupli g factor in the system parame ers.
3.2. Sy chronous charge extraction
The synchronous charge extraction principle consists in
removing periodically the electric charge accu ulated on the
b o king capacitor C0 of the piezoelectric element, and to trans-
fer the correspo ding amount of electrical energy to the load or
to the energy storag element. A first characteristic of this tech-
nique is that the extraction phases are synchronized wit th
mecha ical vibration. Anothe peculiarity is that the piezoelec-
tric element is let most of the time in open circuit configuration.
The proposed circuit for achieving this non-linear voltage
processing is represented in Fig. 4. The charge extraction phases
occur when the electronic switchS is closed: the electrical energy
stored on the blocking capacitor C0 is then transferred into the
inductor L. When the electric charge is completely removed
from the piezoelectric element, the switch is re-opened and the
energy stored into the inductor L is transferred to the smoothing
capacitor Cf through the diode D. The extraction instants are
triggered on the minima and the maxima of the displacement u,
synchronously with the mechanical vibration. The inductor L is
chosen to get a charge extraction phase duration much shorter
than the vibration period. Theoretical voltage and displacement
waveforms are represented in Fig. 5.
Fig. 5. Synchronous charge extraction interface: displacement, voltage and cur-
rent waveforms.
(c) (d)
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Apart from the extraction phases, the rectifier is blocking and
the outgoing current I is null. In this open circuit condition, the
mechanical speed is related to the voltage derivate by Eq. (18).
Integrating this equation over the time between instant t1 and t2
leads to Eq. (19) linking the voltage amplitude VM to the dis-
placement amplitude UM. The electric charge extraction occurs
when the absolute value of the energy stored on the piezoelec-
tric capacitor C0 is maximum. At these instants, the charge of
C0 is quasi-instantaneously transferred to the terminal electric
load through the power converter, resulting in a cancellation of
the piezoelectric voltage V. The expression of the average power
delivered by the piezoelectric element is given in Eq. (20). Eqs.
(19) and (20) lead to the average harvested power expression as
a function of the displacement amplitude given in Eq. (21)
αu˙ = C0 ˙V (18)
Vm = 2 α
C0
UM (19)
P = 1
2
C0V
2
M
ω
π
(20)
P = 2α
2ω
πC0
U2M (21)
To take into account the mechanical dam ing effect induc d
by this energy harvesti g technique when the sy tem is driven
at resonance by a onstant amplitude external force, it is consid-
ered the energy balance of the structure between instant t1 and
instant t2, just after each electric charge extraction. The energy
provided to the system by the external force F during this half
period is expressed in Eq. (22). Assuming that the displacement
remains sinusoidal, the calculation of this energy balance is sim-
plified, leading to the displacement amplitude expression UM as
a function of the external force amplitude FM given in Eq. (23).
The average harvested power as a function of the external force
amplitude FM given in Eq. (24) is deducted from Eqs. (21) and
(23). Eq. (24) shows that it exists a particular relation between
the electromechanical parameters given in Eq. (25), for which
the average harvested power reaches a maximum. The corre-
sponding harvested power PMAX is given in Eq. (26)∫ t0+T/2
t0
Fu˙ dt = C
∫ t0+T/2
t0
u˙2 dt + 2α
2
C0
U2M (22)
UM = FM
Cω + 4α2
πC0
(23)
P = 2α
2ω
πC0
F2M(
Cω + 4α2
πC0
)2 (24)
α2
C0
= πCω
4
(25)
PMAX = F
2
M
8C
(26)
Fig. 6. Parallel-SSHI interface circuit.
3.3. Parallel-SSHI
This Parallel-SSHI interface is composed of a non-linear
processing circuit connected in parallel with the piezoelectric
ele ent electrodes and the input of the rectifier bridge [10,11],
as shown in Fig. 6. The non-linear processing circuit is only
composed of an inductor L in series with an electronic switch
S. The electronic switch is briefly turned on when the mechan-
ical displacement reaches a maximum or a minimum. At these
triggering times, an oscillating electrical circuit L–C0 is estab-
lished. The electrical oscillation period is chosen much smaller
than the mechanical vibration period T. The switch is turned off
after a half electrical period, resulting in a quasi-instantaneous
inversion of the voltage V. The corresponding theoretical dis-
placement an voltages waveforms are shown in Fig. 7.
When the switch is turned on, the absolute value of the voltage
V remains lower than the rectified voltage VDC so the rectifier
bridge is blocking. However, the voltage polarity inversion is
not perfect, meaning that the non-linear process induces small
energy losses. Most of the voltage inversion losses are due to
the circuit composed of the inductor in series with the switch. A
small part may also be radiated in the mechanical system. The
inversion losses are modeled by the electrical quality factor Qi
of the electrical oscillator. The relation between Qi and the volt-
ages of the piezoelectric element before and after the inversion
process (VDC and Vm, respectively) is given in Eq. (27)
Vm = −VDCe−π/2Qi (27)
Fig. 7. Parallel-SSHI interface: displacement and voltages waveforms.
(e) (f)
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t0
I dt +
∫ t0+T/2
t0
IS dt = VDC
RL
T
2
(28)
The lectric charge received by the terminal load equivalent
resistor RL dur ng a h lf m chanical per od T/2 is calculated in
Eq. (28). The second integral of th s equation corresponds to the
charge stored on the capacitor C0 before the voltage inversion
plus the c arge stored on C0 after the inversion, whos expres
sion is give by Eq. (29). The integration of the piezoelectric
outgoing cur nt given by Eq. (2) in taking into account the
SSHI non-linear process lea s to the expression of t e load v lt
age VDC as a function of the displacement amplitude UM give
by Eq. (30)∫ t0+T/2
t0
IS dt = C0VDC (1 + e−π/2Qi ) (29)
VDC = 2RLαω
RLC0 (1 + e−π/2Qi ) ω + πUM (30)
The average harvested power P is expressed in Eq. (31).
With a given mechanical vibration amplitude UM, the aver-
age harvested power reaches a maximum value PMAX, whose
expression is given in Eq. (32), for an optimal equivalent load
resistance ROPT given by Eq. (33). These expressions show that
the harvested power depends strongly on the voltage inversion
efficiency, quantified by the electrical quality factor Qi. If Qi is
much larger than π/2, the maximum average harvested power
PMAX becomes roughly proportional to this quality factor. For
example, if this factor would be multiplied by two, the harvested
power would be also multiplied by two for a given amplitude of
mechanical displacement. Thus, according to Eq. (32) the elec-
trical quality factor Qi should be as big as possible to get as much
as possible electrical power with a given amount of piezoelectric
material. This factor is practically limited by the losses of the
electrical LC0 oscillator, which are mainly located in the induc-
tor (Joule losses and ferromagnetic losses). The quality factor of
the experimental setup presented in Section 4 is variable between
Qi = 0 and 13. Increasing this value above 20 would require a
very low losses inductor. It would lead in practice to a bulky,
heavy and expensive component
P = V
2
DC
RL
= 4RLαω
2
(RLC0ω (1 − e−π/2Qi ) + π)2
U2M (31)
PMAX = α
2ωU2M
πC0 (1 − e−π/2Qi ) (32)
ROPT = π
C0ω (1 − e−π/2Qi ) (33)
The expression of the vibration amplitude at resonance as a
function of the amplitude FM of the external driving force is
given in Eq. (34). Eqs. (31) and (34) lead to a direct relation
between the harvested average power and the amplitude of the
external driving force
UM = FM
Cω + 4RLωα2
π
RLC0(1−e−π/2Qi )ω+2π
(RLC0(1−e−π/2Qi )ω+π)2
(34)
Fig. 8. Series-SSHI interface circuit.
3.4. Series-SSHI
The Series-SSHI interface circuit is similar to the Parallel-
SSHI circuit, but instead of connecting the {switch + inductor}
dipole in parallel with the piezoelectric element and the rectifier
input, this dipole is connected in series, as shown in Fig. 8.
The switch control is the same as the control described in the
case of the Parallel-SSHI circuit. Most of the time, the piezo-
electric element is in open circuit configuration. Each time the
switch is closing, a part of the energy stored in the blocking
capacitor C0 is transferred to the capacitor Cr through the recti-
fier bridge. At those instants, the voltage inversions of V occur.
The voltages and displacement waveforms are drawn in Fig. 9.
Eq. (35) gives the relation between the piezoelectric voltages
VM and Vm before and after the inversion process, the rectified
voltage VDC and the electrical quality factor Qi. The open cir-
cuit evolution of the piezoelectric voltage V between two voltage
inversions gives another relation between VM and Vm given in
Eq. (36). Equality of the input energy of the rectifier and the
energy consumed by the equivalent load resistance RL during
a semi-period of vibration T/2 leads to Eq. (37). Starting from
(35)–(37), the load voltage VDC is expressed as a function of the
displacement amplitude UM, the equivalent load resistor RL and
the system parameters in Eq. (38). The average harvested power
expression given in Eq. (39) may be calculated using the load
voltage expression (38)
Vm − VDC = −(VM − VDC)e−π/2Qi (35)
Fig. 9. Series-SSHI interface: displacement and voltages waveforms.
(g) (h)
Figure 1.37: Non inear interfaces for piezoelectric harvester [81,86]: (a) Standard interface; (b) Stan-
dard interface DC waveforms; (c) SECE DC interface; (d) SECE DC interface waveforms;
(e) Parallel SSHI DC interface; (f) Parallel SSHI DC interface waveforms; (g) Series SSHI
DC interface; (h) Series SSHI DC interface waveforms
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the performance of vibration-based microgenerator. However, the nonlinear process
may seem to be delicate in a realistic implementation. The group of LGEF, INSA
de Lyon [90, 91], have proposed an easy and energy-eﬃcient way in implementing the
nonlinear technique based on the detection of maximum values using delayed version
of the voltage (the maximum value is reached when the delayed signal becomes grater
than the original piezo-voltage), generating a pulsed voltage that drives a transistor
acting as the digital switching. Hence, such a process can be made truly self-powered (it
usually consumes very little energy, typically 3 % of the electrostatic energy available
on the piezoelectric element) using widely available components and may be easily
integrated.
1.4 Energy Harvesting under Broadband Vibrations
In the previous section, diﬀerent piezoelectric harvester mechanisms and optimization
interfaces are described. However, most studies were devoted to the single frequency
vibration and analyzed the harvester performance under simpler sinusoidal excitations,
which is not robust to variations in the excitation frequency. In practical, vibrations
surrounding us usually contains band-limited or wideband frequency information (for
example, engine vibration, airplane wing vibration, etc.), which makes a dramatic eﬃ-
ciency decrease in a seismic (or cantilever) piezoelectric harvester. A piezoelectric har-
vester with a wider bandwidth might increase the eﬃciency as real excitations usually
variate in frequency spectrum. So, in this section, methods for widening the band-
width of piezoelectric harvester will be ﬁrst introduced. Another issue concerning to
the broadband excitation is that the more realistic signal would induce a more complex
and ambiguous response, especially when connected with nonlinear interface circuits.
In the SSD and SSH nonlinear techniques, the switching algorithm in the shunting
circuit, due to its nonlinearities, is critical to the system performance. Accordingly,
the analysis of this switching algorithm for multi-modal or broadband input system
has to be discussed elaborately. The proposed methods and studies could be roughly
divided into two categories: 1. Simulation and experimental work and 2. stochastic
analysis. The analysis of piezoelectric harvester under a broadband/random excitation
will be introduced in the second part of this section.
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1.4.1 Piezoelectric Harvesters with Wide Bandwidth
A common drawback of piezoelectric harvester is their poor performance when out of
resonance. To widen their operational bandwidth and increase practical bandwidth
where energy can be harvested, several approaches can be implemented, such as an ar-
ray of structures each with diﬀerent natural frequencies, an amplitude limiter, coupled
oscillators, nonlinear springs and bi-stable structures [69, 92,93].
The use of several piezoelectric beam harvesters with diﬀerent resonance frequencies
in parallel has been proposed in [94] and [95] shown as in Figure 1.38. Lien and Shu
have proposed an analysis of piezoelectric harvester array connected with diﬀerent
interfaces (Figure 1.39) based on the idea of equivalent impedance (transforming the
mechanical model as an equivalent circuit model). It is found that the power output
increases more when the deviations in system parameters are small (system parameters
for each beam in the array), and if the deviations are relatively large, the harvester
connected with the Parallel-SSHI interface turns into a wideband mode. However,
this result was acquired under PSpice environment and there is no experimental work
validating the modeling. In addition, the optimal resistance value for optimal power
when system parameters are identical is surprisingly higher for Series-SSHI interface
and lower for Parallel-SSHI interface, which contradicts what was presented in the
previous work [81]. The piezoelectric beam array harvester obviously increases the
bandwidth of the generator and also shortens the charging time of the storage capacitor
to a given voltage level but also decreases the available power per weight as only the
in-resonance generator contributes to the output power while the oﬀ-resonance beams
do not produce signiﬁcant power, which can easily be observed from Lien's and Shu's
work [96] that shows that the output power decreases when each beams has diﬀerent
natural frequencies.
A wide bandwidth piezoelectric harvester can also be achieved with mechanical stop-
pers (amplitude limiter) [9799]. Liu et al [99] evaluated a piezoelectric MEMS energy
harvester system with top- and bottom-stoppers leading to a wider operation range
of the harvester from 30Hz to 48Hz. Blystad et al [97] have investigated numerically
a piezoelectric MEMS energy harvesting system with mechanical stoppers consider-
ing four diﬀerent interface circuits (standard AC, standard DC, SSHI and SECE) in
SPICE environment. The harvester connected with standard AC and SECE interfaces
is found to have a proportional relation between the harvested power and acceleration
spectral density until stopper impacts become important. Later on, an experimental
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Recall that Eq. (22) shows the dependence of the resonant frequency or and the norm kgtipk1 on the beam
dimensions and the proof mass. Using this equation, it is examined whether it is possible to choose beams with
different dimensions and different proof masses such that: (i) resonant frequencies or of the beam–mass
systems are different from each other; (ii) norms kgtipk1 corresponding to all beam–mass systems assume a
same constant value, say g40. If the device in Fig. 7 satisﬁes conditions (i) and (ii), then it functions as a
band-pass ﬁlter. In this case, the Bode magnitude plots of the transfer functions corresponding to the
beam–mass systems would look like those in Fig. 7. An important question that arises is: What is the maximal
achievable frequency band ðomin;omaxÞ over which kgtipk1 corresponding to each beam–mass system is equal
to g? As it will be shown in the following, this interval is limited and cannot be chosen arbitrarily large.
In Eq. (22b), the norm kgtipk1 is set equal to g40. The result is
g ¼ 3a4ðaÞ½a4ðaÞM þ a5ðaÞrwhll
3
2xa3ðaÞEwh3
, (27)
for all aX0. Dimensions of the beams and masses of the proof masses should satisfy the equality constraint in
Eq. (27), should the transfer functions gtipðsÞ corresponding to the beam–mass systems have their H1-norms
equal to g. Using the relation
M ¼ arwhl, (28)
ARTICLE IN PRESS
u( )Acceleration
Cantilever Beams and Proof Masses
Fig. 6. An ensemble of cantilever beams with proof masses at their tips. When dimensions of the beams and masses of the proof masses are
chosen appropriately, this ensemble can function as a band-pass ﬁlter.
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Fig. 5. The Bode magnitude plot of the transfer function corresponding to the beam–mass system in Example 2.1.
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Figure 1.38: An ensemble of cantilever beams with proof masses at their tips. When dimensions of
the beams and masses of the proof masses are chosen appropriately, this ensemble can
function as a band-pass ﬁl er [94]
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Figure 1. An array of piezoelectric energy harvesters connected in parallel. It is connected to a standard interface as in (a), a parallel-SSHI
interface as in (b), and a series-SSHI interface as in (c).
interfacing circuits, including the standard AC/DC circuit
and parallel/series-SSHI (synchronized switch harvesting on
inductor) circuits. While the analysis of these interface circuits
in the case of a single piezoelectric oscillator has been
studied in several research works [1, 10, 15, 17, 18, 24,
25, 33, 37–39, 41], the extension to the case of multiple
piezoelectric oscillators has not been done yet. Here, we
develop a methodology based on the idea of equivalent
impedance to approach this problem. Notice that the use of
impedance analysis and matching theory for optimal power
transfer in the case of piezoelectric energy harvesting is
not new and has been proposed by several research works.
This includes the complex impedance analysis for AC power
output [2, 20, 31] and the resistive impedance matching
circuit for DC power output [13, 14, 29]. However, recently
Liang and Liao [19] have pointed out that these studies
either do not consider the real energy harvesting circuits or
neglect the reaction of power conditioning circuits to the
dynamics of the mechanical part. They have further provided
an in-depth analysis accounting for these factors to study
the equivalent impedance of a piezoelectric energy harvesting
system. Our approach is similar to theirs except that they
choose the first Fourier mode of circuit waveforms for
impedance analysis [19]. As a result, the explicit expression
of equivalent impedance is hard to obtain due to the difficulty
in solving trigonometric equations. From this there also
arises the problem of extending their approach to the case
of multiple piezoelectric oscillators. On the other hand, we
remove such an approximation on the circuit waveforms and
derive the explicit expression of equivalent load impedance
and, therefore, it is feasible to extend our approach to the
case of an array of piezoelectric oscillators connected in
parallel. Indeed, let the velocity vector and force vector both
be multiplied by certain suitable constants analogous to the
current vector and voltage vector, respectively. We show that
they are related by the generalized Ohm’s law whose matrix
of impedance is formulated analytically in terms of the load
impedance. The harvested average power generated by the
array system is therefore obtained by inverting this matrix
formulation.
Finally, a model problem consisting of three piezoelectric
oscillators is proposed for investigating the ability in power
harvesting for different interface circuits. The electrical
response is shown to change significantly depending on the
various extents of deviation in the system parameters of
oscillators. It also varies dramatically for different choices
of energy harvesting circuits linked to the system. A certain
unexpected phenomenon is found and is in contrast with what
was observed in the case based on the resonant vibration of a
single piezoelectric oscillator.
2. Model
Consider an array of piezoelectric oscillators connected in
parallel as shown in figure 1. Suppose the parameters of each
piezoelectric oscillator do not deviate significantly. Further
suppose the modal density of each vibrator is widely separated
and the array structure is vibrating at around the resonance
frequency. In this case, we may model the array system as
a mass + spring + damper + piezostructure with governing
equations described by [37]
Mnu¨n(t)+ ηnu˙n(t)+ Knun(t)+2nVpn(t) = Fn(t), (1)
−2nu˙n(t)+ Cpn V˙pn(t) = −In(t), (2)
Fn(t) = Fn sin(wt + τn), (3)
where n= 1, 2, . . . ,N and N is the total number of oscillators,
un the displacement of the nth mass Mn, Vpn the voltage
across the nth piezoelectric element, Fn(t) the forcing function
applied to the nth oscillator and In(t) the current flowing into
the specified circuit. In addition, in equations (1) and (2), ηn,
Kn, 2n and Cpn are the mechanical damping coefficient, the
stiffness, the piezoelectric coefficient and the capacitance of
the nth piezoelectric oscillator. The forcing function Fn(t) is
assumed to be harmonic with w as the angular frequency (in
radians per second) and τn as the given phase shift angle. We
also use Fn as the magnitude of harmonic excitation to save
notation in the future development. Next, as the array system
is connected in parallel Vp = Vpn for all n. Thus, equation (2)
can be rewritten as
− I∗(t)+ CpV˙p(t) = −I(t), (4)
where
I∗(t) =
N∑
n=1
2nu˙n(t), Cp =
N∑
n=1
Cpn ,
I(t) =
N∑
n=1
In(t).
(5)
Suppose the array of oscillators is connected to a
standard circuit consisting of a rectifier followed by a filtering
capacitance Ce for AC/DC conversion, as illustrated in
figure 1(a). The terminal load is represented by a resistor R
2
Figure 1.39: An array of pi zoelectric energy harvesters connected in parallel. It is connected to (a)
standard interface; (b) parallel-SSHI interface; (c) series-SSHI interface [96]
work was proposed in [100] to verify the previous simulation work in which the mechan-
ical stopper is well modeled using a parallel spring-dashpot system. A lossless rigid end
stop was found to be beneﬁt in maximizing the bandwidth of harvester under a high
acceleration levels, where nonlinearities due to mechanical end stop impacts are sig-
niﬁcant. A coupled oscillator consists of N spring-mass-damper systems has also been
proposed by researchers as a method to widen he harves er bandwidth [63, 101, 102].
Aladwani et al [103] proposed a dynamic magniﬁer connected to a cantilevered piezo-
electric harvester to increase the power output and widen the bandwidth around a
single resonance using an additional mass with spring between the harvester beam and
the vibration base. Zhou et al [104] further proposed a new type of harvester with a
multiple mode dynamic magniﬁer which is able to enhance the power and widen the op-
eration bandwidth over virtually all natural frequencies. Erturk et al [105] transformed
the conventional rectangle shape beam into L-shap d cantilever beam which enables
the second frequency peak of original beam to be closer to t ﬁrst frequency peak a d
enhances the bandwidt of the harvester. Harvesters with nonlinear stiﬀness might be
another solution for widening the bandwidth of the piezoelectric harvester [106, 107].
The nonlinear bistable harvester can be realized with a magne ic spring (Figure 1.40).
A piezoelectric harvester oupled to p rmanent magnets as a bistable system was ex-
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Figure 3. (a) Bistable magnetic repulsion harvester. (b) Magnetic
attraction harvester. (c) Buckled beam harvester. Piezoelectric
patches shown as light gray layers along part of the beam lengths.
Harvesting circuitry shown as parallelograms.
a buckled beam harvester with the bistability modified by a
variable axial load p. Note that while these three are used here
as examples for illustration, this review is not limited to these
types of devices.
The fundamental electromechanical dynamics have been
evaluated analytically and experimentally with respect to the
individual bistable device design under consideration, but
a common dimensionless formulation is often utilized that
yields trends comparable across platforms. The advantages
of bistability in both stationary and stochastic vibratory
environments have also been detailed. Numerous studies have
probed these subjects to various levels of refinement. As a
result, a rigorous and comprehensive review of the bistable
energy harvesting literature would be an important service to
the technical community. A previous paper has summarized
a portion of bistable energy harvesting developments to
date, though the authors impart particular emphasis to
survey studies regarding MEMS-scale utility and efficiency
metrics [11]. In contrast to the prior survey, the objective
of the present review is to provide a comprehensive outline
of the recent bistable energy harvesting literature, so as to
encompass the breadth of work accomplished and provide
sufficient attention to critical results of these studies.
In the following sections, this review organizes the
variety of research investigations in bistable energy harvesting
based on similar analytical methods and experimental
conceptions. Following the presentation of a unified
electromechanical analytical model widely employed by
researchers, principal conclusions from analytical studies are
summarized. Thereafter, the great body of experimental work
is surveyed and additional insights observed experimentally
but not captured in fundamental analysis are highlighted.
Finally, remaining challenges to the field, proposed solutions
to these obstacles, and the relation between bistable energy
harvesting and similar explorations in contemporaneous fields
are summarized.
2. Governing equations of single degree-of-freedom
bistable oscillator
The interest in bistable oscillator dynamics grew in
proportion to the discovery of the attendant chaotic
oscillations which occur for specific operating parameters,
first observed numerically and experimentally by Tseng and
Dugundji [12]. The authors described the chaotic vibrations of
a buckled beam as ‘intermittent snap-through’ [12]. Extensive
exploration was performed later by Holmes [13] and Moon
and Holmes [14] so that a more detailed understanding
developed from which the recent literature in bistable energy
harvesting has taken root. The governing equation derived was
for a mechanically buckled beam [13] and for a beam buckled
via magnetic attraction [14]. Using a one-mode Galerkin
approximation, the authors derived an ordinary differential
governing equation for the buckled beams which was found
to accurately represent experimental results.
The governing equation for an underdamped, single
degree-of-freedom oscillator excited by base acceleration may
be formulated from the physical coordinates where the relative
displacement X(t) of an inertial mass m is determined by
mX¨ + cX˙ + dU(X)
dX
= −mZ¨ (1)
where c is the viscous damping constant, Z¨ is the input
base acceleration, and the overdot denotes differentiation with
time. The restoring force potential of the oscillator may be
expressed as
U(X) = 12 k1(1− r)X2 + 14 k3X4 (2)
where k1 is the linear spring constant, k3 is the nonlinear
spring constant, and r is a tuning parameter. Figure 4 shows
the effect on the restoring force potential for three cases of
tuning parameter and nonlinearity strength, δ = k3/k1. The
linear oscillator, δ = 0 and r < 1, is monostable as is the
nonlinear Duffing oscillator, δ 6= 0 and r ≤ 1 which exhibits a
softening nonlinearity for δ < 0 and hardening nonlinearity
when δ > 0. However, when the tuning parameter r > 1
and δ > 0, the central equilibrium is no longer stable and
the system becomes nonlinear bistable, having new stable
equilibria at X∗ = ±√(r − 1)/δ. This latter case is also
referred to as the Duffing–Holmes oscillator in honor of their
collective contributions [15].
A nondimensional time, τ = ωt, is applied to equation (2)
where ω = √k1/m is the linear natural frequency of
the oscillator. Defining ζ = c/2mω, and operator (·)′
as differentiation with respect to τ , the nondimensional
3
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Figure 3. (a) Bistable magnetic repulsion harvester. (b) Magnetic
attraction harvester. (c) Buckled beam harvester. Piezoelectric
patches shown as light gray lay s along par of the beam l ngths.
Harvesting circuitry shown as parallelograms.
a buckled beam harvester with the bistability modified by a
variable axial load p. Note that while these three are used h re
as examples for illus ration, this review is not limited to thes
types of devices.
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evaluated an lytically and xperimentally with respect to the
individual bistable device design under consideration, but
a common dimensionless formulation is often utilized that
yields trends comparable across platforms. The advantages
of bistability in both stationary and stochastic vibratory
environments have also been detailed. Numerous studies have
probed these subjects to various levels of refinement. As a
result, a rigorous and comprehensive review of the bistable
energy harvesting literature would be an important service to
the technical community. A previous paper has summarized
a portion of bistable energy harvesting developments to
date, though the authors impart particular emphasis to
survey studies regarding MEMS-scale utility and efficiency
metrics [11]. In contrast to the prior survey, the objective
of the present review is to provide a comprehensive outline
of the recent bistable energy harvesting literature, so as to
encompas the breadth of work accomplished and provide
sufficient attention t critical results of th se studies.
In the following s ctions, this review organizes the
variety of research investigations in bistable energy harvesting
based on simil analytical methods and experimental
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electromechanical analytical model widely employed by
researchers, principal conclusions from analytical studies are
summarized. Thereafter, the great body of experimental work
is surveyed and additional insights observed experimentally
but not captured in fundamental analysis are highlighted.
Finally, remaining challenges to the field, proposed solutions
to these obstacles, and the relation between bistable energy
harvesting and similar explorations in contemporaneous fields
are summarized.
2. Governing equations of single degree-of-freedom
bistable oscillator
T e interest in bistable oscillator dynamics grew in
proportion to the discovery of the attendant chaotic
oscillations which occur for specific operating parameters,
first observed numerically and experimentally by Tseng and
Dugundji [12]. The authors described the chaotic vibrations of
a buckled beam as ‘intermittent snap-through’ [12]. Extensive
exploration was performed later by Holmes [13] and Moon
and Holmes [14] so that a more detailed understanding
developed from which the recent literature in bistable energy
harvesting has taken root. The governing equation derived was
for a mechanically buckled beam [13] and for a beam buckled
via magnetic attraction [14]. Using a one-mode Galerkin
approximation, the authors derived an ordinary differential
governing equation for the buckled beams which was found
to accurately represent experimental results.
The governing equation for an underdamped, single
degree-of-freedom oscillator excited by base acceleration may
be formulated from the physical coordinates where the relative
displ cement X(t) of an inertial mass m is determined by
mX¨ + cX˙ + dU(X)
dX
= −mZ¨ (1)
where c is the viscous damping constant, Z¨ is the input
base acceleration, and the overdot denotes differentiation with
time. The restoring force potential of the oscillator may be
expressed as
U(X) = 12 k1(1− r)X2 + 14 k3X4 (2)
where k1 is the linear spring constant, k3 is the nonlinear
spring constant, and r is a tuning parameter. Figure 4 shows
the effect on the restoring force potential for three cases of
tuning parameter and nonlinearity strength, δ = k3/k1. The
linear oscillator, δ = 0 and r < 1, is monostable as is the
nonlinear Duffing oscillator, δ 6= 0 and r ≤ 1 which exhibits a
softening nonlinearity for δ < 0 and hardening nonlinearity
when δ > 0. However, when the tuning parameter r > 1
and δ > 0, the central equilibrium is no longer stable and
the system becomes nonlinear bistable, having new stable
equilibria at X∗ = ±√(r − 1)/δ. This latter case is also
referred to as the Duffing–Holmes oscillator in honor of their
collective contributions [15].
A nondimensional time, τ = ωt, is applied to equation (2)
where ω = √k1/m is the linear natural frequency of
the oscillator. Defining ζ = c/2mω, and operator (·)′
as differentiation with respect to τ , the nondimensional
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Figure 1.40: Piezoelectric energy harvesters with nonlinear stiﬀness: (a) Bistable magnetic repulsion
harvester; (b) Magnetic attraction harveste [106]
ploited by Ferrari et al in [108]. Analysis and simulations s w that a nonlinear
bistable harvester gives better performances under a band-pass-ﬁltered white-noise ex-
citation with respect to a linear harvester (the nalysis and simulation we one with
a mass-spring model). Sebald et al [109,110] have discussed in both experimental and
simulation works for a piezoelectric harvester consisting in a Duﬃng resonator with the
hardening eﬀect to broaden the working bandwidth for energy harvesting. The nonlin-
ear piezoelectric harvester with Duﬃn resonator has shown a 7.75 % bandwidth than
a 1.4 % bandwidth of a linear harvester under a harmon exc tation of amplitude 1
ms−1. Although in terms of maximum power output, a nonlinear harvester could only
have 0.92 mW and a linear harvester could have 2.2 mW, the o linear arvester is
suitable for harvesting energy from harmonic excitations when the excitation frequency
is subject to changes (for example, due to temperature variations, aging or fatigue).
Wickenheiser and Garcia further discussed t e eﬀect of magnet strength and the spac-
ing between each magnets for a multistable harvester system in [111]. The multistab e
harvester with softening eﬀect under a harmonic xcit tion shows that the magnet has
an increasing eﬀect when the base excitation frequency decreases to zero as at very low
frequencies, he relative tip deﬂ ction is negligible, disturbances due to magnetic force
are relatively large. A broadband, stochastic excitation was then applied n his non-
linear harvester and it was shown that the linear harvester is much more sensitive to the
driving frequency than the nonlinear harv ster and the nonlinear ha ve ter can harv s
4 times more than the linear harvester under a broadband excitation. A bistable har-
vester is applicable for sto hastic excitatio and can fur er improve the performance
by proper periodic change of potential barrier (stochastic resonance) [112]. However,
such methods require external energy input and are more diﬃcult to i plement.
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A piezoelectric harvester with wide bandwidth has the potential to cope with the
mismatch between the resonant frequency and the vibration frequency. To widen the
bandwidth of the harvester, a drawback is that there is a trade-oﬀ between the system
bandwidth and the QM factor. A possible way to have a wider bandwidth without
decreasing in QM factor is to have an array of small harvesters. However, the assembled
harvester must be carefully designed so that each of small harvester does not aﬀect the
others, which makes the design and fabrication complicated. Therefore, this approach
is not volume eﬃcient. The use of mechanical stoppers might limit the vibration
amplitude and so the output power, and might induce a fatigue failure in the cantilever
beam. A coupled harvester would have a ﬂat response in the frequency domain; it might
however, have a signiﬁcant decrease in the maximum output power than the harvester
with only one mass. A nonlinear or bistable harvester can improve the performance
of the harvester at higher or lower frequency bands relative to its natural frequency.
However, the complicated mathematical modeling might increase the complexity in
design and implementation; in addition, there is hysteresis in nonlinear harvester that
performance during a down-sweep (or an up-sweep) can be worse than that during an
up-sweep for hard nonlinearity (or a down-sweep for soft nonlinearity) or worse than
the linear harvester depending on the sweep direction.
1.4.2 Analysis of Piezoelectric Energy Harvesters under a
Broadband Excitation
In many applications, the vibration is random and rich in frequency information. How-
ever, except diﬀerent designs for widening the harvester bandwidth, there are still very
few analytical works describing the response of a piezoelectric harvester when it is
excited by a random or/and broadband vibration. The performance of piezoelectric
harvester under a broadband excitation can be either performed based on the sim-
ulation result, experimental measurement with probability and statistic strategies or
analyzed by stochastic modeling.
1.4.2.1 Simulation and Experimental Work of Piezoelectric Harvester Driven
by Broadband Vibrations
Miller et al [113] studied the MEMS energy harvesting from ambient vibrations with
Finite-Element simulations and experimental veriﬁcation. The ﬁnite-element model
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can work under arbitrary acceleration input and corresponds well with the measure-
ment in predicting frequency peaks; a maximum 82 % discrepancy is however between
the model and experiment in power output. The group of Vestfold University College,
Norway, utilized SPICE, a numerical circuit simulator, to simulate the harvested energy
in response to random vibrations [97,114,115]. Zhao and Erturk presented two numer-
ical modelings using Fourier series-based Runge-Kutta method and Euler-Maruyama
solution to describe the cantilevered piezoelectric harvester performance under broad-
band random vibrations [116]. Numerical simulations were compared with analytical
solution and experimental results showing a very good agreement for a range of resistive
load conditions and input PSD levels. Lefeuvre et al ﬁrst considered the broadband
vibration in the context of energy harvesting with nonlinear interface circuit [117]. In
their work, the harvester cantilever beam is subjected to a random force in the 10 Hz
to 2 kHz band, and the corresponding displacement spectrum reveals the mechanical
ﬁltering of cantilever beam, which is mainly composed of three bending modes. From
the experimental results, it is shown that the average powers with the standard tech-
nique and SECE (Synchronous Electric Charge Extraction) technique under diﬀerent
frequency bands. Under the right switch triggering time, the SECE technique roughly
increases the harvested power by a factor 2 in the random operation, whereas the in
harmonic operation, the factor is 3.
Statistic strategies for nonlinear circuit control in vibration control might be inter-
esting in energy harvester. Concerning the use of nonlinear interface circuits under a
random vibration, Guyomar et al stated the importance of proper switching instant
when using a nonlinear techniques for semi-passive vibration control (SSD) [118], and
developed the alternative strategy, based on the statistical analysis of the voltage or
displacement, in order to optimize the vibration control (which can be also applied in
energy harvesting). In the case of broadband excitation, it induces more complexity as
the system has not only an unique extreme displacement but diﬀerent local maxima,
which makes diﬃcult to choose the switching instant. With the alternative strategy,
instead of each extremum, the switch is allowed to turn on when the piezoelectric
voltage reaches a signiﬁcant value (vm). Moreover, the voltage will be inverted on the
global maximum, for which the energy stored on the piezoelectric element is maximum.
The eﬀect of the alternative strategy shows in Figure 1.41. There therefore exists a
tradeoﬀ between the number of switch and the instant of switch. With more numbers
of switches, the energy extraction happens more often, however, it could not provide
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(a) (b)
Figure 1.41: Illustration of two diﬀerent strategies for SSDI control : (a) original strategy with switch-
ing on each extremum. (b) alternative strategy consisting of selecting speciﬁc maximum
(sloid line is the piezoelement voltage; dashed line is the structure strain of deﬂection).
enough time for voltage increasing to a suﬃcient value. With respect to the princi-
ples mentioned above, Guyomar et al [118] discussed the various control strategies:
1. Control Probability Law (CPL) [119], 2. Statistics methods and 3. Root mean
square method. The simulation results for the three methods lead to better results
than simple SSDI, which consequently induce a better energy extraction. However,
these control strategies require the knowledge of the signal and preliminary works to
decide proper parameters, which is diﬀerent from each force input cases. To facilitate
a self-powered switching circuit which has ability in choosing the switching instants at
the global extrema instead of every extrema, Lallart et al [91] have proposed a new
self-powered adaptive SSDI circuit consisting in envelope detectors with diﬀerent time
constants and enforcing a threshold voltage for switch.
1.4.2.2 Stochastic Modeling of Piezoelectric Harvester under Broadband
Vibrations
Real-world signals with multimodal or broadband character has been paid attention
recently either by simulation [115] or by experimental work [117,120]. Nevertheless, be-
cause of the complexity and variety of broadband signal, the theoretical investigation of
energy harvester properties, such as displacement of the mass and the outgoing voltage
from embedded piezoelectric, are diﬃcult to be shown as a closed-form. Halvorsen [121]
characterized the excitation with its power spectral density (PSD) to make the linear
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system problem equivalent to the propagation of a random signal through a linear ﬁl-
ter which allows the analysis result to be in closed-form. A support structure with a
random time-dependant acceleration, which is characterized by its PSD, Sa, has been
modeled in this work. When the harvester structure with standard interface circuit is
subject to a white noise excitation, the average power delivered into the load resistance
would be
P =
mSa
2
(
rP
rP + rS + rL
)2
rLk
2QM
1 + ( 1
QM
+ k2QM)r + r2
, (1.14)
r =
rP (rS + rL)
rP + rS + rL
, (1.15)
where k2QM is the product of mechanical quality factor and the electromechanical
coupling factor, r is the dimensionless resistance contributed by the dimensionless load
resistance rL, the dimensionless stray series resistance rS and the dimensionless shunt
resistance rP . The average power P increases with this quantity.
The nonlinear eﬀect either through mechanical form or electrical form makes the an-
alytical solution of a piezoelectric harvester under a random and broadband excitation
more complex. To obtain random response quantities for the system with nonlinear
eﬀects, it is necessary to solve the random process problem, which means to solve the
coupled stochastic diﬀerential equations. Fokker-Planck equation is one of the most
common formula for the random process analysis. It solves the probability density p of
the state variables. A Fokker-Planck equation was used to describe the Brownian mo-
tion of particles [122]. From solving Fokker-Planck equation under speciﬁc conditions,
closed-form expressions for p would be obtained [123]. In Halvorsen's work [121], the
Fokker-Planck equation governing the probability density function of the harvested
power for a cantilever beam system was derived and was proved to agree with the
stochastic modeling (Eq. (1.14)). However, the calculation is long and diﬃcult.
Adhikari et al [124] also derived the harvested power by the theory of stationary ran-
dom vibrations for a linear piezoelectric harvester. It considered a direct-coupled type
harvester, which has a polarization along the d33 direction, vibrating due to station-
ary Gaussian white noise base excitation. The two dimensional stochastic diﬀerential
equations are solved by the theory of linear random vibrations. The normalized mean
power of a harvester was analyzed under diﬀerent adaptive inductance and resistance
values. Closed-form expressions presented in this work is useful in quantifying the
harvested power of a direct-coupled piezoelectric harvester under random vibration.
However, the approach described in this work can be extended to ﬁltered white noise
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and non-Gaussian excitation which are more realistic excitation spectra.
Zhao and Erturk [116] have derived the analytical expression of expected power
output for a linear piezoelectric harvester with the resistive load considering the entire
spectrum of excitation and all vibration modes of the harvester by stochastic modeling.
The single mode derivation is compared with given expressions of Halvorsen [121]
and Adhikari [124]. The analytical solution is validated with numerical solutions in
deterministic approach (Fourier series-based Runge Kutta solution) and in stochastic
approach (Euler-Maruyama) and experimental results under a Gaussian white noise-
type random excitation.
The exact closed-form expressions of the harvested power for linear harvesters have
been derived under a Gaussian white noise excitation in the last paragraphs. Nev-
ertheless, due to its unpredictable properties, nonlinear systems until now have not
been well discussed and have a general and well-constructed expression for describing
harvester performance. In addition, an analytical model considering a more realistic
excitation, for example ﬁltered white noise or non-Gaussian excitation needs to be
further investigated.
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2 Broadband Modeling of
Nonlinear Techniques for Energy
Harvesting
In the previous section, several aspects for optimization of energy harvest-
ing using vibrating piezoelectric element has been expressed. Particularly,
"Synchronized Switch Harvesting" (SSH) techniques have been shown to be
an eﬃcient way for artiﬁcially increasing the conversion potential between
the mechanical energy stored in piezoelectric element and the electrical en-
ergy, and thus magnifying the harvesting abilities. The nonlinear technique
(SSHI: Synchronized Switch Harvesting on Inductor), proposed by Guy-
omar et al, shows a signiﬁcant increase in harvested power over 900%. It
assumes the switch is turned on for a very short period and reverse the
voltage of piezoelectric transducer at all extrema of displacement response.
This switching algorithm is eﬀective in single frequency excitation, however,
it will leads to a tradeoﬀ between the number of switching events and the
voltage amplitude that can be accumulated under a broadband excitation.
In this chapter, a brief introduction of SSH techniques would be presented
ﬁrst and then the newly-constructed broadband modeling with a periodical
switching strategy for these nonlinear techniques would be described in de-
tail based on the theory of self-sampling and self-aliasing in the frequency
domain.
The aim of this chapter is to provide a ﬁrst step for the analysis of non-
linearly interfaced piezoelectric harvesters with a broadband and/or random
excitation. The modeling is derived from fundamental formula in order to
have a general form describing the harvester's performance. It is then ap-
plied to several well-known cases to show its eﬀectiveness. In this work,
49
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H se
+
+ sampling gain
Figure 2.1: Principles of the self-sampling process
the self-sampling process is deﬁned as modiﬁcation of a continuous sig-
nal s by its own sampled signal, as depicted in Figure 2.1, where e is the
input and H a transfer function. In addition, if the sampling frequency
is chosen to be less than twice the maximal frequency of signal s, aliasing
occurs and is fed back to s, leading to the concept of self-aliasing. The
harvester's overall response can be seen as self-samplings of the response
at system resonant frequency due to the periodic switching process, which
we call it as "Periodic Switch Harvesting on Inductor" (PSHI). With a
proper switching frequency, a self-aliasing phenomenon will occur between
samplings inducing a constructive response if the phase is chosen properly.
2.1 Introduction of Nonlinear Techniques
The considered energy harvesting devices consist of a vibrating mechanical structure
with bonded piezoelectric elements. The structure with piezoelectric elements is mod-
eled as a {spring+mass+piezo+damper} system such as the one shown in Figure 2.2.
It could be considered as being composed of a rigid mass M, a spring Ks representing
the stiﬀness of the host structure and a viscous damper C for the mechanical losses.
The external force F (or Ma expressed by the input acceleration a for a seismic type
vibration assuming the correction factor to be 1 [105]) results from the mechanical
excitation applied on the rigid mass M. Under this excitation the proof mass moves
with a displacement u and induces a voltage V across the piezoelectric transducer and
an outgoing current I.
According to Newton's second law of motion, the sum of the force on the rigid
mass then generates the governing equation (2.1) of the {spring+mass+piezo+damper}
system
Mu¨ = F−KEu− αV− Cu˙, (2.1)
where K E is the global stiﬀness for short circuited condition deﬁned as a sum of the
stiﬀness of piezoelectric element KpE and the structural stiﬀness Ks, and α is the force
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Figure 2.2: Equivalent mechanical model for piezoelectric structure
factor for a given structure, relating the piezoelectric converse eﬀect. The energetic
analysis is obtained by integration of the equation of motion (2.1) and the velocity over
the time variable:∫
Fu˙ dt =
1
2
Mu˙2 +
1
2
KEu
2 +
∫
Cu˙2 dt+
∫
αVu˙ dt. (2.2)
The expression (2.2) is considered as the energy balance of the input energy provided
by the external driving force F and the sum of the kinetic energy, potential elastic
energy, mechanical losses and the converted energy. From the piezoelectric equation
(2.3), it can be shown that the converted energy (Eq. (2.4)) is the sum of electrostatic
energy stored on the piezoelectric element and the energy delivered to the connected
electrical device, where C0 is the internal capacitance of the piezoelectric element.
I = αu˙− C0V˙ (2.3)∫
αVu˙ dt =
1
2
C0V
2 +
∫
VI dt (2.4)
In order to increase the converted energy, the phase between the piezoelectric voltage
V and the mechanical velocity u˙ has to be reduced and the voltage amplitude has to
be improved. The basic principle of nonlinear techniques used on vibration control
SSD and on energy harvesting SSH is to reduce the phase shift between V and u˙,
and, coincidentally, to increase the voltage amplitude and further increase the energy
conversion.
The extension of SSD technique in the ﬁeld of energy harvesting is called 'Syn-
chronized Switch Harvesting on Inductor' (SSHI), which is simply the SSDI interface
in parallel or series with a load. They share the same technique switching on when
the displacement reaches its extrema, but in SSHI, the converted energy is harvested
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Figure 2.3: SSHI technique: (a) SSHI circuit interface; (b) waveforms under sinusoidal excitation
through the resistive load. The interface and the piezoelectric voltage waveform for
SSHI technique are shown in Figure 2.3. The switching event leads to a piezoelectric
voltage V in-phase with the vibrating velocity v and induces a piecewise constant func-
tion, which increases the voltage amplitude. Connecting an inductor with the switching
device enforces a L− C0 −R oscillator with an oscillation period To = 2pi
√
LC0; after
the inversion time ti = pi
√
LC0, the voltage would start from a non-zero value with the
opposite sign and so the voltage amplitude can be improved. However, as the switching
network is not perfect, there is loss during the voltage inversion, which is deﬁned by an
electrical quality factor Qi or the inversion factor γ = e
−pi
2Qi which is generally ranging
from 0.6 ∼ 0.9. The relation between voltages before and after switching is expressed
by this factor as in Eq. (2.5):
V (t+n ) = −γV (t−n ). (2.5)
Applying the Kirchhoﬀ's current law, the sum of the currents ﬂowing through the
electrical components is equal to the current ﬂowing out from the piezoelement. The
sum of currents ﬂowing through the resistive load V (t)
RL
, to the internal piezoelement
capacitance C0V˙ (t) and to the switch is equal to the current from the current source
αu˙(t). The current only ﬂows through the switching circuit when the switching device
is closed, stating that it is null during all the vibration period except at the switching
instant t = tn. As the switch is turned on with a frequency much higher than the
vibrating frequency, the switching process could be deﬁned by a δ function as an
impulse response. Accordingly, the current ﬂows through the switching device could
be expressed by a series of Dirac function
∞∑
n=−∞
δ (t− tn) and the piezoelectric voltage
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of SSHI technique would be expressed as Eq. (2.6), which is nonlinear for each switching
time instants, tn.
V (t)
RL
= αu˙(t)− C0V˙ (t)− (1 + γ)C0
∞∑
n=−∞
V (t)δ (t− tn), (2.6)
In realistic excitation, which would be barely monochromatic but more likely random,
there would be a tradeoﬀ between the number of switching events and the value of the
voltage at the switching instants. The energy delivered to the connected electrical de-
vices, Eextracted, is proportional to the summation of voltage at every switching instant
tn:
Eextracted ∝ C0
∑
n
Vn
2. (2.7)
Vn denotes the voltage value at the nth switching instants. This equation shows that
the higher extraction energy is achieved by increasing the number of switching and the
value of cumulative voltage. However, the voltage amplitude at each switching instant
might decrease with increasing number of switching processes as part of Eextracted will
be dissipated by the switching device. Hence, a careful control of switching algorithm is
critical for the performance. Guyomar et al [118, 119] developed alternative strategies
based on the statistical or probabilistic analysis of the voltage or displacement in order
to optimize the vibration control. However, to have a detailed broadband excitation
analysis, a theoretical broadband modeling is required. To understand more about the
eﬀect of switching algorithm on random vibration and to have the broadband response
directly without tedious statistic calculation or recursive time-domain computation, a
well-constructed modeling would be introduced in the following section. The switching
process could be seen as a self-sampling sequence of the voltage. Furthermore, it will
be shown that with a proper chosen switching frequency, a self-aliasing eﬀect would
bring a constructive interference, denoting the conversion magniﬁcation.
2.2 Broadband Modeling
In this section, an introduction of the new approach for broadband modeling of Peri-
odic Switching Harvesting on Inductor (PSHI) technique will be presented. It consists
in a switching device periodically closed for a very short time period and inducing a
voltage inversion on the piezoelectric transducer at a speciﬁc switching frequency fs
or switching period T . It is slightly diﬀerent from SSHI technique as in this approach,
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the switching process is periodic and with all possibilities of switching frequency. How-
ever, for a resonant structure, if the response is analyzed in small time-windows, peri-
odic switching process shares the same principle with SSHI technique as the switching
instant is easily synchronized with optimal displacements for a windowed signal. Al-
though with PSHI technique, the harvesting eﬃciency is less than using SSHI technique
under some excitation cases as the nonlinear interface is not switched on the displace-
ment extrema, the periodic switching process can seen as a time-invariant process and
the analysis can be simpliﬁed in order to get a closed-form expression. Due to the
switching procedure, the output voltage V (t) in time domain has to be recalculated
for each switching steps. Instead of this tedious calculation sequence, the analysis in
frequency domain, which is more common in signal analysis, would be discussed. Al-
though most of the electronic components are powered with DC sources, this AC to DC
process would induce another nonlinear eﬀect, and in order to simplify the problem,
we consider only the AC source in the work. In addition, with the AC process, more
harmonics can be taken into account in the analysis. With the DC process, only the
ﬁrst harmonic is considered in the analysis.
The broadband modeling will be implemented with the concept of self-sampling and
self-aliasing of the open-circuit voltage signal. The concept of self-sampling and self-
aliasing can be explained with a simple sinusoidal function as depicted in Figure 2.4.
When a sine signal is under a self-sampling process (expressed as a Dirac comb function)
at a sampling frequency which equals to twice the frequency of the sinusoidal signal
(Figure 2.4(a)), the original frequency components have the same frequency as the
added sampled signal, and the sampled response (represented in dashed line) adds up
to the original response. Hence, with a proper phase choice, there will be a self-aliasing
eﬀect (Figure 2.4(b)) which introduces a constructive response as Figure 2.4(c) shows.
2.2.1 Periodic Switching Process
The most simplest nonlinear switching interface is to connect a switching device in a
short circuit (Figure 2.5(a)). With this interface, after the switching process, the initial
condition on voltage would change to zero at each switching period. If the switch is
connected in series with an inductor (Figure 2.5(b)), after the inversion, the initial
condition of voltage would no longer be zero but with a factor −γ. The switching
constant in this case would not be independent to the voltage on previous periods, so a
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Figure 2.4: Concept of self-sampling and self-aliasing for a sine signal: (a) A sine signal plus a Dirac
comb function; (b) A sine signal under a self-sampling process; (c) The overall response
after the sampling process
cumulative eﬀect is introduced on the switching constant. In the following paragraphs,
these two cases would be discussed in detail separately.
2.2.1.1 Periodic Switching Process on Short Circuit
Since the initial condition of voltage would be changed after the switching process, the
voltages before and after the switch instant have to be formulated separately. Here we
consider the two switching instants tn−1 and tn as shown in Figure 2.6, which presents
an example of how the switching process works on short circuit. In this model, the
piezoelectric element is in open-circuit and has no resistive load and so the integration
of Eq. (2.3) yields:
V (t) =
α
C0
u(t) + κ(t), (2.8)
where κ(t) is a piecewise constant function. The switch turns on at the time in-
stant tn−1 and at this time instant the voltage reaches V (tn−1); during the switching
process, the voltage would be canceled due to a piecewise constant voltage. As the
voltage is expressed as a composition of a scaled displacement ( α
C0
u(t)) representing
the open-circuit voltage and a piecewise constant voltage due to the switching eﬀect
Cette thèse est accessible à l'adresse : http://theses.insa-lyon.fr/publication/2013ISAL0085/these.pdf 
© [Y-C. Wu], [2013], INSA de Lyon, tous droits réservés
56 Chapter 2: Broadband Modeling of Nonlinear Techniques for Energy Harvesting
C0 
IC0 IS 
V 
u
(a)
C0 
IC0 IS 
L 
V 
u
(b)
Figure 2.5: Periodic switching interface with a current source: (a) switching on short circuit; (b)
switching on an inductor
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Figure 2.6: An example shows the relationship of u and V at switching instant for periodic switching
process on short circuit technique: (a) excitation displacement; (b) corresponding wave-
forms
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κ(t) representing the coupling from the circuit to the electromechanical system as in
Eq. (2.8), the voltage at the switching instant tn−1 could be expressed by Eq. (2.9);
An−1 denotes the amplitude of piecewise constant function at t = tn−1 or the integra-
tion constant; An = κ(t+n ) = κ(t
−
n+1). The switch is turned oﬀ after the switching time
ti considered to be very short. Then the switch is kept open until the next switching
instant tn and the voltage increases with the scaled displacement under the base of the
existed piecewise constant An−1. Therefore the voltage just before the next switching
instant V (tn) is expressed as Eq. (2.10). At the instant t−n , the switch turns on again
and the same process as previous applies. The inverted voltage at t+n would be again
0 and it could be formulated as Eq. (2.11):
0 =
α
C0
u(tn−1) + An−1, (2.9)
V (t−n ) =
α
C0
u(tn) + An−1, (2.10)
0 =
α
C0
u(tn) + An. (2.11)
The switching constant An at t = t+n for each switching step could be therefore acquired
from voltage magnitudes at switching instants tn−1 and tn:
An = − α
C0
[u(tn)− u(tn−1)] + An−1. (2.12)
The diﬀerence between An and An−1 is the output voltage change due to the switching
event at time tn and displacement diﬀerence, and An is given by the cumulative eﬀects
of all prior switching events which leads to:
AN = − α
C0
N∑
n=−∞
[u(tn)− u(tn−1)], (2.13)
which depends only on the displacement as voltage cancels. In Eq. (2.13), the summa-
tion term denotes the cumulative process and this cumulative process depends on every
previous process. Accordingly, the piecewise constant function κ(t) can be expressed
through the unit step function H(t− tn) and is given by
κ(t) = − α
C0
∞∑
n=−∞
[u(tn)− u(tn−1)]H(t− tn). (2.14)
The output voltage V (t) could be then completely speciﬁed from Eqs. (2.8) and (2.14)
as
V (t) =
α
C0
u(t)− α
C0
∞∑
n=−∞
[u(tn)− u(tn−1)]H(t− tn). (2.15)
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With regard to Figure 2.5(a), the derivative of Eq. (2.15) gives the current that ﬂows
out of the source, decomposed into the current ﬂowing into the piezoelectric internal
capacitance and into the switching device as
αu˙(t) = C0V˙ (t) + α
∞∑
n=−∞
[u(t)− u(t− (tn − tn−1))] δ(t− tn). (2.16)
The current ﬂowing into the switching device is expressed with the Dirac comb function
at sampling instant tn as the time duration of switching process is much less than the
vibrational period. The Dirac comb function also introduces the concept of sampling.
If the switch is considered to be turned on periodically (Ts as the switching period),
the voltage response can be seen as self-sampled after the switching process. The
switching instant tn could be replaced with nTs−t0, where t0 is the eﬀect of a switching
delay which could arise from imperfections of the electrical switching circuitry or be
deliberately introduced for synchronization as the switching process in PSHI technique
is independent on the time-domain displacement. The derivation of the voltage is then
expressed with the Dirac comb function
∞∑
n=−∞
δ(t− nTs − t0) as:
V˙ (t) =
α
C0
u˙(t)− α
C0
∞∑
n=−∞
[u(t)− u(t− Ts)] δ(t− nTs − t0). (2.17)
The Fourier transform of a Dirac comb function is still a Dirac comb function:
∞∑
n=−∞
δ(t− nTs)
F

F
−1
2pi
Ts
∞∑
n=−∞
δ(ω − n2pi
Ts
). (2.18)
However, the period of the transferred comb function in the frequency domain is in an
inverted proportion of the original time period of the comb function and the amplitude
of the transferred function is scaled by the inverse of the time-period. According to the
convolution theorem and Fourier transform, the output voltage in frequency domain is
described as
V (ω) =
α
C0
U(ω)− 1
jω
a
C0
1
Ts
∞∑
n=−∞
[
U(ω − n2pi
Ts
)
(
1− e−j(ω−n 2piTs )Ts
)
e−jn
2pi
Ts
t0
]
. (2.19)
The derivation of the piecewise constant function κ(t) in the frequency domain is
considered to be a convolution between the switching constant KN and the Dirac
comb function. A signal convoluted with the Dirac comb function is considered to be
sampled at constant intervals of retardation, which is expressed by a series of repetitive
impulse function. In accordance with the sampling theorem, the self-sampling process
of the voltage response introduced by the switching process is again clearly shown from
the expression of voltage frequency response.
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2.2.1.2 Periodic Switching Process on an Inductor
To make the nonlinear technique more eﬃcient, an inductor is connected in series with
the switch so that when the switch is closed, a L − C0 oscillator is formed and the
inverted voltage is increased to −γV (t−n ) and also brings an cumulative eﬀect in the
output voltage. In this case, the inversion coeﬃcient γ is not zero but with a value
generally between 0.6 to 0.9. Accordingly, the voltage at the switching instants tn−1
and tn would be Eq. (2.20) and Eq. (2.22) and the voltage before the inversion V (tn)
would be Eq. (2.21) expressed as the open-circuit voltage plus a constant switching
voltage An coming from the switching process:
−γV (t−n−1) =
α
C0
u(tn−1) + An−1, (2.20)
V (t−n ) =
α
C0
u(tn) + An−1, (2.21)
−γV (t−n ) =
α
C0
u(tn) + An. (2.22)
The switching constant An could be considered as the sum of the diﬀerence between
two open-circuit voltage ( α
C0
u(tn) and αC0u(tn−1)), the diﬀerence between initial volt-
ages after switching (γV (tn) and γV (tn−1)) and the eﬀect from the previous switching
process An−1. To be noted that in this case, connecting the switching device with an
inductor, the switching constant An depends on the voltage from the previous switching
period V (tn−1), which denotes the cumulative eﬀect.
An = − α
C0
[u(tn)− u(tn−1)]− γ [V (tn)− V (tn−1)] + An−1. (2.23)
After substituting the voltage expressed as a function of displacement, the diﬀerence
between two switching constant would be shown as
An − An−1 = − α
C0
[u(tn)− u(tn−1)]− γ
[(
α
C0
u(tn) + An−1
)
−
(
α
C0
u(tn−1) + An−2
)]
= − α
C0
(1 + γ) [u(tn)− u(tn−1)]− γ [(An−1)− (An−2)] . (2.24)
From Eq. (2.24), it is shown that every switching constant contains not only the eﬀect
from previous switching period but also the switching constant from the previous two
periods. To simplify the equation, Rn is used to replace An−An−1, so that the equation
becomes:
Rn = − α
C0
(1 + γ) [u(tn)− u(tn−1)]− γRn−1, (2.25)
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which has the generalized form
Rn = − α
C0
(1 + γ)
n∑
k=−∞
(−γ)n−k [u(tk)− u(tk−1)] . (2.26)
Therefore, the switching constant AN can be expressed as a double summation of the
scaled displacement diﬀerence
An = − α
C0
(1 + γ)
n∑
k=−∞
(−γ)n−k [u(tk)− u(tk−1)] + An−1,
AN = − α
C0
(1 + γ)
N∑
n=−∞
(
n∑
k=−∞
(−γ)n−k [u(tk)− u(tk−1)]
)
(2.27)
The switching constant at t = tn for the technique switching on an inductor can not
be discussed only in one switching period (from tn−1 to tn) like in the switching on
short circuit technique; eﬀects from previous periods due to the cumulative eﬀect have
to be considered. The piecewise constant function κ(t) is then shown with a unit step
function H(t− tn) as
κ(t) = − α
C0
(1 + γ)
∞∑
n=−∞
[(
n∑
k=−∞
(−γ)n−k [u(tk)− u(tk−1)]
)
H(t− tn)
]
(2.28)
With the expression of κ(t), the output voltage could be thus expressed as
V (t) =
α
C0
u(t)− α
C0
(1 + γ)
∞∑
n=−∞
[(
n∑
k=−∞
(−γ)n−k [u(tk)− u(tk−1)]
)
H(t− tn)
]
,
(2.29)
and the derivation of the voltage will introduce the Dirac comb function as
V˙ (t) =
α
C0
u˙(t)
− α
C0
(1 + γ)
∞∑
n=−∞
[(
n∑
k=−∞
(−γ)n−k [u(t− (tn − tk))− u(t− (tn − tk−1))]
)
δ(t− tn)
]
.
(2.30)
The voltage is sampled at a sampling time tn with the expression of Dirac comb func-
tion. If γ = 0, only n = k could lead non zero in the summation term and the derivation
of voltage would share the same equation as previous case, periodic switching on a short
circuit Eq. (2.17).
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The rearrangement of this equation as Eq. (2.31) presents clearly that the current
ﬂowing out from the piezoelectric element αu˙(t) is decomposed into the current ﬂowing
to the piezoelectric internal capacitance C0V˙ (t) and to the switch:
αu˙(t) = C0V˙ (t)
+ (1 + γ)
∞∑
n=−∞
[(
n∑
k=−∞
(−γ)n−k [αu(t− (tn − tk))− αu(t− (tn − tk−1))]
)
δ(t− tn)
]
.
(2.31)
If the switch is assumed to be turned on periodically, it leads to a self-sampled voltage
response and the switching instants tn could be replaced by nTs, where Ts is the
switching period. The derivation of voltage with time would be:
V˙ (t) =
α
C0
u˙(t)
− α
C0
(1 + γ)
∞∑
n=−∞
[(
n∑
k=−∞
(−γ)n−k [u(t− (n− k)Ts)− u(t− (n− k + 1)Ts)]
)
δ(t− nTs)
]
=
α
C0
u˙(t)− α
C0
(1 + γ)
∞∑
n=−∞
[( ∞∑
k′=0
(−γ)k′ [u(t− k′Ts)− u(t− (k′ + 1)Ts)]
)
δ(t− nTs)
]
.
(2.32)
From the Fourier transform and considering a switching delay t0, the voltage expression
in frequency domain would be:
V (ω) =
α
C0
U(ω)− α
C0
(1 + γ)
1
jω
1
Ts
∞∑
n=−∞
(
U(ω − n2pi
Ts
)
(
1− e−jTsω) e−jn 2piTs t0 ∞∑
k=0
(−γ)ke−jkTsω
)
.
(2.33)
The internal summation
∞∑
k=0
ak could be considered as a summation of geometric series;
for −1 < a < 1, the sum converges as 1
1−a :
∞∑
k=0
(−γ)ke−kTsjω = 1
(1 + γe−Tsjω)
, (2.34)
and the voltage in the frequency domain could be simpliﬁed as:
V (ω) =
α
C0
U(ω)− α
C0
(1 + γ)
1
jω
1
Ts
(
1
1 + γe−jTsω
)(
1− e−jTsω) ∞∑
n=−∞
(
U(ω − n2pi
Ts
)e−jn
2pi
Ts
t0
)
.
(2.35)
When γ = 0, it corresponds to the switching on short circuit case as Eq. (2.19) shows.
2.2.2 Periodic Switch Harvesting (PSH) Techniques
In this subsection, a resistive load is connected in parallel with the piezoelectric trans-
ducer and the switching interfaces shown in Figure 2.3(a) to harvest the extracted en-
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Figure 2.7: Standard piezoelectric harvester interface
ergy from the structure. For synchronized switch harvesting techniques, the broadband
modeling is not so instinct as the previous cases. We could start with the standard (or
classic) interface having no switching circuit to explain the basic concept of harvesting
systems. Then the simplest nonlinear harvesting technique, periodic switch harvesting
on short circuit (PSHS) will be presented and the interface with an inductor connected
in series with the switching device (PSHI) would be introduced after.
The standard (or classic) energy harvesting technique simply consists of connecting
a resistive load with the piezoelectric transducer (Figure 2.7). For standard technique,
the piezoelectric equation could be written as a linear nonhomogeneous ordinary dif-
ferential equation (ODE), which is the rearrangement of the piezoelectric equation
(2.3):
I(t) = αu˙(t)− C0V˙ (t) (2.36)
V˙ (t) +
1
RLC0
V (t) =
α
C0
u˙(t). (2.37)
This ODE could be solved by Laplace transform with initial conditions V (0) = 0 and
u(0) = 0 as Eq. (2.38).
V (s) =
α
C0
sU(s)
[(
1
s+ 1
RLC0
)]
(2.38)
In the time domain, the solution is simply a homogeneous solution h(t) convoluted
with the nonhomogeneous term as Eq. (2.39):
V (t) =
α
C0
u˙(t) ∗ e −tRLC0 H(t)
= u˙(t) ∗ h(t), (2.39)
"*" denotes the convolution sign. Therefore the voltage response is seen as the system
output with the system input u(t) and the impulse response h(t). The impulse response
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h(t) is a combination of a unit step function H(t) enforcing causality and an exponential
decay in a factor 1/RLC0 due to the resistive load.
h(t) =
α
C0
e
− t
RLC0 H(t) (2.40)
2.2.2.1 Periodic Switch Harvesting on Short Circuit (PSHS) Technique
Connecting a switching device in parallel with the standard interface would induce a
pulsed current Is ﬂowing to the switching branch when the switch is closed and the
sum of the current in the network is expressed as:
I(t) = αu˙(t)− C0V˙ (t)− Is(t). (2.41)
The rearrangement of this equation leads the nonhomogeneous ODE as :
V˙ (t) +
V (t)
RLC0
=
α
C0
u˙(t)− Is(t)
C0
. (2.42)
Taking the same procedure as for standard technique, the voltage expression for PSHS
techniques would be:
V (t) = u˙(t) ∗ h(t)− Is(t)
C0
∗ C0
α
h(t), (2.43)
which could be seen as a combination of the scaled source current and the scaled
switching current convoluted with the eﬀect of resistive load.
The derivation of the voltage response is acquired based on the diﬀerentiation prop-
erty of the convolution ((f ∗ g)′ = f ′ ∗ g = g′ ∗ f) as:
V˙ (t) = u˙(t) ∗ h˙(t)− Is(t)
C0
∗ C0
α
h˙(t). (2.44)
The second term in Eq. (2.44) resulting from the switching event can be expressed as
the self sampling of open-circuit voltage as shown in Section Section 2.2.1.1. However,
the open-circuit voltage would be changed as a convolution with the magnitude of the
impulse response h(t) when connecting a resistive load. In addition, for energy har-
vesting interface, the function imposed by switching process κ(t) describing the step
response would no longer be a piecewise constant function but itself times an exponen-
tial decay caused by the resistive load. With reference to Eq. (2.17) in Section 2.2.1.1,
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the normalized current on the switch device I˜s is derived as:
I˜s(t) =
Is(t)
C0
=
[ ∞∑
n=−∞
(
[u˙ ∗ h]t − [u˙ ∗ h]t−Tse
− Ts
RLC0
)
δ (t− nTs)
]
∗ C0
α
h˙, (2.45)
and the general form of voltage derivation for PSHS technique would be denoted as:
V˙ (t) =
[
u˙ ∗ h˙
]
t
−
[ ∞∑
n=−∞
(
[u˙ ∗ h]t − [u˙ ∗ h]t−Tse
− Ts
RLC0
)
δ (t− nTs)
]
∗ C0
α
h˙. (2.46)
The equation stated above can be explained by Figure 2.8 as an good example. For
energy harvesting case, the function k(t) induced by the switching process is no longer
a piecewise constant function but a piecewise exponentially decayed function. The
switching constant at the switching instant tn could still be considered as the diﬀerence
between two open-circuit voltages (one at the switching instant tn and another at the
previous switching instant tn−1). Nevertheless, for the energy harvesting technique, the
switching constant is no longer a constant value after turning oﬀ the switch but with an
exponential decay with a factor e−
Ts
RLC0 . Here, because the switch is on a short circuit
(the initial condition of voltage turns to be zero), the switching constant depends on
the resistive eﬀect only within one switching period Ts. In the frequency domain and
considering the switching delay t0, the voltage expression would be:
V (ω) = [jωU(ω)h(ω)]
− C0
α
[
h(ω)
1
Ts
∞∑
n=−∞
[(
[jωU(ω)h(ω)]
(
1− e−jωTse−
Ts
RC0
))
∗ δ
(
ω − n2pi
Ts
)
e−jn
2pi
Ts
t0
]]
(2.47)
= jωU(ω)h(ω)− jC0
α
h(ω)
1
Ts
×
∞∑
n=−∞
[(
ω − n2pi
Ts
)
U(ω − n2pi
Ts
)h(ω − n2pi
Ts
)
(
1− e−j
(
ω−n2pi
Ts
)
Tse
− Ts
RLC0
)
e−jn
2pi
Ts
t0
]
.
(2.48)
2.2.2.2 Periodic Switch Harvesting on Inductor (PSHI) Technique
With an inductor connected with the switch device, when the switch is closed, a L−C0
oscillator forms. During the switching time ti, the current ﬂows from the piezo-internal
capacitance C0 to the inductor L. The voltage across the capacitance C0 consequently
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Figure 2.8: An example shows the relationship of u, V and Kn at switching instant for periodic switch
harvesting on short circuit technique: (a) excitation displacement; (b) corresponding wave-
forms
changes to −γV . Before the next half pseudo-period starts, the switch was turned oﬀ
in order to hold the voltage value as a start point for next switching period. Every
switching period starts from the inverted voltage of previous switching period and
this inverted voltage depends on its previous switching period; for example, the nth
switching period starts from −γV (tn−1), however, V (tn−1) changes with V (tn−2) etc..
Accordingly, the voltage at the switching instant tn depends not only on the voltage at
previous switching instant tn−1 but also on the voltage before the previous switching
as a cumulative response, which shares the same feature as the periodic switching on
inductor case Eq. (2.31). Taking the same procedure as for PSHS technique and with
the reference to Eq. (2.32), the scaled current on the switch branch is derived as:
I˜s = − (1 + γ)
∞∑
n=−∞
[ ∞∑
k′=0
(−γ)k′
(
[(u˙ ∗ h)]t−k′Ts e
− k′Ts
RLC0
− [(u˙ ∗ h)]t−(k′+1)Ts e
− (k′+1)Ts
RLC0
)
δ(t− nTs)
]
. (2.49)
When γ = 0, it shares the same equation as PSHS technique Eq. (2.45). It can also
be seen as a cumulative response as the starting voltage value of each switching event
depending on the inverted voltage of the previous switching event. However, for the
energy harvesting interface, the starting voltage value of each switching is a convolution
with h(t). In addition, as the system is connected to a resistive load, the function
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induced by the switching process is no longer a step response but an exponential
decay. Inserting Eq. (2.49) into Eq. (2.43) and taking the Fourier transform of the
voltage time-domain derivative, the general expression for the voltage response in the
frequency domain considering the switching delay t0 can be obtained as:
V (ω) = jωU(ω)h(ω)
−j(1 + γ)C0α 1Ts
(
1−e−Tsjωe−
Ts
RLC0
)
(
1+γe−Tsjωe
− Ts
RLC0
)h(ω)
[ ∞∑
n=−∞
[(
ω − n2piTs
)
U(ω − n2piTs )h(ω − n2piTs )
]
e−jn
2pi
Ts
t0
] ,
(2.50)
which directly gives the voltage as a function of given displacement with harvesting
process. The self-aliasing eﬀect is clearly shown in the summation term.
2.3 Broadband Modeling under Force or
Acceleration Excitations
In the previous section, the piezoelectric device is modeled as a current source in parallel
with its internal capacitance C0 and the current source is assumed to be independent
with the external load impedance. However, the piezoelectric constitutive equation
Eq. (2.3) shows a close relationship between the current source or voltage and the
displacement. If the electromechanical system is excited near one of its resonance
frequency, the displacement depends not only on the mechanical damping but also
the electrical damping. The nonlinear interface and energy harvesting process would
induce a backward coupling to the vibration system and thus modify the displacement
magnitude [80]. In other words, from the mechanical point of view, the electrical energy
extracted and harvested from the electromechanical system leads to a reduction of the
mechanical energy and so of the vibration magnitude for a system excited with an
imposed force or acceleration, especially for highly coupled, lightly damped structures
with high product k2QM of mechanical quality factor QM and coupling coeﬃcient
k [89]. Therefore, in order to have a more practical modeling, the case of force input
instead of imposed displacement will be precisely introduced in this section. The force
can be expressed with the acceleration a and the lumped mass of the system M as
F = Ma.
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2.3.1 Periodic Switch Harvesting on Inductor (PSHI) Technique
In frequency domain, the equation of motion between the input force F and the reacted
forces could be described as:(−Mω2 + jCω +KE)U(ω) = F (ω)− αV (ω). (2.51)
By substituting the voltage expression obtaineds from Section 2.2.2.2 (Eq. (2.50)) into
the Fourier transform of the equation of motion Eq. (2.51), we get
λ(ω)−1U(ω)− F (ω) = η (ω)
∞∑
n=−∞
(
ω − n2pi
Ts
)
U
(
ω − n2pi
Ts
)
h
(
ω − n2pi
Ts
)
ej(ω−n
2pi
Ts
)t0 ,
(2.52)
where
η(ω) = j
(1 + γ)
(
1− e−Tsjωe− TsRC0
)
(
1 + γe−Tsjωe−
Ts
RC0
) e−jωt0C0
Ts
h(ω) (2.53)
and
λ (ω) =
1
−Mω2 + jCω +KE + jωαh(ω) . (2.54)
It can be observed that the self-aliasing term, i.e. the summation in Eq. (2.52), is
invariant under shifts by the angular switching frequency ωs = 2pi/Ts. This is seen by
evaluating the sum at ω − kωs followed by a subsequent shift of summation variable
n→ n′ = n+ k:
U(ω − k 2pi
Ts
)
λ
(
ω − k 2pi
Ts
) − F (ω − k2pi
Ts
)
= η(ω − k2pi
Ts
)
∞∑
n′=−∞
[(
ω − n′2pi
Ts
)
U(ω − n′2pi
Ts
)h(ω − n′2pi
Ts
)ej(ω−n
′ 2pi
Ts
)t0
]
. (2.55)
Taking Eq. (2.52) and the corresponding equation for ω → ω − kωs, it is possible to
eliminate the self-aliasing term to obtain the frequency-shifted displacement U(ω−kωs)
given by
U(ω − k2pi
Ts
) = λ
(
ω − k2pi
Ts
)
F
(
ω − k2pi
Ts
)
+
[λ(ω)−1U(ω)− F (ω)] ejωt0
h(ω)
β
(
ω − k2pi
Ts
)
,
(2.56)
where
β (ω) = h (ω) e−jωt0λ (ω) . (2.57)
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By substituting Eq. (2.56) back into the self-aliasing term, the summation term can
be expressed as:
∞∑
k=−∞
[(
ω − k2pi
Ts
)
U
(
ω − k2pi
Ts
)
h
(
ω − k2pi
Ts
)
ej(ω−k
2pi
Ts
)t0
]
= SF (ω) +
[
λ(ω)−1U(ω)− F (ω)]Sh(ω), (2.58)
where
SF (ω) =
∞∑
n=−∞
[(
ω − n2pi
Ts
)
λ
(
ω − n2pi
Ts
)
F
(
ω − n2pi
Ts
)
h
(
ω − n2pi
Ts
)
ej(ω−n
2pi
Ts
)t0
]
,
(2.59)
Sh (ω) =
ejωt0
h(ω)
∞∑
n=−∞
[(
ω − n2pi
Ts
)
β
(
ω − n2pi
Ts
)
h
(
ω − n2pi
Ts
)
ej(ω−n
2pi
Ts
)t0
]
, (2.60)
and the displacement response in frequency domain U(ω) can be expressed completely
in terms of known quantities as
U(ω) = λ(ω)F (ω) +
η(ω)λ(ω)SF (ω)
1− η(ω)Sh(ω)
= U1(ω) + U2(ω). (2.61)
The displacement of a piezoelectric harvester with periodic-switching interface under an
arbitrary force excitation is thus splitted into two parts. The ﬁrst part (U1) shows the
eﬀect of constant driving force magnitude with a classical energy harvesting interface
(simply connecting a piezoelectric transducer to the resistive load) [81]. The second
part (U2) represents the eﬀect of the switching process with the self-sampling and
self-aliasing eﬀects.
The average harvested power P can be expressed as the harvested energy over a
vibration period Tv by Parseval's theorem with the output voltage V (ω) expressed in
frequency domain and its complex conjugate V ∗(ω) over the resistive load RL, where
the voltage response is a function of the displacement response U(ω):
P =
1
Tv
1
2pi
∫ ∞
−∞
V (ω)V ∗(ω)
RL
dω (2.62)
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with:
V (ω) = jωU(ω)h(ω)− η(ω)
α
∞∑
n=−∞
[(
ω − n2pi
Ts
)
U
(
ω − n2pi
Ts
)
h
(
ω − n2pi
Ts
)
e
j
(
ω−n 2pi
Ts
)
t0
]
,
(2.63)
where
η(ω) = j
(1 + γ)
(
1− e−Tsjωe−
Ts
RC0
)
(
1 + γe−Tsjωe−
Ts
RC0
) e−jωt0C0
Ts
h(ω). (2.64)
2.4 Case Study
In the previous section, the broadband modeling has been derived step by step in
the frequency domain. In this section, the broadband modeling will be applied un-
der several well-known excitation signals including both broadband and narrowband
types to validate the approach. The electromechanical structure with a constant mag-
nitude monochromatic vibration without considering the backward coupling from the
harvesting process will be presented ﬁrst as an introductory work. Then the constant
magnitude cosine force input and impulse response considering no backward coupling
eﬀect will been discussed for periodic switching energy harvesting techniques. In or-
der to harvest energy, a resistive load is connected with the nonlinear technique and
the switch is turned on at an angular frequency ωs depending on the input and the
structural response in order to have a constructive interference eﬀect. The broadband
modeling is simpliﬁed for each excitation cases and we call this simpliﬁed model as
the theoretical analysis. In the ﬁnal subsection, a random force input case will be
examined. In order to present the eﬀectiveness of the broadband modeling, the system
response (displacement and voltage), obtained in frequency domain through iterative
computation using (Eq. (2.50) when no damping eﬀect is considered and (Eqs. (2.50)
and (2.61)) for force or acceleration excitations, will be compared with results calcu-
lated in time-domain with recursive numerical method based on Euler algorithm. For
both time-domain and frequency-domain analysis, Matlab software with home-made
scripts were used.
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u(t) = uM cos(ω0t)
tu
(t)
abs(U (ω)) = abs(uM2 (δ(ω − ω0) + δ(ω + ω0))
ω
U(
ω
)
ω0
Tv =
2pi
ω0
−ω0
Figure 2.9: Waveform of cosine excitation in time and frequency domain
2.4.1 Case 1: Monochromatic Displacement Excitation
Considering no Backward Coupling Eﬀect
A sine or cosine response is usually used as the simplest case to describe an excitation
when analyzing vibration problems although in practical, most of waves contain more
than a single frequency.
The two-sided Fourier transform of a cosine signal vibrating at an angular frequency
ω0 would be a combination of two Dirac delta functions at the positive and negative
angular frequencies ±ω0. A cosine displacement excitation with an angular frequency
ω0 and the amplitude uM shown in Eq. (2.65) would have the double-sided frequency
response described as:
u(t) = uM cos(ω0t) (2.65)
U(ω) =
uM
2
[δ(ω − ω0) + δ(ω + ω0)] , (2.66)
and the waveform of cosine excitation in the time and frequency domains are shown in
Figure 2.9.
According to the sampling theorem, the switching process in nonlinear interfaces
could be considered as a self-sampling process on response itself with the sampling
period Ts (or equivalently a sampling frequency ωs). Therefore, to have an optimal
voltage response, the switching frequency is chosen to be twice the excitation frequency
ω0 considering the aliasing eﬀect in this case, which leads a constructive interference
under a proper switching delay. The self-aliased voltage response is described in Figure
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Figure 2.10: Description of self-sampling procedure under constant magnitude cosine displacement
input: (a) spectrum of original function; (b) spectrum of the sampling function; (c) spec-
trum of the sampled function with sampling frequency ωs = 2ω0; dashed lines represent
sampled responses
2.10. Under the self-sampling process (or switching process), the frequency response of
cosine function would be doubled thanks to the aliasing eﬀect (the repeated copies are
totally overlapped with each other) as the switching frequency is chosen to be twice
the excitation frequency ω0 and with a proper phase.
The voltage response for PSHI technique could be referenced from Section 2.2.2.2
as:
V (ω) = jωU(ω)h(ω)
−j(1 + γ)C0α 1Ts
(
1−e−Tsjωe−
Ts
RLC0
)
(
1+γe−Tsjωe
− Ts
RLC0
) [h(ω) ∞∑
n=−∞
[(
ω − n2piTs
)
U(ω − n2piTs )h(ω − n2piTs )
]
e−jn
2pi
Ts
t0
]
.
(2.67)
As the switching frequency is chosen to be ωs = 2ω0 to have a self-aliasing eﬀect, the
equivalent switching period Ts = 2pi/2ω0 and the voltage at ω = ω0 is therefore with
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the maximum amplitude and is expressed as:
V (ω0) = [jω0U(ω0)h(ω0)]− j(1 + γ)C0
α
ω0
pi
(
1 + e
− pi
Rω0C0
)
(
1− γe− piRω0C0
)h(ω0)
×
∞∑
n=−∞
[(ω0 − 2nω0)U(ω0 − 2nω0)h(ω0 − 2nω0)] e−jn2ω0t0 .
(2.68)
The ﬁrst term of Eq. (2.68) states that the non-switching voltage which is proportional
to the displacement with a phase shift induced by the resistive load as using standard
technique. The summation term could be taken as the eﬀect of switching algorithm
(self-sampling) on non-switching voltage. As the non-switching voltage is proportional
to the displacement, it has nonzero value only at ±ω0, which implies the summation
terms are non zero only for n = 0 and n = 1. Accordingly, the response of voltage at
ω0 could be simpliﬁed as:
V (ω0) =
uM
2
jω0h(ω0)
− j(1 + γ)C0
α
ω0
2
pi
(
1 + e
− pi
Rω0C0
)
(
1− γe− piRω0C0
)h(ω0)uM
2
[
h(ω0)− h(−ω0)e−j2ω0t0
]
. (2.69)
Voltages at other frequencies can be obtained from the same procedure that the self-
sampled voltage has nonzero response only at ω = (2k+1)ω0 (k is real constant) or ω =
mω0 as the original response (response that before switching process) has nonzero value
only at ±ω0, and the amplitude of self-sampled response decreases with the increase of
frequency. Therefore, the overall voltage response could be seen as a combination of a
series of the self-sampled response multiplied with a weighting function. In addition,
as cosine is a real function in time-domain, only the positive frequency component is
considered for the theoretical analysis, and the negative frequency component is the
complex conjugate of the positive part. The voltage response at mω0 for m 6= ±1 is
obtained by setting n = (m− 1)/2 and n = (m+ 1)/2 to get the non-zero summation
term:
V (mω0) = −j(1 + γ)C0
α
ω0
2
pi
(
1 + e
− pi
Rω0C0
)
(
1− γe− piRω0C0
)h(mω0)e−jmω0t0
× uM
2
(
h(ω0)e
jω0t0 − h(−ω0)e−jω0t0
)
. (2.70)
The voltage expression for PSHI technique with a constant magnitude cosine vibra-
tion considering no backward coupling for weakly-coupled structure could be therefore
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Table 2.1: Model parameters for the harvester with very low coupling coeﬃcient
C0 20 nF
α 0.0001 N/V
KE 3000 Nm
−1
M 200 g
C 0.4 Nm−1s−1
QI 5.6
f0 19.49 Hz
k2 0.0164%
QM 61.24
k2QM 0.0102
summarized as below:
V (ω0) =
uM
2
jω0h(ω0)− j(1 + γ)C0
α
ω0
2
pi
(
1 + e
− pi
Rω0C0
)
(
1− γe− piRω0C0
)h(ω0)uM
2
[
h(ω0)− h(−ω0)e−j2ω0t0
]
,
(2.71)
and when m 6= ±1 :
V (mω0) = −j(1 + γ)uM
2
C0
α
ω0
2
pi
(
1 + e
− pi
Rω0C0
)
e−jmω0t0(
1− γe− piRω0C0
) h(mω0) (h(ω0)ejω0t0 − h(−ω0)e−jω0t0) ,
otherwise, V (ω) = 0. (2.72)
The numerical simulation based on the theoretical analysis (simpliﬁed model) and
the general broadband modeling will be compared with the iterative numerical calcu-
lation based on the Euler algorithm in time-domain, which is called time-resolution.
The harvester is modeled using a set of model parameters given in Table 2.1 under
a constant magnitude cosine displacement excitation with the amplitude uM = 0.4
mm. The parameters are taken from the literature [54] and with a slight modiﬁcation
consisting in decreasing the mechanical quality factor (QM=61.24), the force factor
(α = 10−4) and the short-circuit stiﬀness (KE = 3000 N/m) to reﬂect a weakly-coupled
harvester system. The vibration frequency is taken as the same as the resonant fre-
quency of harvester1. The frequency domain response from theoretical analysis and
time-domain resolution is ﬁrst compared in Figure 2.11(a) considering a 20% vibration
period switching delay. Then the time domain response is presented in Figure 2.11(b)
with the inverse Fourier transform of theoretical analysis results. The comparison in
Figure 2.11 exposes the eﬀectiveness of theoretical analysis as the simulation results
1The resonant frequency is between open-circuit and short-circuit frequency because of the resistive
load, but the two values are very close.
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Figure 2.11: Simulation results for constant magnitude cosine displacement excitation based on theo-
retical analysis (in red plain line) and numerical time-domain resolution (in blue dashed
line) with PSHI interface considering a 20% vibration period switching delay: (a)
Frequency-domain comparison; (b) Time-domain comparison
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Figure 2.12: Input displacement with applied window function
match well with the time-domain resolution although only 10 harmonics (k = 0 ∼ 9,
the negative frequency components are the complex conjugate of the positive frequency
components) are considered in this simulation.
The theoretical analysis presented above provides approximated results considering
a limit number of frequency ranges. The numerical analysis based on the general
broadband modeling oﬀers another solution. The numerical calculation from general
broadband modeling is also compared with the time-domain resolution in Figure 2.13.
However, in this case, when doing the Inverse Discrete Fourier Transform (IDFT), an
originally ﬁnite segment spreads in an inﬁnite time range and so the waveform starts
from minus inﬁnity to inﬁnity instead of its real starting point. In order to prevent this
circumstance, a window function as shown in Figure 2.12 is applied with the excitation
signal to prevent the artifacts in the spectrum (time-aliasing eﬀect) and so that the
displacement in frequency domain is a convolution of two Dirac delta functions with
a Sinc function. The numerical calculation considers more harmonics, therefore, the
inverse Fourier transform in time-domain would be smoother than it under the theoret-
ical analysis but it takes a longer time to calculate. In addition, in both time-domain
and frequency-domain, the simulation results from general broadband modeling match
very well with the time-domain resolution, which proves the validity of broadband
modeling. The average harvested power under diﬀerent load resistances and diﬀer-
ent switching delays is obtained from theoretical analysis and shown in Figure 2.14.
The average harvested power and the load resistance are normalized in relation to the
critical optimized harvested power and optimal resistive load for the standard tech-
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Figure 2.13: Simulation results for constant magnitude cosine displacement excitation based on nu-
merical broadband analysis (in red plain line) and numerical time-domain resolution (in
blue dashed line) with PSHI interface considering a 20% vibration period switching delay:
(a) frequency-domain comparison; (b) time-domain comparison
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nique (Pmax = α
2
4C0
ω0u
2
M , Ropt =
1
ω0C0
). It is shown that with the technique consisting
in a periodic switching nonlinear circuit (or synchronized switching technique as here
ωs = 2ω0) will improve the harvester performance 4.5 times more than using standard
technique when there is no switching delay, which corresponds well with the work of
Badel et al in [125] for a very weakly-coupled harvester with k2 ≈ 10−4. From Figure
2.14(a), we could see that as the switching delay increases, the harvested power de-
creases as the phase between the vibration speed and voltage increases. In addition,
when the switching delay increases, the optimized resistive load decreases, which is due
to the voltage decrease with the increase of t0; to have a higher harvested power, the
resistance has to be smaller. For this case, a -5% to 5% switching delay would lead to a
20% decrease in harvested power, which states that within a speciﬁc range of switching
delay, the decrease in harvested power is very small and could be neglected.
2.4.2 Case 2: Monochromatic Force Excitation with PSHI
Interface
To take into account the backward damping eﬀect introduced by the harvesting pro-
cess, instead of having a constant magnitude displacement excitation, a constant mag-
nitude force excitation is applied to the harvester. A constant magnitude (FM) cosine
force excitation F (t) = FM cos (ω0(t− t0)) is common in the analysis of a piezoelectric
harvester as it is very simple. The mass-spring-damper structure is tuned to have a
resonance frequency at ω0 to get the optimal vibration. For this excitation case, we
choose the switching frequency as twice the vibration frequency, i.e. ωs = 2ω0 to have
a self-aliasing eﬀect that leads to a constructive response. The eﬀect of a switching
delay t0 is also considered. With these assumptions, the force and its responses can be
represented by complex Fourier series with ω0 as the fundamental angular frequency.
The force excitation has Fourier coeﬃcients given by:
F (nω0) =
FM
2
[
e−jω0t0δn,1 + ejω0t0δn,−1
]
, (2.73)
where n denotes an integer.
Only the positive frequency component is considered for the theoretical analysis as
here the signal is a real function of time and the negative frequency component is the
complex conjugate of the positive part. The electromechanical system is seen to be
ﬁltered by a band-pass ﬁlter which is a narrow ﬁlter around the center frequency fc = f0
(or ωc = ω0) due to the natural characteristics of cantilever beam structures. Based on
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Figure 2.14: Normalized harvested power as a function of switching delay and resistance load under
constant magnitude cosine displacement excitation with PSHI interface: (a) 3D view of
normalized harvested power as a function of R/Ropt and switching delay (in the ratio
of a period); (b) top view of normalized harvested power as a function of RL/Ropt and
switching delay (in the ratio of a period); (c) side view of normalized harvested power
as a function of RL/Ropt; (d) side view of normalized harvested power as a function of
switching delay (in the ratio of a period)
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the property of the cantilever beam structure and the cosine excitation function, the
transfer function between host structure displacement and the excitation force could be
approximated with the response at ω0. From Eq. (2.61), the displacement response at
ω = ω0 when m = 1 is expressed as a function of the force F (ω0) = FM exp(−jω0t0)/2
as
U(ω0) = λ(ω0)F (ω0) +
λ(ω0)η(ω0)SF (ω0)
1− η(ω0)Sh(ω0) . (2.74)
To obtain a more accurate result, responses at other frequencies are considered as
shown in the following paragraph. With a switching frequency equals to twice the
vibration frequency, the response is self-sampled and self-aliased to have a constructive
response for a properly chosen phase, and has nonzero components only at ω = (2k +
1)ω0, where k is an integer. The response of displacement at ω = (2k + 1)ω0 = mω0
with m 6= ±1 is then given as
U(mω0) =
λ(mω0)η(mω0)SF (mω0)
1− η(mω0)Sh(mω0) (2.75)
with
η (mω0) = j
(1 + γ)(
1− γe− TsRC0
)C0
Ts
h(mω0)e
−jmω0t0
(
1 + e
− Ts
RC0
)
, (2.76)
SF (mω0) = ω0λ (ω0)F (ω0)h (ω0) e
jω0t0 − ω0λ (−ω0)F (−ω0)h (−ω0) e−jω0t0 ,
(2.77)
Sh (mω0) ≈ e
jmω0t0
h(mω0)
[
ω0β (ω0)h (ω0) e
jω0t0 − ω0β (−ω0)h (−ω0) e−jω0t0
]
(2.78)
where SF and Sh are simpliﬁed because F (mω0− 2nω0) has nonzero values only when
n = (m− 1)/2 and n = (m + 1)/2. The voltage response at ω = (2k + 1)ω0 = mω0 is
then given as
V (mω0) = jmω0U(mω0)h(mω0)− η(mω0)
α
[
ω0U(ω0)h(ω0)e
jω0t0 − ω0U(−ω0)h(−ω0)e−jω0t0
]
.
(2.79)
This expression of the voltage response in terms of its harmonics is new in the analysis
of the switched power conversion techniques as all of the previous time-domain analysis
consider only the ﬁrst harmonic neglecting the eﬀect from other ones.
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Table 2.2: Model parameters for the harvester with moderate coupling coeﬃcient
C0 20 nF
α 0.001 N/V
KE 3000 Nm
−1
M 200 g
C 0.2 Nm−1s−1
QI 5.6
f0 19.49 Hz
k2 1.64%
QM 122.475
k2QM 2.009
When the switching frequency is approaching zero (switching period Ts → ∞) and
the switching delay takes the ideal value t0 = 0, the voltage response at ω = ω0 reduces
to the expression for the standard interface [54]:
V (ω0) = jω0U(ω0)h(ω0) = jω0U(ω0)
αRL
1 + jRLC0ω0
. (2.80)
The simulation results under the theoretical analysis and the numerical calculation
based on general broadband modeling will be compared with the numerical calcula-
tion of time-resolution. The set of model parameters listed in (Table 2.2) is used in
the simulation. The parameters are taken from the literature [54] and with a slight
modiﬁcation consisting in decreasing the mechanical quality factor (QM=122.745) and
the short-circuit stiﬀness (KE = 3000 N/m) to reﬂect a more common case with a
moderate coupling coeﬃcient.
Frequency domain response from the simpliﬁed theoretical analysis and the numer-
ical time-domain simulation are ﬁrst compared in Figure 2.15(a) considering a 10%
vibration period switching delay. Then the time domain response is presented in Fig-
ure 2.15(b) by the inverse Fourier transform of the theoretical analysis. In this case,
150 harmonics (k = 0 ∼ 149) is taken to have a better time-domain resolution. The
comparison in Figure 2.15 exposes the eﬀectiveness of exposed approach as the simula-
tion results match well with the numerical time-domain simulation, while being directly
obtained (i.e. without iterative calculation). In addition, compared to previous works,
in this work, the theoretical modeling consists in more frequency information than
only the ﬁrst harmonic. The numerical calculation from general broadband modeling
is also compared with the numerical time-domain simulation in Figure 2.16. A window
function is applied with the excitation signal to prevent the artifacts in the spectrum
(time-aliasing eﬀect). The numerical calculation in this case takes a very long time
to calculate and the response is unstable, so that the inverse Fourier transform in
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Figure 2.15: Simulation results for constant magnitude cosine force excitation based on theoretical
analysis (in red plain line) and numerical time-domain resolution (in blue dashed line)
with PSHI interface considering a 10% vibration period switching delay: (a) frequency-
domain comparison; (b) time-domain comparison
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time-domain is not perfectly matched with the time-domain resolution as there is a
trade-oﬀ between frequency resolution and time resolution based on Heisenberg uncer-
tainty principle. However, in both time and frequency domains, the simulation results
from general broadband modeling are still proved to be eﬀective as the waveforms
match well with the time-resolution in a certain degree. The harvested power under
diﬀerent resistive load values and diﬀerent switching delays is obtained from theoretical
analysis and shown in Figure 2.17. The average harvested power and resistive load are
normalized in relation to their critical value with standard interface [54]:
Ropt =
1
ω0C0
Plimit =
F 2M
8C
.
(2.81)
The harvested power tends to the same power limit (Eq. (2.81)) no matter the con-
necting interfaces, and this power limit only depends on the mechanical losses in the
structure. The harvested power can be optimized introducing a slight switching delay
and the improvement, however, would not exceed a few percent. In fact, this result
indicates that especially in the case of energy harvesting, a small switching delay is
not harmful and may even slightly improved energy harvesting, as has already been
shown in [126]. In addition, when the switching delay increases, the optimized resistive
load decreases. Because when t0 increases, the voltage decreases; to have a higher
harvested power, the resistance tends to be smaller. With a proper switching instant,
the harvested power approaches to the power limit as the electromechanical coupling
coeﬃcient k2 ≈ 10−2. The harvested power as a function of resistive load (Figure 2.18)
also corresponds well with previous works [54].
2.4.3 Case 3: Impulse Response Considering no Backward
Damping Eﬀect
In the previous two sections, the cosine excitation has been introduced with PSHI
interface considering that the energy is constantly supplied to the electromechanical
structure. Although a monochromatic excitation is simple and acts as a very good ex-
ample for analyzing a piezoelectric harvester, it is not practical when a real application
is considered. A more practical excitation would spread in more than one frequency.
In this subsection, an impulse response with no backward coupling eﬀect from the
connected circuit for lightly damped and weakly coupled structure will be presented.
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Figure 2.16: Simulation results for constant magnitude cosine force excitation based on numerical
broadband analysis (in red plain line) and numerical time-domain resolution (in blue
dashed line) with PSHI interface considering a 10% vibration period switching delay: (a)
frequency-domain comparison; (b) time-domain comparison
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Figure 2.17: Normalized harvested power as a function of switching delay and resistance load under
constant magnitude cosine force excitation with PSHI interface: (a) 3D view of normalized
harvested power as a function of R/Ropt and switching delay (in the ratio of a period);
(b) Top view of normalized harvested power as a function of RL/Ropt and switching delay
(in the ratio of a period); (c) Side view of normalized harvested power as a function of
RL/Ropt; (d) Side view of normalized harvested power as a function of switching delay
(in the ratio of a period)
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Figure 2.18: Harvested energy versus the resistive load using the experimental data
An imposed pulsed force with impulse FM is applied to the host structure at t = tp
(Eq. (2.82)). The pulsed force is approximated by a Dirac delta function as it is applied
to the system for an extremely short period; in frequency domain, it spreads in a wider
band, 
F (t) = FMδ(t− tp)
F (ω) = FMe
−jωtp .
(2.82)
For a weakly-coupled or highly damped structures, the backward coupling which
induces a damping eﬀect to the host structure could be neglected as it is very small
compared to the structural damping. The self-sampled impulse response under dif-
ferent sampling frequencies for an impulsed response could be explained by Figure
2.19. Figure 2.19(c) and 2.19(d) shows the diﬀerent results for two sampling frequency,
one permits that ωs > 2ω0 and another one is when ωs = 2ω0. When the sampling
frequency it taken as twice the frequency when having maximal response, ω0, the self-
sampled response would have self-aliasing eﬀect and have a constructive response. The
Fourier transform of a Dirac delta function would be everywhere unit amplitude in the
frequency domain. However, due to the natural characteristic of host structure con-
sisting of the structural resonant frequency ω0, the electromechanical system is seen as
being ﬁltered by a band-pass ﬁlter with ω = ω0. Accordingly, the switching frequency
could be chosen to be twice the resonant frequency of host structure ωs = 2ω0. Under
the switching process, the response is seen as self-sampled with a sampling frequency
2ω0. From the response of forced damped vibration (Figure 2.20), we know that if the
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Figure 2.19: Eﬀect of diﬀerent sampling frequency on the response: (a) spectrum of the original signal;
(b) spectrum of the sampling function; (c) spectrum of the sampled signal with ωs > 2ω0;
(d) spectrum of the sampled signal with ωs = 2ω0
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Figure 2.20: The amplitude of a damped single DOF system as a function of the frequency ratio
(http://en.wikipedia.org/wiki/Damping)
structural damping is low enough, the response could be seen as symmetric with re-
spect to its resonant frequency. In addition, as there is a 180 degree phase diﬀerence for
negative and positive frequency component, the self-sampled impulse response is the
minus conjugate. Figure 2.21 and Figure 2.22 expose self-sampled impulse responses
for relatively highly damped (C = 5, QM = 3.1831) and lightly damped (C = 0.4,
QM = 39.7887) electromechanical systems. For a relatively highly damped system,
the response cannot be considered as symmetric with respect to zero frequency, so
that the self-sampled response (the negative frequency part of original response) could
not be approximated as the minus of the positive frequency part. However, for a
relatively lightly damped system, self-sampled responses could be considered approxi-
mately equal to the minus of the original response. The structural damping factor C
increases with decreasing mechanical quality factor QM and the general coupling factor
k2QM increases with increasing QM , so that only with a limited range of mechanical
quality factor QM or a very small coupling factor k would have the symmetric response
with respect to ±ω0 and also a weakly coupled electromechanical system considering
no coupling eﬀect.
Due to the resonant nature of the electromechanical structure, the harvester would
have a comparably large displacement response around ω = ±ω0. Since the displace-
ment is a real function in time-domain, the analysis could be presented only with
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Figure 2.21: Self-sampled impulse response for highly damped system, − and · · · denote the original
and sampled responses respectively
Figure 2.22: Self-sampled impulse response for lightly damped system, − and · · · denote the original
and sampled responses respectively
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positive frequency components. Within a speciﬁc range of QM or with a small cou-
pling factor k, the electromechanical system is considered to have no backward coupling
eﬀect and the impulse displacement response in the frequency domain U(ω) could be
obtained according to the equation of motion:
U(ω) =
F (ω)
−Mω2 + jCω +KE = λ0(ω)F (ω). (2.83)
Substituting Eq. (2.83) into the broadband voltage expression of PSHI interface, the
impulse voltage response considering no backward coupling eﬀect is denoted as:
V (ω) = jωU(ω)h(ω)
− η(ω)
α
∞∑
n=−∞
(ω − 2nω0) F (ω − 2nω0)(
−M(ω − 2nω0)2 + jC (ω − 2nω0) +KE
)h (ω − 2nω0) ej(ω−2nω0)t0
,
(2.84)
where
η(ω) = j
(1 + γ)
(
1− e−Tsjωe− TsRC0
)
(
1 + γe−Tsjωe−
Ts
RC0
) e−jωt0C0
Ts
h(ω). (2.85)
As the switching event is described by Dirac comb function, the switching process
could be seen as a self-sampling process, and the electromechanical system response is
a combination of the original response and a weighted summation of shifted responses.
For a weakly damped system, the response is narrow-banded around the system reso-
nance and the conjugate, U((2k + 1)ω0) ∼= 0 with k 6= −1, 0. Considering a switching
frequency ωs = 2ω0, in frequency domain, the voltage signal could be seen as a com-
bination of band-responses ranging across each ωs ranges (0 < ω < ωs, ωs < ω < 2ωs,
and so on). The forced damped vibration response can be seen as as symmetric with
respect to the resonance frequency ω0 if the structural damping is low enough. In
addition, as there is a 180 degree phase diﬀerence for negative and positive frequency
component, the self-sampled impulse response is the minus conjugate. First, we consid-
ering the frequency range from 0 to ωs = 2ω0 as a very simple example, which implies
n = 0, 1, the ﬁrst self-sampled displacement U(ω − 2ω0) is:
U(ω − 2ω0) = F (ω − 2ω0)(−M(ω − 2ω0)2 + jC (ω − 2ω0) +KE) . (2.86)
With a pulsed input applied at t = tp, the ﬁrst self-sampled displacement could be
approximated as the minus conjugate of the original response, because it is a real
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time-domain function and has symmetric responses in frequency domain:
U(ω − 2ω0) = F (ω − 2ω0)(
−M(ω − 2ω0)2 + jC (ω − 2ω0) +KE
)
≈ −U(ω) = − F (ω)(
−M(ω)2 + jC (ω) +KE
) . (2.87)
The voltage in the range 0 < ω < 2ω0 (n = 0, 1) would therefore be:
V (ω) = jωU(ω)h(ω)−
{
η(ω)
α
ej(ω)t0
(
F (ω)
−M(ω)2 + jC (ω) +KE
)
×
[
(ω)h (ω)− (ω − 2ω0)h (ω − 2ω0) e−j(2ω0)t0
]}
, 0 < ω < 2ω0. (2.88)
For the following range, from 2ω0 to 4ω0 (n = 1, 2), the voltage response could be
obtained with the same method:
V (ω) =jωU(ω)h(ω)
−
{
η(ω)
α
(
F (ω − 2ω0)
−M(ω − 2ω0)2 + jC (ω − 2ω0) +KE
)
ej(ω−2ω0)t0
×
[
(ω − 2ω0)h (ω − 2ω0)− (ω − 4ω0)h (ω − 4ω0) e−j(2ω0)t0
]}
, 2ω0 < ω < 4ω0. (2.89)
Accordingly, for a weakly coupled and lightly damped system, in the frequency range
from 2kω0 to 2(k + 1)ω0 (n = k, k + 1), the displacement is given as:
U(ω − 2 (k + 1)ω0) = λ0 (ω − 2(k + 1)ω0)F (ω − 2(k + 1)ω0)
≈ −U(ω − 2kω0) = −λ0(ω − 2kω0)F (ω − 2kω0), (2.90)
and the voltage response in the range 2kω0 < ω < 2(k + 1)ω0 is summarized as
V (ω) =jωU(ω)h(ω)
−
{
η(ω)
α
λ0 (ω − 2kω0)F (ω − 2kω0) ej(ω−2kω0)t0
×
[
(ω − 2kω0)h (ω − 2kω0)− (ω − 2 (k + 1)ω0)h (ω − 2 (k + 1)ω0) e−j(2ω0)t0
]}
.
(2.91)
The simulation based on this theoretical analysis is evaluated with parameters in
Table 2.3 with very low damping constant and relatively low coupling coeﬃcient from
the experimental data [126]. A pulsed force with FM = 0.001N, tp = 1s is applied, and
a 10% vibration period switching delay is considered. In Figure 2.23, the simulation
results from theoretical analysis are compared with time-domain resolution in both time
domain and frequency domain. The waveform comparison in time domain matches well
although only 15 harmonics are considered as in this case, the ﬁgure of merit k2Qm is
very low and the response fades out in high frequency region.
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Figure 2.23: Simulation results for impulse response considering no damping eﬀect based on theoretical
analysis (in red plain line) and numerical time-domain resolution (in blue dashed line)
with PSHI interface considering a 10% vibration period switching delay: (a) frequency-
domain comparison; (b) time-domain comparison
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Table 2.3: Model parameters for weakly coupled and lightly damped system.
C0 14.7 nF
α 7.26×10−5 N/V
KE 87.8 Nm
−1
M 0.23 g
C 0.0032 Nm−1s−1
γ 0.6
f0 98.4 Hz
k2 0.405%
QM 43.8
k2QM 0.1774
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Figure 2.24: Random force in time domain and frequency domain and its power spectral density
2.4.4 Case 4: Random Force Excitation with PSHI Interface
To investigate a piezoelectric harvester with periodic switching frequency under a more
practical situation, a random force is applied. The input is a moving average (in order
to smoother the waveform) of a Gaussian distributed random force with null mean
and unit standard deviation. Accordingly, in frequency domain, it is the convolution
between the original Gaussian distributed random function and the rectangular time-
window (Figure 2.24). The excitation is still considered as random. To prevent a
time-domain aliasing eﬀect caused by the inverse discrete Fourier transform (IDFT),
a time window is applied to the excitation force from 0.5s to 5.15s. The simulation is
conducted using model parameters of Table 2.2. The response of the harvester under
this force excitation is calculated with the modeling developed in Section 4.2.
When the switching frequency is chosen as twice the ﬁrst resonance of electrome-
chanical structure and with a 10 % vibration period of switching delay, the harvester
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responses calculated with the broadband modeling Eqs. (2.61) and (2.64) in time and
frequency domain are as shown in Figure 2.25. The simulation results from broad-
band modeling match well with time-domain simulation in both cases, which proves
the eﬀectiveness of the modeling.
Under a random force excitation, the strategy of switching process has to be discussed
in more detail as there is a tradeoﬀ between the number of switching processes and the
limit of the voltage increase. The response of the piezoelectric harvester is analyzed
with several switching frequencies from 0.1ω0 to 8ω0. The response is investigated
carefully around ωs = ω0 and ωs = 2ω0 as the switch has more possibilities to be turned
on at extremum or null displacement when the switching delay is assumed to be zero. To
get a more representative value, the surface plot (Figure 2.26) of the harvested energy as
a function of the resistive load (normalized value with respect to optimal resistive load
of standard interface) and switching frequencies (in units of ﬁrst mechanical resonance)
is the average value of 20 simulations. In Figure 2.26, it is noted that when switching
frequency is slightly less than 2ω0, the harvester has a better performance than at other
switching frequencies. When the switching frequency increases, the harvested energy
will decrease as the loss caused by the switching process increases. It appears that
there are notches in the response at certain switching frequencies, especially when the
switching frequency is a is around 2ω0/p, p ∈ N.
2.5 Conclusion and Further Works
We have established a closed-form modeling for proof mass displacement and output
voltage for a piezoelectric harvester with a switching interface that closes periodically
at any chosen frequency. This modeling is based on the fundamental equations for a
piezoelectric harvester and makes the complex behavior under a broadband excitation
easier to analyze and understand. The modeling is constructed using the sampling
theory and the concept of frequency aliasing (by modeling the switching process as a
self-sampling of the voltage), allowing multiple frequency components in the theoretical
analysis and giving the direct response of the harvester.
From the comparison with time-domain simulation for several excitation cases, the
eﬀectiveness of such a modeling was proved. Results also agree well with previous works
under the same conditions and with the same model parameters. For a monochromatic
force excitation case and with a properly chosen phase, the harvester has a constructive
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Figure 2.25: Simulation results under a random force excitation with PSHI technique based on nu-
merical broadband modeling (in red line) and numerical time-domain resolution (in blue
(dashed) line) when switching frequency is 2ω0 and with a 10% switching delay: (a)
frequency-domain comparison; (b) time-domain comparison
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Figure 2.26: Harvested energy (averaging with 10 simulations) as a function of resistive load (nor-
malized with optimal load when using standard interface) and switching frequency (in
a ratio of harvester natural frequency ω0) under a random force excitation simulated
with the broadband modeling: (a) top view of normalized harvested power as a function
of RL/Ropt and switching delay (in the ratio of a period); (b) side view of normalized
harvested power as a function of switching delay (in the ratio of a period)
response when the switching frequency is set as twice the system resonance frequency to
allow the self-aliasing eﬀect. The eﬀect of a switching delay is limited within a certain
range of delays showing that there is some robustness towards deviations from ideal
timing. For a random force input, the performance has to be analyzed statistically as
the response is not unique and the phase eﬀect is diﬀerent. The result was averaged over
20 simulations to reduce variance. In this case, the harvester performs better when the
switching frequency is slightly less than twice the ﬁrst resonance of harvester. There
appears to be notches in the response that deserves further investigation.
Statistical methods based on spectral densities or probability distributions have to
be considered in future work to gain further insight into the random and broadband
excitation case and the phase eﬀect. In addition, it is also interesting to have a smart
strategy consisting in applying the PSHI technique to a windowed response in order to
approach SSHI operations. With this strategy, the choice of switching instant would
be easier.
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3 Stochastic Modeling in
Frequency Domain for PSHI AC
Technique
In the previous chapter, the piezoelectric harvester with nonlinear techniques
which can artiﬁcially decrease the phase shift between the voltage and the
proof-mass velocity and thereby increases the energy conversion has been in-
troduced. Furthermore, to analyze the broadband performance of nonlinear
interfaced piezoelectric harvesters under a random vibration, a nonlinear
technique consisting in a periodically switched circuit, which is called Pe-
riodic Switching Harvesting on Inductor" (PSHI), has been introduced and
the harvester is modeled with the self-sampling and self-aliasing theories
in frequency domain. The previous chapter serves as the ﬁrst step in in-
troducing the working principle of PSHI AC technique and the broadband
performance of the piezoelectric harvester. In this chapter, the modeling
work is extended based on the stochastic theory so that the harvester per-
formance can be directly obtained with the excitation power spectral density
(PSD) function.
3.1 Introduction
In the literature, the piezoelectric energy harvesting system is usually modeled as a
Single-Degree-of-Freedom (SDOF) spring-mass-damper system, and the external exci-
tation is usually simpliﬁed as a monochromatic force. In the case of inertial devices,
the force is the ﬁctitious force due to acceleration. Nevertheless, real excitations might
have more than one characteristic frequency peak or a wide range of power spectral
density shapes [3, 113, 127]. Such real-world signals make the analysis of piezoelectric
97
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harvester performance more complex and require a simulation work to assess it, espe-
cially with nonlinear interface. Halvorsen et al has demonstrated the simulation of a
vibration energy harvester driven by broadband vibrations in SPICE simulator [115].
In experiments by Lefeuvre et al, a piezoelectric electrical generator with SECE (Syn-
chronous Electric Charge Extraction) technique was investigated under an excitation
with bandwidth from 20 Hz to 2 kHz [117]. There are also experimental works [118,119]
in terms of probabilistic method carried out with switching damping techniques (from
which the SSHI technique was proposed) under a random vibration. For a piezoelectric
harvester with standard interface, there are also few theoretical works presented with
stationary stochastic theory. Halvorsen derived the close-form equations describing the
harvested power from a linear harvester when it is subjected to a white or band-limited
noise with the power spectral density (PSD) of the noise itself [121]. Adhikari et al
derived corresponding equations for a white-noise driven linear harvester featuring an
inductor in series with the load resistance [124].
The complexity and the variety of broadband signals and the nonlinearity introduced
by the SSHI AC technique, make theoretical modeling of piezoelectric harvesters with
the SSHI AC technique diﬃcult under a random vibration, and it is particularly hard
to obtain closed-form solutions. In previous chapter, frequency-domain formulas were
derived to describe the performance of a nonlinearly interfaced piezoelectric harvester
driven by a given random vibration of ﬁnite duration based on the Fourier transform
of the force or acceleration excitation. The nonlinear interface is assumed to operate at
a ﬁxed frequency ωs in order to simplify the problem, and the modeling is conducted
with the theory of self-sampling and self-aliasing. We refer to this technique as "Peri-
odic Switching Harvesting on Inductor" (PSHI). The ﬁxed frequency of switching and
the assumption of short switching time allows the dynamics of the nonlinear switching
circuit itself to be held outside the mathematical modelling of the electromechani-
cal system. The system equations then become linear, but time variant. Chapter 2
provides the fundamental formula for analyzing and understanding the complex behav-
ior when a switching-interfaced energy harvester is excited with a broadband signal.
However, to gain further insight into the random and/or broadband excitation cases,
modeling based on the stochastic theory is necessary for obtaining the harvester perfor-
mance without the extra burden of doing statistical analysis on results from multiple
time series. In addition, with the stochastic modeling, the phase eﬀect can be directly
taken into account and the harvester performance can be expressed with the power
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spectral density function of the signals, which is more realistic in analyzing broadband
problems.
Extending the work from previous chapter (Lallart et al [126]), this chapter work
aims at providing frequency-domain formula for analyzing the performance of nonlin-
early interfaced piezoelectric harvesters driven by broadband and/or random excitation
speciﬁed by a spectral density function. This is accomplished using cyclostationary
stochastic theory [128] in combination with the self-sampling and self-aliasing theory
developed previously in Chapter 2. Firstly, the background knowledge of cyclostation-
ary stochastic process will be introduced. In Section 3.3, the stochastic modeling of
nonlinear interfaced harvester will be introduced for the general case (with arbitrary
coupling) and for the weakly coupled system. Then numerical results obtained with the
model are investigated in Section 3.4 and experimentally validated in Section 3.5. Fi-
nally Section 3.7 concludes the broadband performance of PSHI interfaced piezoelectric
harvester.
3.2 Probabilistic Approach and Cyclostationary
Stochastic Process
Probabilistic analysis and stochastic modeling are tools which can be employed to quan-
tify uncertainties, unpredictability and randomness due to the random or stochastic
process. For a system has the response with random and unpredictable properties, the
ensemble of all possible signals should be considered in the analysis and the modeling,
which refers to the probabilistic approach and the stochastic modeling. The back-
ground of stochastic process can be referenced to [129132]. The stochastic modeling
is based on a set of probabilistic parameters, which are going to be introduced in the
following paragraphs. The simplest way describing a random process X(t) is through
the probability Pr" and the distribution function FX(x; t)" for an event (X(t) ≤ x)
happening in X(t)
FX(x; t) = Pr{X(t) ≤ x}, −∞ < x <∞, (3.1)
deﬁning the distribution functions of the random process X(t) as functions of the
real number x for X(t) ≤ x. The distribution function contains all the information
available about a random process before its value is determined by experiment. If a
random process is with associated continuously distributed random variables, X(t),
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t ∈ Z, then the random process X(t) is called continuous random process and its
distribution function FX(x; t) is a continuous function of x. If there is a nonnegative
function fX(x; t) deﬁned for −∞ < x <∞ such that
Pr{a <X(t) ≤ b}=
b∫
a
fX (x; t) dx for−∞ < a < b <∞, (3.2)
then fX(x; t) is called the probability density function for the random variable X [129].
If X(t) is a continuous random process with probability density function fX(x; t), then
its mth moment is given by
E[X(t)m] =
∞∫
−∞
xmfX(x; t)dx, (3.3)
provided that this integral converges absolutely. The ﬁrst moment (m = 1) is com-
monly called the mean of X(t) and written as mX(t). The second central moment is
called the variance ofX(t) and written as σ2X(t) or Var[X(t)] with the equivalent formu-
las Var[X(t)] = E[(X(t)−mX(t))2] = E[X(t)2]−mX(t)2. The autocorrelation function
of a random process X(t), denoted by RXX(t1, t2) is deﬁned as the joint moment of
X(t1) and X(t2):
RXX(t1, t2) = E[X(t1)X(t2)] = 〈X(t1)X(t2)〉. (3.4)
In general, a broadband signal has a narrower-peaked autocorrelation function than a
narrowband one. It is often useful to characterize the relationship between two random
processes. The cross-correlation function of random processes X(t) and Y (t), denoted
by RXY (t1, t2), is deﬁned as the joint moment of X(t1) and Y (t2):
RXY (t1, t2) = E[X(t1)Y (t2)] = 〈X(t1)Y (t2)〉. (3.5)
The random process X(t) is a stationary (S) process if and only if the distribution
function FX(t) is independent of time parameter t, i.e. FX(x1, . . . , xk; t1, . . . , tk) =
FX(x1, . . . , xk; t1 + ∆t, . . . , tk + ∆t) for any arbitrary ∆t, any k and sampling times
t1, . . . , tk. The mean of a stationary process does not depend on time, and its au-
tocorrelation function depends only on the time diﬀerence of two samples [130], that
is,
mX(t) = mX ;RX(t1, t2) ≡ RX(t2 − t1). (3.6)
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Letting τ = t2 − t1, we use the notation RX(τ) ≡ E[X(t)X(t+ τ)]. In practice, many
processes which are non-stationary can show a stationary behavior in the mean value
and the autocorrelation function, and then the process X(t) is said to be wide-sense
stationary (WSS) (or weakly stationary). With a real value wide-sense stationary
random process X(t), we have the following properties:
• The average power of X(t) is given by RX(0) = E[X(t)2] ≥ 0.
• RX(τ) = E[X(t)X(t + τ)] = E[X(t− τ)X(t)] = RX(−τ), the autocorrelation is
an even function of τ .
• |RX(τ)|2 ≤ RX(0)2, based on the Cauchy-Schwarz inequality.
• If RX(T ) = RX(0) for some T , then RX(τ) is periodic with period T , i.e. RX(τ+
T ) = RX(τ) for all τ , and X(t) is a mean square periodic process, i.e. E[(X(t+
T )−X(t))2] = 0.
• If RX(τ) is continuous at τ = 0, it is continuous everywhere.
The cross-correlation function RXY between two WSS processesX(t) and Y (t) satisﬁes:
• RXY (τ) = RXY .
• By the Cauchy-Schwarz inequality, RXY (τ)2 ≤ E[X(0)2]E[Y (τ)2] = RX(0)RY (0).
• |RXY (τ)| = 1/2(RX(0) +RY (0)).
The power spectral density (PSD) function SXX(ω) of a WSS process X(t) is deﬁned
as the Fourier transform of its autocorrelation function RXX(τ):
SXX (ω) =
∫ ∞
−∞
RXX (τ) e
−jωtdt, (3.7)
and therefore the autocorrelation function RXX(τ) is deﬁned as the inverse Fourier
transform of the PSD function SXX(ω):
RXX (τ) =
1
2pi
∫ ∞
−∞
SXX (ω) e
jωτdω. (3.8)
For two jointly wide-sense stationary processes X(t) and Y (t), the cross power spectral
density is deﬁned to be:
SXY (ω) =
∫ ∞
−∞
RXY (τ) e
−jωtdt. (3.9)
Given the properties of the autocorrelation function RXX(τ), the following properties
can be established for the power spectral density function [130]:
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period is inﬁnite in general—see Fig. 16). Note also that a cyclostationary signal does exhibit cyclostationarity, but the
converse is not true in general (i.e., a signal which exhibits cyclostationarity is not necessarily cyclostationary).
2.2.5.3. Remarks. The classiﬁcation of cyclostationary signals has brought to light how large the cyclostationary family is. In
particular it has made clear that it includes as particular cases stationary random signals and (poly) periodic signals. The
former are all members of the second and higher-order cyclostationary sets having only the zero cyclic frequency (a ¼ 0).
The latter are members of the ﬁrst-order cyclostationary set. Therefore the cyclostationary family is rich enough to
encompass many of the real-life signals issuing from mechanical systems, and particularly from rotating and reciprocating
mechanisms which always give rise to a mixture of several kinds of statistical behaviours.
Example 6. Because its PSD did not show any signiﬁcant peak in Fig. 4(a), the vibration signal from the pump does not
exhibit ﬁrst-order cyclostationarity. On the other hand, the existence of non-zero coefﬁcients in its cyclic powers and cyclic
modulation spectrum in Figs. 5(b) and 11(b) proves that it exhibits second-order cyclostationarity. These coefﬁcients being
harmonically related to the fundamental blade-pass frequency 393Hz, the signal is second-order cyclostationary at that
cyclic frequency.
The cylinder pressure from the diesel engine in Fig. 1(b) is obviously ﬁrst-order cyclostationary with respect to the
engine cycle due to the deterministic and periodic compression/expansion part of the pressure is which is dominating the
low frequencies; it is also cyclostationary on any higher order since any non-linear transformation would again produce a
periodic signal.
The acoustical signal from the diesel engine mostly exhibits second-order cyclostationarity as seen from its cyclic
powers and cyclic modulation spectrum in Figs. 5(d) and 11(a)—it will be shown in Section 2.3.2 that it exhibits ﬁrst-order
cyclostationarity as well, yet to a lesser extent. Careful inspection of its cyclic modulation spectrum reveals it is
cyclostationary with a fundamental cycle equal to the engine cycle, that is engine order 12.
Finally, a good example of a poly-cyclostationary signal is any vibration signal issuing from a complex gearbox
consisting of several gears operating with a non-integer reduction ratio—e.g., see forthcoming Examples 9 and 15.
2.3. First, second and higher-order cyclostationarity
The distinction between ﬁrst and second (higher) orders of cyclostationarity is of such importance that it deserves
spending additional time looking into it. Indeed, it is intimately related to the notions of predictability and randomness of a
signal,2 which suggests that the two parts should be treated sequentially, with different signal processing tools.
2.3.1. The mean value of a cyclostationary signal
To begin with, let us come back to our very ﬁrst approach of Section 2.2.1 where the statistical characterisation of a
stationary random signal was completed in terms of its mean value and its mean power. These were two constant
parameters returning a measure of position and of dispersion. Moreover, it was mentioned that for many mechanical
signals the mean value is actually nil so that it can be set aside from the analysis. When moving from the stationary to the
cyclostationary family of signals, this remark was voluntarily taken as granted in order to simplify the subsequent analysis.
It is now time to reconsider the general situation where the mean value of a cyclostationary signal is possibly non-zero.
ARTICLE IN PRESS
α
α
Px(t)
Pα
t
t
x(t)
T
1/T 2/T 3/T 4/T 5/T0
0 α1 α3 α5α2 α4
Fig. 16. (a) Example of a cyclostationary signal and (b) example of a poly-cyclostationary signal.
2 As already mentioned after Deﬁnition 3, a predictable signal is one which can be fully described by an equation and whose values can thus be
computed everywhere on the time axis, including arbitrarily far future or past. As opposed to this deﬁnition, a random signal can never be predicted
exactly and everywhere on the time axis from a ﬁnite duration observation—see Ref. [9] for a rigorous presentation of these ideas wherein the words
‘‘regular’’ and ‘‘singular’’ stand for ‘‘random’’ and ‘‘predictable’’.
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Figure 3.1: Example of a cyclostationary signal x(t); Px(t) is referred to the mean instantaneous power
of the signal; Pα is the cyclic powers of the signal [128]
• SXX(ω) is real, even if the process X(t) is complex.
• If X(t) is real, then SXX(ω) is an even function, since RXX(τ) is an even function.
• SXX(ω) is nonnegative.
The power spectral density has the interpretation of a density function for average
power in the random process X(t) per unit frequency.
Many processes encountered in nature arise from periodic phenomena. The process
that give rise to random data whose statistical characteristics vary periodically with
time is called cyclostationary process [133]. The background knowledge of cyclostation-
ary process can be found in references [128,133,134]. An example of a cyclostationary
signal can be seen from Figure 3.1.
A stochastic process X(t) is said to be cyclostationary if the joint probability density
(or mass) function fX(x; t) is invariant when the time origin is shifted by a period T .
That is, for any k and sampling times t1, . . . , tk, we have
fX(x1, . . . , xk; t1, . . . , tk) = fX(x1, . . . , xk; t1 + T, . . . , tk + T ). (3.10)
Although the cyclostationary process is not a periodic function of time, the periodicity
of the process could come from modulatio , sampling (which s the case i this chapter
work), multiplexing and coding operations [134]. A wide-sense cyclostationary stochas-
tic proc ss would have e mean and the aut correlation function varying periodically
in time with some period T ,
mX(t+ T ) = mX(t); RXX(t, τ) = RXX(t+ T, τ), (3.11)
for all τ ∈ (−T, T ). For a cyclostationary process, its autocorrelation function can
therefore be expanded in a Fourier series whose coeﬃcients referred to as cyclic auto-
correlation function, depending on the lag parameter (the cyclic frequencies α):
RXX(t, τ) =
∑
a
RαXX (τ) e
j2piαt, α =
n
T
, n ∈ Z; (3.12)
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the cyclic autocorrelation function is expressed as the coeﬃcient of the Fourier series
by
RαXX (τ) =
1
T
∫ T
0
RXX (t, τ) e
−j2piαtdt. (3.13)
Cyclostationary processes are characterized in the frequency domain by a spectral cor-
relation density function (SCD), which is the Fourier transforms of the cyclic autocor-
relation function Rα
XX
:
SαXX (ω) =
∫ ∞
−∞
Rα
XX
(τ) e−jωτdτ ; (3.14)
with the non-unitary inverse Fourier transform, the cyclic autocorrelation function can
also be expressed as:
Rα
XX
(τ) =
1
2pi
∫ ∞
−∞
Sα
XX
(ω) ejωτdω. (3.15)
For α = 0, R0
XX
(τ) reduces to the conventional autocorrelation function and S0XX (ω)
is the conventional power spectral density (PSD) function. Compared to a non-
cyclostationary signal, the cyclostationary signal is sensitive in sensing the time delay
or phase of the signal [133].
Considering a stationary signal x(t) which is transformed by a linear ﬁlter with the
transfer function h(t), the output signal z(t) is then expressed as z(t) = h(t) ∗ x(t) in
time domain, where ∗" denotes the convolution operation, and Z(f) = H(f)X(f) in
frequency domain. As a result, the PSD function is scaled by the squared magnitude
of H(f) as
Sz(f) = |H(f)|2Sx(f). (3.16)
On the other hand, the SCD function of a cyclostationary signal x(t) after ﬁltering is
given by
Sαz (f) = H(f +
α
2
)Sαx (f)H
∗(f − α
2
), (3.17)
where ∗ denotes the complex conjugate. Considering a ﬁlter that is simply a time delay
t0 with respect to the input signal, then h(t) = δ(t − t0), where δ is the Dirac delta
function, and H(f) = e−j2pift0 . Therefore, the input-output SCD functions relation is
Sαz (f) = S
α
x (f)e
−j2piαt0 , (3.18)
indicating that the SCD of cyclostationary signal is sensitive to the time or phase delay
of the signal.
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Figure 3.2: Equivalent model for piezoelectric harvester (proof massM , structure stiﬀnessKs, damper
C, inductor L and resistive load RL)
3.3 Stochastic Modeling
In this section, a modeling of Periodic Switching Harvesting on Inductor (PSHI) AC
technique will be proposed based on the stochastic modeling. The harvester system is
shown as a single degree of freedom spring-mass-damper model in Figure 3.2. From
piezoelectric constitutive equations, the piezoelectric element is modeled as a current
source (proportional to the proof mass velocity u˙ with a force factor α) with an internal
capacitance C0; so the current Ip ﬂowing out from the piezoelectric element is
Ip(t) = αu˙(t)− C0V˙ (t). (3.19)
The equation of motion of a linear energy harvester is expressed in terms of the proof
mass position u, its velocity u˙ and the voltage V across the transducer:
Mu¨(t) = F (t)−KEu(t)− αV (t)− Cu˙(t). (3.20)
The global stiﬀness KE is the sum of KpE (the stiﬀness of piezoelectric element with
short-circuited electrical port) and Ks (the structure stiﬀness); the damping coeﬃ-
cient is expressed with the damping ratio ζ or the mechanical quality factor QM as
C = 2Mω0Eζ = Mω0E/QM and ω0E deﬁnes the short-circuit resonant angular fre-
quency (ω0E =
√
KE/M) of the harvester. The external force excitation could be also
expressed through the base acceleration a as F = Ma for an inertially driven system.
From Kirchhoﬀ's current law, the current V/RL ﬂowing through the resistive load
equals to the current Ip ﬂowing out the piezoelectric element minus the current Is that
ﬂows through the switch device. Accordingly, the voltage V across the resistive load
can be expressed as the impulse response h convoluted with the proof mass velocity
u˙ and the scaled switching current I˜sC0/α. Therefore, the derivative of piezoelectric
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voltage V˙ can be expressed as the consequence of proof mass motion and the backward
coupling from the switching device, I˜s (the scaled switching current):
V˙ (t) = u˙(t) ∗ h˙(t) + I˜s(t) ∗ C0
α
h˙(t), (3.21)
where h is the impulse response combining an unit step function H(t) enforcing causality
and an exponential decay with time constant τe representing the power consumption
of the resistive load RL:
h(t) =
α
C0
e−
t
τeH(t)
τe = RLC0. (3.22)
Integrating Eq. (3.21), the voltage can also be expressed as
V (t) =
∞∫
−∞
h(t− t1)v(t1)dt1 + C0
α
∞∫
−∞
h(t− t2)I˜s(t2)dt2, (3.23)
where I˜s(t) is given in terms of a current impulse-response hs and the velocity (refer-
enced to Section 2.2.2.2) as
I˜s(t) =
∞∫
−∞
hs(t, t1)v(t1)dt1, (3.24)
and as demonstrated in the previous chapter:
hs(t, t1) = − (1 + γ)
∞∑
n=−∞
 ∞∑
k′=0
(−γ)k′
(
h
(
t− k′T − t1
)
e−
k′T
τe
− h (t− (k′ + 1)T − t1) e− (k′+1)Tτe )δ (t− nT )
. (3.25)
Note that the impulse response hs is dependent on two time instants, and not only a
time diﬀerence, because the periodic switching breaks the time-invariance.
3.3.1 General Case
We will now consider the cross-correlation functions KAB(t, t′) = E [A(t)B(t′)] =
〈A(t)B(t′)〉 for signals A and B, where A and B denote either the state variables
u, v and V or the input force F . E[ ] denotes statistical expectation. Instead of using
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the notation RAB everywhere as the cross-correlation function, here we use KAB to
indicate the cross-correlation function depending on two time instants t1 and t2, and
RAB for time instant t and time diﬀerence τ . Equations of motion for the correlation
functions are conveniently derived from the state-space form of (Eq. (3.20)):
u˙(t) = v(t) (3.26)
v˙(t) = −ω0E2u(t)−
ω0E
QM
v(t)− α
M
V (t) +
1
M
F (t). (3.27)
Furthermore, a voltage impulse-response hV v to a velocity input is deﬁned such that
the voltage across the piezoelectric element is
V (t) =
∫ ∞
−∞
hV v(t, t1)v(t1)dt1. (3.28)
From Eqs. (3.23) and (3.24), the impulse response hV v is
hV v(t, t1) = h(t− t1) + C0
α
∫ ∞
−∞
h(t− t2)hs(t2, t1)dt2. (3.29)
Equations for the cross-correlations now follow from time diﬀerentiation and appli-
cation of Eqs. (3.26) and (3.27), or from direct application of Eq. (3.28). The smallest
required set of coupled equations to be solved is
〈u˙(t)v(t′)〉 = ∂
∂t
Kuv(t, t
′) = Kvv(t, t′) (3.30)
〈v˙(t)v(t′)〉 = ∂
∂t
Kvv(t, t
′) = −ω0E2Kuv(t, t′)−
ω0E
QM
Kvv(t, t
′)
− α
M
KV v(t, t
′) +
1
M
KFv(t, t
′) (3.31)
〈V (t)v(t′)〉 = KV v(t, t′) =
∫ ∞
−∞
hV v(t, t1)Kvv(t1, t
′)dt1 (3.32)
〈F (t)u˙(t′)〉 = ∂
∂t′
KFu(t, t
′) = KFv(t, t′) (3.33)
〈F (t)v˙(t′)〉 = ∂
∂t′
KFv(t, t
′) = −ω0E2KFu(t, t′)−
ω0E
QM
KFv(t, t
′)
− α
M
KFV (t, t
′) +
1
M
KFF (t, t
′) (3.34)
〈F (t)V (t′)〉 = KFV (t, t′) =
∫ ∞
−∞
hV v(t
′, t1)KFv(t, t1)dt1. (3.35)
Note that the set Eqs. (3.33) to (3.35) is closed if KFF , which characterizes the force
excitation, is given. Likewise Eqs. (3.30) to (3.32) is closed if KFv, which can be
obtained from Eqs. (3.33) to (3.35), is given.
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Due to the periodic switching events, the system state can be seen as a wide-sense
cyclostationary process if the force F is a wide-sense stationary process (or a wide sense
cyclostationary process with the same period as the switching). In order to solve Eqs.
(3.30)-(3.35), it is convenient to introduce the cross-correlation RAB(t, τ) ≡ KAB(t2, t1)
which depends on the central time t = (t1+t2)/2 and the time lag τ = t2−t1 instead of
two time instants t2 and t1 associated with A and B respectively. For a cyclostationary
process, RAB(t, τ) is periodic in time domain t with the cyclostationary period Ts and
has a corresponding cyclostationary angular frequency ωs [128]. In our case, these are
respectively the switching period and frequency. We therefore have the Fourier series
representation
RAB(t, τ) =
∑
n
RnAB(τ)e
jωsnt;
RnAB(τ) =
1
Ts
∫ Ts
0
RAB(t, τ)e
−jωsntdt; (3.36)
for integer n. The spectral cross-correlation density (SCD) is deﬁned as the Fourier
transform of cyclic cross-correlation function RnAB [135]:
SnAB(ω) =
∫ ∞
−∞
RnAB(τ)e
−jωτdτ
RnAB(τ) =
1
2pi
∫ ∞
−∞
SnAB(ω)e
jωτdω. (3.37)
Applying the change of variables τ = t2 − t1 and t = (t1 + t2)/2, the cross-correlation
function between signals A and B at time instants t2 and t1 is represented in terms of
the spectral correlation density function SnAB:
KAB(t2, t1) =
1
2pi
∞∫
−∞
∑
n
SnAB(ω)e
j(ω+ 12ωsn)t2−j(ω− 12ωsn)t1dω. (3.38)
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The system of linear equations (3.30), (3.31), (3.33), (3.34) then becomes
j
(
ω +
1
2
ωsn
)
Snuv(ω) = S
n
vv(ω) (3.39)
j
(
ω +
1
2
ωsn
)
Snvv(ω) = −ω0E2Snuv(ω)−
ω0E
QM
Snvv(ω)−
α
M
SnV v(ω) +
1
M
SnFv(ω)
(3.40)
−j
(
ω − 1
2
ωsn
)
SnFu(ω) = S
n
Fv(ω) (3.41)
−j
(
ω − 1
2
ωsn
)
SnFv(ω) = −ω0E2SnFu(ω)−
ω0E
QM
SnFv(ω)−
α
M
SnFV (ω) +
1
M
SnFF (ω),
(3.42)
which can be reduced to
L
(
ω + 1
2
ωsn
)
j
(
ω + 1
2
ωsn
) Snvv(ω) = − αMSnV v(ω) + 1MSnFv(ω) (3.43)
L∗
(
ω − 1
2
ωsn
)
−j (ω − 1
2
ωsn
)SnFv(ω) = − αMSnFV (ω) + 1MSnFF (ω), (3.44)
where
L(ω) = −ω2 + ω0E2 + 2jωζω0E; (3.45)
L∗(ω) is the complex conjugate of L(ω) and ζ = 1
2QM
the damping ratio. Note that
SnFF = 0 for n 6= 0 if F is a wide sense stationary process. In that case S0FF is the
power spectral density of the excitation force F .
As the cross-correlation function can also be expressed with the central time t and
the time lag τ (RAB(t, τ) ≡ KAB(t2, t1)), Eq. (3.35) can be further expressed as
RFV (t, τ) = KFV (t+
1
2
τ, t− 1
2
τ) =
∫ ∞
−∞
hV v(t− 1
2
τ, t1)KFv(t+
1
2
τ, t1)dt1. (3.46)
With the representation of the cross correlation function (Eq. (3.38)), the cross-correlation
deﬁned in Eq. (3.35) gives RFV in terms of SnFv:
RFV (t, τ) =
1
2pi
∞∫
−∞
dω
∑
n
SnFv(ω)e
j(ω+ 12ωsn)(t+
1
2
τ)
×
 ∞∫
−∞
hV v(t− 1
2
τ, t1)e
−j(ω− 12ωsn)t1dt1
 . (3.47)
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The cyclostationary property of hV v makes it possible to write the integral in the
brackets as a phase factor times a t-periodic function y = y(t, ω) which can be expressed
in terms of its Fourier coeﬃcients yk, that is
∞∫
−∞
hV v(t, t1)e
−jωt1dt1 = e−jωty(t, ω) =
∑
k
yk(ω)e
j(−ω+kωs)t, (3.48)
or
ejωt
∫ ∞
−∞
hV v(t, t1)e
−jωt1dt1 =
∑
k
yk(ω)e
jkωst. (3.49)
The Fourier coeﬃcients are found directly from the Fourier integral of (Eq. (3.29)) and
are given by
yk(ω) =
1
Ts
∫ Ts
0
(
ejωt
∫ ∞
−∞
hV v(t, t1)e
−jωt1dt1
)
e−jωsktdt
=
1
Ts
∫ Ts
0
(
hˆ∗(ω)− (1 + γ) hˆ
∗(ω)e(jω−
1
τ )t
1 + γe(jω−
1
τ )Ts
)
e−jωsktdt
= hˆ∗(ω)×
(
δk,0 − 1
Ts
· 1 + γ−jω + 1
τ
+ jωsk
· 1− e
(jω− 1τ )Ts
1 + γe(jω−
1
τ )Ts
)
(3.50)
where hˆ∗(ω) denotes the complex conjugate of hˆ(ω). The cross-correlation function
RFV is then expressed with the t−periodic function y(t, ω):
RFV (t, τ) =
∫ ∞
−∞
1
2pi
∑
i
SFv
i(ω)
[∑
k
yk(ω − 1
2
ωsi)e
j(−ω+ 12ωsi+ωsk)(t− 12 τ)
]
ej(ω+
1
2
ωsi)(t+ 12 τ)dω
=
∫ ∞
−∞
1
2pi
∑
i
SFv
i(ω)
[∑
k
yk(ω − 1
2
ωsi)e
j(ωsi+ωsk)tej(2ω−ωsk)
τ
2
]
dω. (3.51)
The cyclic cross-correlation function RnFV is obtained by applying Eq. (3.51) into
Eq. (3.36) and integrating:
RnFV (τ) =
1
Ts
∫ Ts
0
RFV (t, τ)e
−jωsntdt
=
(∫ ∞
−∞
1
2pi
∑
i
SiFv(ω)
[∑
k
yk(ω − 1
2
ωsi)e
j(2ω−ωsk) τ2
]
dω
)
1
Ts
∫ Ts
0
ej(i+k−n)ωstdt
=
(∫ ∞
−∞
1
2pi
∑
i
SiFv(ω)
[∑
k
yk(ω − 1
2
ωsi)e
j(2ω−ωsk) τ2
]
dω
)
(δn,i+k)
=
1
2pi
∫ ∞
−∞
∑
i
SiFv(ω)yn−i(ω −
1
2
ωsi)e
j(ω− 12ωs(n−i))τdω (3.52)
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In order to discriminate the integer number n in the summation term and the number
of cycles in RnFV , here we replace the index n in the summation term with i. The SCD
SnFV of F and V is the Fourier transform of the cyclic cross-correlation function:
SnFV (ω) =
∫ ∞
−∞
RnFV (τ)e
−jωτdτ
=
∫ ∞
−∞
(
1
2pi
∫ ∞
−∞
∑
i
SiFv(ω
′)yn−i(ω′ − 1
2
ωsi)e
j(ω′− 12ωs(n−i))τdω′
)
e−jωτdτ ; (3.53)
the integration of the exponential term can be expressed with the Dirac delta function
as: (∫ ∞
−∞
ej(ω
′− 1
2
ωs(n−i)−ω)τdτ
)
= 2piδ(ω′ − 1
2
ωs (n− i)− ω), (3.54)
so ﬁnally SnFV can be expressed as the summation of SCD (S
i
Fv) function between F
and v times the t−periodic term yn−i(ω):
SnFV (ω) =
∑
i
SiFv(ω +
1
2
ωs (n− i))yn−i(ω − ωsi+ 1
2
ωsn). (3.55)
The same procedure applied to the SCD of voltage and velocity gives
SnV v(ω) =
∑
i
Sivv(ω −
1
2
ωs (n− i))y∗n−i(ω + ωsi−
1
2
ωsn). (3.56)
Hence, the SCD SnFv between force F and velocity v and the SCD S
n
vv of velocity
itself can be found by inserting expressions of SnFV (Eq. (3.13)) and S
n
V v (3.14) into
Eqs. (3.43) and (3.44) respectively.
The average harvested power over one switching period has the general expression
as:
P =
1
Ts
∫ Ts
0
1
RL
〈
V 2(t)
〉
dt. (3.57)
The mean square voltage across the piezoelement is then given by the voltage impulse
response hV v and the shifted SCD (S˜nvv(ω) = S
n
vv(ω + ωsn/2)) as:
P =
1
Ts
1
RL
Ts∫
0
∞∫
−∞
∞∫
−∞
hV v(t, t1)hV v(t, t2)Kvv(t1, t2)dt1dt2dt
=
1
RL
1
2pi
∞∫
−∞
dω
∑
n
S˜nvv(ω)
(
hˆ∗(ω)hˆ(ω + ωsn)
×
(
δn,0 + (1 + γ)
1
Ts
Jn(ω)
))
, (3.58)
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where
Jn(ω) =
1(
−jω − 1
τe
) 1− e(−jω− 1τe )Ts
1 + γe(−jω−
1
τe
)Ts
+
1(
j (ω + ωsn)− 1τe
) 1− e(jω− 1τe )Ts
1 + γe(jω−
1
τe
)Ts
+
τe
2
(1 + γ)
(
1− e− 2Tsτe
)
(
1 + γe(jω−
1
τe
)Ts
)(
1 + γe(−jω−
1
τe
)Ts
) .
3.3.2 Weak Coupling Case
In this subsection, a simpliﬁed model for weak coupling harvester system will be devel-
oped. For a weak coupling system, the equation of motion of the proof mass reduces
to
Mu¨ ∼= F−KEu− Cu˙. (3.59)
With the force excitation as a wide-sense stationary process and u and v independent
of the switching process according to Eq. (3.59), u and v are also wide sense stationary
processes, therefore
K0vv(t1, t2) ≡ K0vv(t1 − t2, 0) = R0vv(τ). (3.60)
The power spectral density (PSD) of a wide-sense stationary signal is the Fourier
transform of its corresponding autocorrelation function:
S0vv(ω) =
∫∞
−∞R
0
vv(τ)e
−jωτdτ
R0vv(τ) =
∫∞
−∞
1
2pi
S0vv(ω)e
jωτdω.
(3.61)
The power spectral density function of the proof mass velocity v can be written in
terms of the PSD of the excitation force F :
S0vv (ω) =
∣∣∣hˆvF (ω)∣∣∣2S0FF (ω) . (3.62)
The impulse response function between v and F is found from the reduced equation of
motion (Eq. (3.59)) and its corresponding frequency response is
hˆvF (ω) = jωhˆuF (ω) = jω
1
M
(
1
−ω2 + 2ξjωω0E + ω0E2
)
. (3.63)
The average harvested power over a switching period (3.17) is reduced to an expression
in terms of S0vv only as the electromechanical coupling due to the harvesting process
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can be neglected. From (3.62), we can obtain
P =
1
RL
1
2pi
∞∫
−∞
∣∣∣hˆvF (ω)∣∣∣2∣∣∣hˆ(ω)∣∣∣2 [1 + 1 + γ
Ts
J0(ω)
]
S0FF (ω)dω (3.64)
where hˆvF can be found from the simpliﬁed equation (3.63) and
J0(ω) =
1(
−jω − 1
τe
) 1− e(−jω− 1τe )Ts
1 + γe(−jω−
1
τe
)Ts
+
1(
jω − 1
τe
) 1− e(jω− 1τe )Ts
1 + γe(jω−
1
τe
)Ts
+
τe
2
(1 + γ)
(
1− e− 2Tsτe
)
(
1 + γe(jω−
1
τe
)Ts
)(
1 + γe(−jω−
1
τe
)Ts
) .
3.3.3 Standard Case
Considering a piezoelectric transducer connected with the classical standard technique,
which is only with an adaptive resistance load, the switching frequency is zero (the
switching period is inﬁnity) and the inversion factor γ = 0. Furthermore, the current
balance equation is reduced to
Ip = I =
V
RL
= αu˙(t)− C0V˙ (t), (3.65)
and the impulse response hV v between V and v is reduced to the impulse response h in
Eq. (3.22) as the switching current Is is null. The power spectral density function of
the voltage V can be expressed with the PSD of velocity v with the impulse response
hV v as
S0V V =
∣∣∣hˆV v(ω)∣∣∣2 S0vv = ∣∣∣hˆ(ω)∣∣∣2 S0vv. (3.66)
With a wide-sense stationary force excitation and considering no switching processes,
the harvester response is also a wide-sense stationary process, and therefore, the average
harvested power is reduced to an expression with S0V V only. From Eq. (3.17) and
Eq. (3.66), we can obtain
P =
1
RL
1
2pi
∫ ∞
−∞
∣∣∣hˆ(ω)∣∣∣2 S0vvdω
=
1
RL
1
2pi
∫ ∞
−∞
S0V V dω, (3.67)
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where hˆ can be found from Eq. (3.22). With a simple resistive load adaption, the cur-
rent I passed through the resistor is the ratio between the voltage V and the resistance
RL, and the PSD function of the current I can be expressed with the PSD function of
V as
I(ω) =
V (ω)
RL
(3.68)
S0II (ω) =
S0V V (ω)
RL
2 . (3.69)
The average harvested power then can be expressed as
P = RL
1
2pi
∫ ∞
−∞
S0II(ω)dω. (3.70)
As Eq. (3.70) shares the same expression as in Halvorsen's work [121], the average
power can be further expressed with the PSD of the force excitation F by using his
work. The average power in Eq. (3.70) can be reduced to an expression in terms of
S0FF , which can be also expressed with the PSD function of the acceleration excitation
a over the squared mass (S0FF = S
0
aa/M
2), and an impulse response hIa between the
current I and the acceleration excitation a:
P = RL
1
2pi
∫ ∞
−∞
S0II(ω)dω
= RL
1
2pi
∫ ∞
−∞
∣∣∣hˆIa(ω)∣∣∣2S0aa(ω)dω
= RL
1
2pi
∫ ∞
−∞
∣∣∣hˆIa(ω)∣∣∣2S0FF (ω)
M2
dω, (3.71)
where hˆIa can be obtained from the work of Halvorsen [121] as
hˆIa(ω) =
jωk
√
KDC0
(1− k2)ω0D2 −
(
1 + RLC0ω0D
QMD
)
ω2 + jωω0D
(
1
QMD
+RLC0ω0D
(
1− ω2
ω0D2
)) .
(3.72)
ω0D =
√
KD/M denotes the open-circuit resonant angular frequency; the open-circuit
stiﬀness KD = KE + α2/C0 and QMD denotes the mechanical quality factor at open-
circuit resonant frequency, QMD = Mω0D/C. When the excitation is a white noise
process, S0FF is independent from the frequency and can be taken out of the integral in
Eq. (3.71) and the average harvested power under a white noise force excitation with
the standard interface can ﬁnally obtained from [121] by integrating the third-order
polynomial function hˆIa:
P =
S0FF
2M
k2QMDRLC0ω0D
1 +
(
1
QMD
+ k2QMD
)
RLC0ω0D + (RLC0ω0D)
2
. (3.73)
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Table 3.1: Model parameters for simulation based on stochastic modeling
Lumped mass M 200 g
Short-circuit stiﬀness KE 3000 Nm
−1
Capacitance C0 20 nF
Inversion coeﬃcient γ 0.75
Harvester short-circuit resonant frequency f0E 19.49 Hz
3.4 Numerical Results
The primary quantity of interest is the harvested power. In this section, the harvested
power at optimal load will be presented at diﬀerent switching frequencies. The eﬀect
of variations in coupling factor k2 and mechanical quality factor QM will also be dis-
cussed to provide a reference for harvester system design. Then, in order to show the
eﬀectiveness of the stochastic model, diﬀerent spectral distributions will be used for
the external excitation.
3.4.1 The eﬀect of coupling coeﬃcients and switching
frequency
The harvested power is decided by the spectral cross-correlation density function of
the harvester velocity, which can be obtained by solbing a set of coupled equations
depending on the mechanical quality factor QM and electromechanical coupling factor
k2. From equations (3.43) and (3.17), it is clear that the mechanical quality factor
QM = 1/(2ξ) and the electromechanical coupling factor k2 = α2/(C0KE+α2) inﬂuence
the harvested power. So, diﬀerent values of k2 and QM should be investigated as ﬁgures
of merit for the random-vibration-driven energy harvester with switching circuitry. In
the numerical calculations, realistic, moderate k2 and QM values are chosen. Numerical
results reported in this section are calculated from the stochastic model stated in the
previous section, the model parameters listed in Table 3.1, which is obtained from [54]
and a white-noise force spectrum SFF .
The harvested power as a function of switching frequency ωs is shown in Figure 3.3
for a harvester with a moderate mechanical quality factor QM = 122.475 and diﬀerent
k2 ranging from 0.067 % to 6.25 %. The harvested power is normalized with respect to
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the input power spectral density SFF and the mass M ; the switching frequency ωs is
normalized with respect to the harvester short-circuit resonant angular frequency ω0E.
The load resistance RL is optimized at each value of ωs/ω0E. As expected, curves for
diﬀerent coupling factors k2 as ωs → 0 all approach the value for the standard interface
with optimal resistive load Ropt = 1/(C0ω0D) [121], and as the electromechanical cou-
pling factor k2 increases to around 6.25%, the switching strategy no longer beneﬁcial,
having an inferior performance compared to the standard AC interface. For all curves,
a similar behavior showing a notch near ωs = 2ω0E is observed, and as k2 increases,
the notch becomes more pronounced. For higher k2 cases, for example (the two higher
k2 curves in ﬁgures) the notch even appears at other frequencies approximately given
by 2ω0E/p, p ∈ N giving that the notch phenomenon depends on the integer multiples
of harvester's half-period. This might be because the switching electrical system has a
strong inﬂuence on the mechanical system at the notch frequency, especially at 2ω0E,
which is harvester's half period. The details of why this notch phenomenon occurs and
why it has a destructive eﬀect needs further investigation. The best switching frequency
for optimal power harvesting falls within the range from 1.5ω0E to 2ω0E depending on
the harvester electromechanical coupling factor k2 when PSHI AC technique still holds
a better performance. With a higher k2, the optimal switching frequency decreases
(ωs = 1.62ω0E for k2 = 2.34%, 1.74ω0E for k2 = 1.64%, 1.9ω0E for k2 = 0.415% and
1.95ω0E for k2 = 0.067%). A factor that can contribute to this, is that when the
electromechanical coupling is high, the inversion loss due to the switching process is
larger, and a lower switching rate reduces the losses [136].
To look into more details, the following paragraph describes the scaled output power
over diﬀerent combination of k2 and QM showing the eﬀect of k2 and QM separately.
The output power at optimal load and switching frequency is illustrated in Figure 3.4
with several coupling factors k2 = 1.67×10−4 %, 0.0167 %, 0.415 % and 1.64 % as a
function of the mechanical quality factor QM . The range of QM is kept from 4.899 to
489.9 to reﬂect realistic cases. It is interesting to ﬁnd that when k2 is extremely small
as in weak-coupling systems, the scaled output power collapses to a common value;
and with a larger k2 the scaled output power decreases after reaching an optimal value.
Additionally, with the same QM , the scaled output power decreases with increase of k2;
the k2-dependence is stronger for higher QM , which can be explained by that fact that
the with highQM , the k2-dependent damping eﬀect due to energy conversion dominates
easily the overall damping. In Figure 3.4(b), it is shown that the scaled optimal power
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Figure 3.3: Normalized output power at optimal load versus switching frequency with QM = 122.475
and diﬀerent k2. The horizontal lines correspond to the optimal output powers for standard
AC interface
is diﬀerent even with the same value of k2QM with switching electronic interface when
k2 is small. For example, when k2 = 1.67×10−4 %, QM = 489.9 and k2 = 0.0167 %,
QM = 4.899 (k2QM = 8.181×10−4), the scaled optimal power are 1.159 and 0.7787
respectively; with a larger k2, scaled optimal powers would approach the same value,
for example when k2QM = 2.009. With a standard interface, the scaled optimal power
with the same k2QM -value but diﬀerent combinations are slightly diﬀerent for a very
small k2QM . However, it approaches a single value for higher k2QM . It is interesting
to note that under a broadband excitation with a switching electronic interface, the
harvester performance can vary considerably among diﬀerent choices of k2 and QM
even though k2QM is held ﬁxed. With a monochromatic excitation that is not the
case [137]. For monochromatic force excitation case, the lack of energy conversion
capability, presented by k2, can be compensated by extracting more mechanical energy
from the excitation force with a harvesting system having higher QM value; however,
for a white noise excitation cases, except the mechanical loss coming from mechanical
damping eﬀect, there is also the loss due to deviation of excitation force from the
harvester resonant frequency.
For a weak-coupling harvester, the simpliﬁed model (3.64) makes the calculation
much faster. The validation of weak-coupling model is shown in Figure 3.5 with
k2QM = 0.0068. The curves obtained from the general stochastic model and the
Cette thèse est accessible à l'adresse : http://theses.insa-lyon.fr/publication/2013ISAL0085/these.pdf 
© [Y-C. Wu], [2013], INSA de Lyon, tous droits réservés
3.4 Numerical Results 117
101 102 103
0
0.2
0.4
0.6
0.8
1
1.2
1.4
 
 
QM
2M
P/
k2
Q M
S F
F
k2=0.000167%
k2=0.0167%
k2=0.415%
k2=1.64%
k2=0.000167%
k2=0.0167%
k2=0.415%
k2=1.64%
(a)
10−6 10−5 10−4 10−3 10−2 10−1 100
0
0.2
0.4
0.6
0.8
1
1.2
1.4
k2QM
2M
P/
k2
Q M
S F
F
 
 
k2=0.000167%
k2=0.0167%
k2=0.415%
k2=1.64%
k2=0.000167%
k2=0.0167%
k2=0.415%
k2=1.64%
(b)
Figure 3.4: Scaled output power at optimal load and optimal switching frequency when k2 = 1.67
×10−4 %, 0.0167 %, 0.415 % and 1.64 % for several QM values. (a) Scaled optimal power
over mechanical quality factor QM ; (b) Scaled optimal power over k
2QM . Solid lines for
switching electronic interface; dashed line for standard case
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Figure 3.5: Validation of weak-coupling stochastic model. Scaled output power at optimal load versus
switching frequency with γ = 0.75, QM = 40.82 and k
2 = 0.0167%. The horizontal lines
correspond to the scaled optimal output powers for standard AC interface
simpliﬁed model correspond well, and they all tend toward standard interface when
switching frequency is very low. In 3D surface plot (Figure 3.6), the optimized power
is plotted as a function of resistive load and switching frequency for a harvester with
relatively high coupling k2QM = 2.0086. It is shown that the optimal load depends
strongly on the switching frequency as it is higher when the switching frequency is
approaching twice the resonant frequency.
3.4.2 Excitations with Diﬀerent Spectral Cross-Correlation
Densities (SCD) Functions
With the mathematical formulation of the stochastic model we have now developed,
diﬀerent spectral densities of the excitation signal can be treated with the same algo-
rithm and comparable computational eﬀort. In this section, we compare band-limited
spectra with diﬀerent frequency bands (Figure 3.7). For the band-limited spectra,
we choose bell curve shaped spectral densities in a form of Gaussian distribution as
SFF (ω) ∝ e−(ω/2pi−f0E)2/(2fr)/
(√
2pi
)
+ e−(ω/2pi+f0E)
2/(2fr)/
(√
2pi
)
, where fr controls the
width of the bell". The harvested power is optimized over the resistive load and
normalized with respect to the mean square force Frms2 = 12pi
∫∞
−∞ SFF (ω)dω of the
excitation. It is clearly shown that the harvester is more eﬀective when the spectral
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Figure 3.7: External excitation signal with Gaussian distribution in diﬀerent frequency bands (fr =
102, 104, 108), k2QM = 0.508, f0E = 19.49 Hz
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distribution is like a monochromatic excitation (i.e., when it has a narrower frequency
band) as less of the power is ﬁltered out by the narrow response of the harvester. When
the frequency band of the Gaussian distribution is wide enough, the shape of distribu-
tion is ﬂat over a wide frequency range, and the normalized power at each switching
frequency approaches the white-noise value.
When the linewidth of the Gaussian-shaped SCD is narrow (Figure 3.8(a)) and the
harvester performance is more like that under a monochromatic excitation, the match
between resonant frequency and the vibration spectrum becomes an issue. Here we
consider three out-of-resonance cases when frequency shift ∆f is 1.3Hz, 2.6Hz and
-2.6Hz. The eﬀect of out-of-resonance is clearly shown in Figure 3.8(b). When the fre-
quency shift ∆f is around 7% of the resonance frequency (∆f = 1.3 Hz), the harvested
power decrease is around 8%; and when ∆f is around 13% of resonance frequency (∆f
= 2.6 Hz), a decrease of more than 25% in harvested power is observed. In addition,
in this case, the slight diﬀerence in harvested power for negative frequency shift ∆f
= -2.6 Hz and positive frequency shift ∆f = 2.6 Hz is explained by the asymmetry of
the harvester transfer function.
3.5 Experimental Validation
The experimental setup is shown in Figure 3.9. The switching circuit and force exci-
tation are controlled with a dSPACE box digital-to-analog converter (DAC) through
Matlab Simulink environment. ControlDesk interface is used in realtime to feed the
band-limited white noise signal to the shaker and command the switching device with
a switching frequency fs. Acquisition of measured signal is done through the dSPACE
analog-to-digital converter (ADC) and ControlDesk interface. An unimorph type piezo-
electric harvester is mounted on the shaker and two laser vibrometers (sensitivity = 25
mm/s/V and 50 mm/s/V) are monitoring the velocity on the cantilever beam clamped-
end and the free-end respectively.
The harvester parameters are identiﬁed through measurements (without switching)
of open-circuit frequency f0D, short-circuit frequency f0E, piezoelectric open circuit
voltage to the beam free-end displacement ratio λ, -3dB bandwidth ∆f in terms of
deﬂection and clamped capacitance C0 of the piezoelectric material. With these mea-
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Figure 3.8: The eﬀect of out-of-resonance with Gaussian distributed SFF . (a) Gaussian distributed
SFF when fr = 10; (b) Harvested power under diﬀerent frequency shifts. f0E = 19.49 Hz,
k2QM = 0.508
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Changes the Actuates the 
Figure 3.9: Experimental setup for PSHI technique under a band-limited white noise excitation
surements, the parameters could be obtained from [54]:
α = λC0, KE = αλ
f0E
2
f0D
2 − f0E2
, M =
KE
4pi2f0E
2 ,
C =
2piMf0D
QMD
, QMD =
f0D
∆f
, k2 =
f0D
2 − f0E2
f0D
2 . (3.74)
These identiﬁed parameters of the harvester are listed in Table 3.2.
A bandpass-ﬁltered white noise acceleration is applied to the clamped end of the
harvester through the shaker. The force is obtained by multiplying the base accelera-
tion a with the proof massM (Figure 3.10(a)). The bandpass ﬁlter for force excitation
has a center frequency of 42.5 Hz and a frequency band of 80 Hz. For each measure-
ment, the force is applied on the harvester for 17 s (as there is a storage limitation
with ControlDesk). The piezoelectric power output is optimized with a 110 kΩ load,
which is the experimental optimal load for monochromatic excitation with standard
AC interface.
The performance of the piezoelectric harvester with a PSHI interface is shown in
Figure 3.10(b) under diﬀerent switching frequencies. In the experiment, 22 values of
switching frequency from fs = 0.01f0E to fs = 3.9f0E have been investigated. For each
switching frequency, the harvested power is averaged over 20 measurements. Error
bars representing the standard error of the mean power is plotted in the ﬁgure showing
that the discrepancy of data is relatively large around the notch point such as ω0E and
2ω0E. In addition, it should be noted that the mean value of the power is still very
well represented by the stochastic model. It is clearly seen from Figure 3.10(b) that
Cette thèse est accessible à l'adresse : http://theses.insa-lyon.fr/publication/2013ISAL0085/these.pdf 
© [Y-C. Wu], [2013], INSA de Lyon, tous droits réservés
3.5 Experimental Validation 123
10 20 30 40 50 60 70 80
0
1
2
3
x 10−11
f(Hz)
S F
F 
(N
2 /H
z)
f
c
 = 42.5Hz
Bandwidth = 80Hz
Time duration = 17 sec
(a)
0 1 2 3 4
0
0.5
1
1.5
2
x 10−9
ω
s
/ω0
P 
(W
)
 
 
Experimental
Theoretical
RL=110kΩ
(b)
Figure 3.10: Experimental results. The harvested power is optimized with a 110 kΩ load resistance.
(a) Autocorrelation of the input force; (b) Harvested power under diﬀerent switching
frequencies
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Table 3.2: Experimental parameters for PSHI interfaced harvester under band-limited white noise
force excitations
f0E 40.45 Hz
f0D 40.56 Hz
4f 0.944 Hz
λ 1550 V/m
C0 50.3 nF
γ 0.694
QMD 43
k2 0.543%
α 7.7744× 10−5 N/V
M 0.3416 g
KE 22.06 Nm
−1
C 0.0020 Nm−1s−1
the harvested power has the maximum value when the switching frequency is slightly
less than fs = 2f0E and has obvious drops when it is around fs = 1f0E and fs = 2f0E,
which is matching quite well with the simulation result. In general, the harvested
power decreases when the switching frequency is getting higher. However, it should be
noted that the simulation result with experimental model parameters showing that the
optimal power is obtained when resistive load is around 450 kΩ and the real optimal
power is about 1.4 times more than the experimental power (Figure 3.11). The increase
of optimal load could be caused by the excitation not being monochromatic while the
switching is not synchronized to the vibration waveform. There will generally be a
time-shift between switching instants and maximum displacement points which have
previously been shown to cause an increased optimal load for the parallel SSHI with
small k2QM [42]. Although the experimental results shown in the work is not the
optimized case, it shows a very good correspondence with the theoretical modeling.
3.6 Comparison of SSHI AC and PSHI AC Interfaces
In this section, another validation of stochastic modeling through comparing with time-
domain iterative calculations will be proposed. In addition, the comparison between
using SSHI AC and PSHI AC techniques will also be presented under several excita-
tion cases and for harvesting systems with diﬀerent electromechanical coupling factors,
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Figure 3.11: Harvested power as a function of switching frequency and resistive load with experimental
parameters. Resistive load is normalized with the optimal load of standard case Ropt =
78.2 kΩ and switching frequency is normalized with the harvester short-circuit resonance
ω0E . PointA shows the optimal harvested power Popt = 2.51×10−3(µ)W at ωs = 1.9ω0E
and RL = 5.5Ropt = 430kΩ
which can be achieved by connecting diﬀerent portion of piezoelectric inserts on a
cantilever beam such as in [54].
The ﬁrst excitation example going to be introduced is the ﬁltered white noise force
excitation with a center frequency at 4.6 Hz and a bandwidth of 20 Hz, which is shown
in Figure 3.12. The excitation is also limited with a time-window to prevent time-
domain aliasing eﬀect. Also, a large enough frequency range is considered to assure
all the frequency information is taken in the calculation. The simulation is calculated
with the model parameter listed in Table 3.1. The mechanical quality factor QM is
ﬁxed with a medium value of 122.475. The validation of stochastic modeling is proved
with the time-domain iterative calculation under two electromechanical coupling fac-
tors, k2 = 0.00167% (Figure 3.13) and 3.164% (Figure 3.14) for weakly-coupled and
highly-coupled cases respectively. Simulation results obtained from time-domain itera-
tive calculations are averaged with 30 sets of calculations in order to get a representative
result. A very good agreement is shown in the comparison between the time-domain
calculation and the stochastic modeling for both standard AC technique (ωs = 0ω0E in
stochastic modeling) and PSHI AC technique. However, as the electromechanical cou-
pling factor increases, the discrepancy between the two calculation methods becomes
more evident. This can be solved by increasing both time and frequency resolutions,
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Figure 3.12: Filtered white noise force
but it is however very diﬃcult to achieve in numerical calculation as there is a trade-
oﬀ between the two resolutions. The comparison between SSHI AC, PSHI AC and
standard AC techniques for ﬁltered white noise force excitation is clearly presented in
Figure 3.15. Simulation results are optimized with the resistive load, and for PSHI AC
technique, optimal switching frequencies are chosen to permit optimal performances.
It is worth noticing that when the electromechanical coupling factor is increasing, the
optimal resistive load tends to decrease for all the connecting interfaces. In addition,
SSHI AC and PSHI AC techniques can have a better improvement than using standard
technique under a ﬁltered white noise force when the electromechanical coupling factor
k2 is between very low value around 0.0167 % to 0.5 %, which is similar than under a
monochromatic force excitation [52]. In addition, with a higher electromechanical cou-
pling factor, the performance of PSHI AC technique approaches to SSHI AC technique
with a lower switching frequency around 1.5ω0E.
Another excitation example to be shown is the pulsed force excitation. A pulsed
force contains more than one frequency information and is commonly seen in the real
application, such as collision or ball striking. A pulsed force is applied on the harvester
at t = 0.01 s with an amplitude of 0.01 N. The validation of stochastic modeling is
also shown with the comparison of time-domain iterative calculation for two k2 values.
Instead of the harvested power, for an impulse response, the harvested energy is more
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Figure 3.13: Validation of stochastic modeling with time-domain iterative calculations for weakly-
coupled harvester under a ﬁltered white noise force excitation
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Figure 3.14: Validation of stochastic modeling with time-domain iterative calculations for highly-
coupled harvester under a ﬁltered white noise force excitation
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Figure 3.15: Comparison between SSHI, PSHI and standard techniques under a ﬁltered white noise
force excitation for several electromechanical coupling factors
important in the analysis. Through the comparison with time-domain calculation,
the eﬀectiveness of stochastic modeling on impulse response is proved. Very similar
to under ﬁltered white noise excitation, the optimal resistive load gets lower when
electromechanical coupling factor increases and the performance of PSHI AC technique
approaches to SSHI AC technique. The performance of PSHI AC technique under a
pulsed force excitation is still less better than with SSHI AC technique even k2QM
value is already around 7.65. In addition, with a very high coupling factors, the beneﬁt
of using switching techniques no longer exists as the standard interfaced harvester
performance can have similar or even better performances, and this can be found in
Figure 3.18 when k2 = 6.25% that the optimal switching frequency of PSHI technique
approaches to zero.
The last excitation example to be shown is the multimodal force excitation, F =
0.01× (1/2 cos(ω0Et) + cos(2ω0Et) + cos(4ω0Et) + 2 cos(12ω0Et)), including both mod-
erate and high frequency modes. The waveform of multimodal force can be referenced
to Figure 3.19. The eﬀectiveness of stochastic modeling under a multimodal force exci-
tation is also validated through the comparison with time-domain iterative calculations
for two electromechanical coupling factors showing weakly-coupled and highly-coupled
cases in Figures 3.20 and 3.21 respectively. Similar to pulse and white-noise excitation
cases, some discrepancies between the two calculation methods exist for highly-coupled
systems because of insuﬃcient resolutions in both time and frequency domains. Com-
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Figure 3.16: Validation of stochastic modeling with time-domain iterative calculations for weakly-
coupled harvester under a pulse force excitation
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Figure 3.17: Validation of stochastic modeling with time-domain iterative calculations for highly-
coupled harvester under a pulse force excitation
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Figure 3.18: Comparison between SSHI, PSHI and standard techniques under a pulse force excitation
for several electromechanical coupling factors
pared to pulse and ﬁltered white noise excitation, under a multimodal force excitation,
the harvester performance increases faster with the increase of electromechanical cou-
pling factor, but the optimal resistive load however ﬁrst decreases and then increases
(Figure 3.22) as the standard interface works better for highly-coupled harvester. In
addition, when the electromechanical coupling factor reaches around 1.6%, the per-
formance of PSHI AC technique enhanced a lot and even better than using SSHI AC
technique as the optimal switching frequency decreases, and this can be explained by
the fact that less switching events reduce the inversion loss especially for highly-coupled
harvesting system. A turning point for standard interface and switching interfaces oc-
curs when k2 = 1.64% as for PSHI AC technique with ωs = 1.5ω0E (Figure 3.23), it
already has a better performance than with SSHI AC interface although the optimal
switching frequency approaches to zero. In addition, with a highly-coupled harvester,
switching techniques become less eﬃcient than the standard technique and the opti-
mal switching frequency of PSHI AC technique approaches to zero. It can be also
explained by the harvester displacement and voltage responses in Figure 3.23 that
when the electromechanical coupling is large, the switching process leads large losses
during the inversion process, and therefore decreases the vibration level and voltage
output than using a classical standard AC or PSHI AC interfaces. For highly-coupled
cases, simulation results from PSHI AC and standard AC ideally should be very similar
in Figure 3.22 as the switching frequency is approaching to zero; the discrepancy is
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Figure 3.19: Multimodal force
however due to the numerical calculation.
3.7 Conclusion
The stochastic modeling of a switching-interfaced piezoelectric harvester under broad-
band force excitation based on stochastic processes and cyclostationary theory has been
presented with a system working at a speciﬁc angular frequency ωs. The stochastic
modeling has been successfully validated with the result of standard AC interfaced har-
vester when ωs approaches zero and with experimental results. A notch phenomenon
(a sharp decrease in harvested power) is observed when switching frequency is around
twice the system resonance frequency. A simpliﬁed model for weak-coupling harvester
was also presented and veriﬁed. The stochastic modeling proposed in this work provides
frequency-domain formula for analyzing the performance of a piezoelectric harvester
with a periodic switching interface under a broadband force excitation of arbitrary
force spectral density. The stochastic modeling introduced in this chapter works under
any excitation spectrum given by a power spectral density and serves as a realistic
design tool for this type of switched-interface piezoelectric harvesters. The stochastic
modeling is validated both with the experimental measurement and the time-domain
iterative calculation.
Using the derived mathematical model, the eﬀect of diﬀerent combinations of cou-
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Figure 3.20: Validation of stochastic modeling with time-domain iterative calculations for weakly-
coupled harvester under a multimodal force excitation
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Figure 3.21: Validation of stochastic modeling with time-domain iterative calculations for highly-
coupled harvester under a multimodal force excitation
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Figure 3.23: Highly-coupled harvester displacement and voltage responses under a mutimodal force
excitation
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pling coeﬃcients k2 and QM was discussed for a ﬁxed range of QM and showed that
when k2 is very small, the very weakly coupled harvester will have an improved perfor-
mance when increasing QM ; however, for a harvester with larger k2, the optimal scaled
power output exhibits a maximal value then decreases with the increase of QM . It is
also important to note that with a broadband force excitation, the harvester would
have diﬀerent power as a function of the product of k2 and QM , which is not simi-
lar than the monochromatic force excitation case, which always has the same power
for the same k2QM . For a ﬁxed QM , the harvester performance would improve with
the increase of k2 and the notch phenomenon around 2ω0E/p, p ∈ N would be more
pronounced. The harvester is proved to have best performance when the switching
frequency is slightly less than twice the resonance frequency, which however depends
on the coupling coeﬃcient of the harvester, the higher coupling coeﬃcient, the lower
best switching frequency with respect to the natural frequency of the harvester.
Diﬀerent spectral cross-correlation densities (SCDs) were also discussed. When the
Gaussian lineshape of the SCD gets narrower, the excitation approaches the monochro-
matic excitation, and the normalized output power is better than when it has a large
frequency band, where the normalized optimal power output will be approximately the
same as with white noise SCD. The frequency shift between the center frequency of
the Gaussian SCD and the harvester resonance frequency results in a decrease of the
harvested power when the Gaussian SCD is narrow; however, a frequency shift within
7 % of the resonance frequency would only result in a decrease of the harvested power
by no more than 10 %, which holds the similar result than using standard AC interface.
In the ﬁnal part of this chapter, the stochastic modeling is validated with another
method through the comparison with time-domain iterative calculation, and the per-
formance of PSHI AC technique is compared with the SSHI AC and standard AC
techniques. It is showing that for a highly-coupled case, a discrepancy exists between
the numerical calculation with stochastic modeling and the time-domain iterative cal-
culation because of the trade-oﬀ between frequency and time domain resolutions in
numerical calculations. The discrepancy is however within 10% of error. The com-
parison between PSHI AC, SSHI AC and standard AC techniques is presented under
ﬁltered white noise, pulsed and multimodal force excitations. It can be found that
with SSHI AC interface, the synchronized approach for the voltage inversion always
has the best performance especially for weakly-coupled system. The SSHI AC tech-
nique can perform better than with standard AC and PSHI AC technique, especially
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for pulsed and ﬁltered white noise excitation cases. However, for a highly-coupled har-
vester, the standard AC interface can have similar and even better performances than
using SSHI AC interface no matter under what kind of excitations. Compared to SSHI
AC interface, PSHI AC interface has less better performance in general as the phase
delay between the real and the best switching instants is naturally taken into account
in PSHI AC technique; it however might be easier to utilize as the optimal switching
frequency is always ﬁxed for a given excitation, and in some cases, for example, under
a multimodal force excitation, the highly-coupled harvester might perform better with
PSHI AC interface.
The further work of stochastic modeling could be extended to SSHI AC technique
considering the nonlinear eﬀect and phase eﬀect by applying a time-window on the
signal, and SSHI DC technique which introduces another nonlinear eﬀect with the AC-
DC converter. In addition, the mechanical coupling eﬀect between the host structure
and the harvester might be controlled using PSHI AC technique rather than SSHI AC
technique for medium and highly-coupled harvesters.
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4 The Eﬀect of Seismic Energy
Scavenging on Host Structure
and Harvesting Performance
Considering the case of realistic applications of a seismic harvesting sys-
tem, the purpose of this chapter is to study the eﬀect of microgenerator on
the host structure. The modeling of micro-generators has progressed from a
constant displacement excitation to a constant force excitation, which takes
into account the electromechanical damping induced by the harvesting pro-
cess and limiting the power that can be delivered. Therefore, considering
the mechanical coupling between the harvester and host structure on which
it is installed is an extra step that can help us in designing harvesters with
the entire chain of energy conversion process. For the sake of brevity and
clarity, the modeling is restricted to the classical standard interface; the
implementation of nonlinear interfaces can nevertheless be combined based
on the modeling established in preceding chapters.
4.1 History of Modeling a Seismic or an
Indirect-Coupled Harvesting System
Cantilevered piezoelectric energy harvesters have been studied extensively in recent
years because it has beneﬁts of easy maintenance and easy implementation in existing
systems. Numerous techniques have been investigated to achieve optimal power output.
However, extracting electrical energy from mechanical vibration leads to a reduction
of the vibration magnitude of the harvester because of the electromechanical coupling
eﬀect [57, 58], and so a model considering constant vibration magnitude [56, 59] is no
longer valid. Thus, an energy harvesting model excited with a constant force or accel-
137
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Figure 4.1: Energy ﬂow in the whole system
eration magnitude has been adopted to take into account the damping eﬀect induced
by the energy harvesting process due to the electromechanical coupling. However, a
SDOF model cannot reﬂect the mechanical to mechanical coupling eﬀect in many prac-
tical applications using seismic piezoelectric harvesters. The mechanical to mechanical
coupling eﬀect would indeed result in an additional damping of the host structure due
to the mechanical to mechanical energy conversion between the host structure and
the harvester (Figure 4.1), and thus a decreased output power. With the concept of
energy balance between the host structure and the harvester and the electromechan-
ical coupling of the harvester itself and between the harvester and the adaptive load,
the proportional tendency of the harvested power and the harvester mass proposed in
the work of Roundy et al [63] might be no longer valid. The purpose of this chapter
is therefore to study the mechanical backward coupling of seismic energy harvesting,
hence extending the constant acceleration magnitude case and providing an improved
model in designing eﬃcient harvesters for given host structures. It has to be noted
that the scope of this work is not to optimize the whole TDOF system by considering
that the host structure is a part of the harvester, as exposed in [101, 104, 138, 139],
but, for a given and ﬁxed host structure, to demonstrate that the constant acceleration
magnitude case may no longer be valid because of the mechanical backward coupling,
and to discuss the impact on the power optimization of the harvester.
Theoretical developments are presented as a dynamic problem of an electromechan-
ically coupled two-degree-of-freedom (TDOF) spring-mass-damper system. Then ex-
perimental measurements and computations based on Finite Element Modeling (FEM)
are carried out to validate theoretical predictions. It is shown that the extracted power
obtained from the TDOF model would reach a maximal value by tuning the mass
ratio between host structure and harvester and optimizing the electric load. The me-
chanical to mechanical coupling eﬀect due to the harvester leads a trade-oﬀ between
the mechanical energy of the host structure and the harvested energy, showing that
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the coupling between two mechanisms, the host structure and the harvester has to
be discussed carefully. In addition, the harvested power calculated with the classical
SDOF model under a constant acceleration magnitude overestimates the power output
as the SDOF model does not consider the backward damping eﬀect due to mechanical
to mechanical coupling. The work proposed in this chapter provides a quick idea in
designing a seismic piezoelectric harvester for a speciﬁc host structure.
The detailed discussion of the eﬀect of seismic energy harvesting on the host struc-
ture and the harvesting performance is arranged into six sections. The theoretical
modelings with a TDOF model and a FEM model will be presented in Section 4.2 and
validated in Section 4.3 with an experimental validation and a practical application
on the Structural Health Monitoring (SHM) system. Then the coupling eﬀect between
the host structure and the harvester during the harvesting process will be discussed in
Section 4.4. In Section 4.5, the TDOF modeling is extended with the stochastic mod-
eling considering practical excitations which include more frequency information such
as white noise, random vibration and etc.. The eﬀect of frequency detuning between
the harvester and host structure resonant frequency on the harvester performance will
be discussed in Section 4.6 and in the ﬁnal section, a conclusion to summarize this
chapter work will be presented.
4.2 Theoretical Modeling
4.2.1 Two-Degree-of-Freedom (TDOF) Model
The harvester is composed of a cantilever beam with bimorph piezoelectric layers at-
tached on its top and bottom sides and connected in parallel. To reveal the mechanical
to mechanical coupling eﬀect, a two degree of freedom model consisting in a seismic
energy harvester attached on the host structure (Figure 4.2) is introduced. A vari-
able resistor RL is considered as the electric load representing the next stages of the
harvesting chain.
According to Newton's second law of motion, the equations of motion Eq. (4.1) for
a two degree of freedom system can be found as:
M1u¨1(t) = −K1u1(t)− C1u˙1(t) +K2 [u2(t)− u1(t)] + C2 [u˙2(t)− u˙1(t)] + αV (t) + F (t)
M2u¨2(t) = −K2 [u1(t)− u2(t)]− C2 [u˙2(t)− u˙1(t)]− αV (t),
(4.1)
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Figure 4.2: Equivalent TDOF mechanical model for energy harvesting system
where u1 and u2 are the absolute displacements of the dynamic mass M1 of the host
structure and harvester massM2 respectively; F is the external force acting on the mass
M1, αV is the piezoelectric force (with V the voltage and α the force factor),K1,K2 and
C1, C2 are given as eﬀective stiﬀness and structural damping coeﬃcients, respectively.
The piezoelectric patch is characterized by its eﬀective piezoelectric coupling coeﬃcient
k, force factor α and clamped capacitance C0.
The equations of motion can be also expressed in matrix form using mass matrix
M, stiﬀness matrix K and damping matrix b, as well as displacement vector u, force
vector F and piezoelectric force factor vector A:
Mu¨(t) +Cu˙(t) +Ku(t) = F(t) +AV (t), (4.2)
where:
u(t) =
 u1(t)
u2(t)
 ,F(t) =
 F (t)
0

M =
 M1 0
0 M2
 ,K =
 K1 +K2 −K2
−K2 K2
 ,C =
 C1 + C2 −C2
−C2 C2
 ,A =
 α
−α
 .
Assuming that the excitation applied on the host structure is a periodic force with
an angular frequency ω and a constant magnitude FM , the displacement vector u(t)
can be then solved by supposing the form u(t) = Re
[
U˜eiωt
]
, V (t) = Re
[
V˜ eiωt
]
,
where U˜1 = U1ejφ1 , U˜2 = U2ejφ2 and V˜ = |V˜ |ejφV ; U1, U2 and |V˜ | being respectively
displacement and voltage magnitudes, and φi is the phase shift reference to the force
excitation. Accordingly, the host structure and the harvester would have the following
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displacement response: U˜1(ω)U˜2(ω)
 = T(ω)
 FM + αV˜ (ω)−αV˜ (ω)
 = T(ω)
 FM0
+T(ω)
 1
−1
αV˜ (ω). (4.3)
with:
T(ω) =
−M1ω2 + (C1 + C2)jω + (K1 +K2) −C2jω −K2
−C2jω −K2 −M2ω2 + C2jω +K2
−1 . (4.4)
The voltage magnitude across the piezoelectric patch may be derived from the consti-
tutive equations of piezoelectricity [140] as:
V˜ (ω) =
αRjω
1 + C0Rjω
(U˜2(ω)− U˜1(ω)) = g(ω)
[
−1 1
] U˜1(ω)U˜2(ω)
 (4.5)
with g(ω) =
αRjω
1 + C0Rjω
, (4.6)
so that Eq. (4.3) may be rewritten as: U˜1(ω)U˜2(ω)
 = T(ω)
 FM0
+G(ω)
 U˜1(ω)U˜2(ω)
 , (4.7)
where
G(ω) = αg(ω)T(ω)
−1 1
1 −1
 . (4.8)
so that the global displacement response is given as: U˜1(ω)U˜2(ω)
 = L(ω)
 FM0
 , (4.9)
with:
L(ω) = (I2 −G(ω))−1T(ω), (4.10)
where In denotes the identity matrix of size n. From the voltage response Eq. (4.5)
and displacement response Eq. (4.9), the expression of the average harvested power is
then given by:
P =
1
2
V˜ (ω)V˜ ∗(ω)
RL
, (4.11)
∗ denoting the complex conjugate.
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4.2.2 Finite Element Method (FEM) Modeling
In this section, the modeling of the harvester and host structure system based on
Finite Element Method is proposed in frequency domain as an alternative method to
validate the results from TDOF model. In order to simplify the approach, the following
assumptions are made:
1. The structure acts as a pure Euler-Bernoulli beam (i.e. T3 = 0) for both the
harvester and the host structure.
2. The strain is 2D plane only (i.e. S2 = 0).
3. The electric ﬁeld is constant along the thickness of the piezoelectric element (x3).
4. The piezoelectric material is assumed as a transversely isotropic material.
With the plane strain assumption and based on the material constitutive equations,
for the beams (harvester substrate and host structure), the longitudinal stress T1 is
linked with the strain S1 by:
T1 = cbS1 =
ψ
1− υ2S1, (4.12)
where ψ is the Young's modulus and υ is the Poisson's ratio of the beam. The general
expression of the strain S1 and S2 in the piezoelectric elements along the x1 axis and
the x2 axis and the electrical displacement D3 could be linked using the piezoelectric
constitutive equations considering isotropic material as:
S1 = s
E
11T1 + s
E
12T2 + s
E
13T3 + d31E3
S2 = s
E
12T1 + s
E
11T2 + s
E
23T3 + d31E3
D3 = d31T1 + d31T2 + d33T3 + ε
T
33E3,
(4.13)
where sEij corresponds to the mechanical compliance tensor of the piezoelectric element
in short-circuit condition, dkl are the piezoelectric constants, εT33 is deﬁned as the
permittivity under constant stress, and E3 is the electric ﬁeld in x3 direction. With the
plane-strain condition, S2 = 0, and with the pure bending assumption, T3 = 0. Hence,
the longitudinal stress of the piezoelectric element is thus obtained as:
T1 =
sE11
sE11
2 − sE122
S1 − d31
sE11 + s
E
12
E3 (4.14)
Cette thèse est accessible à l'adresse : http://theses.insa-lyon.fr/publication/2013ISAL0085/these.pdf 
© [Y-C. Wu], [2013], INSA de Lyon, tous droits réservés
4.2 Theoretical Modeling 143
Host structure 
Inactive 
substructure 
Supporter 
Piezoelectric 
material 
Harvester 
ds dh 
dp th tp 
ts 
x1 x2 
x3 
tsup 
x2 
x3 
ws 
wh 
F 
RL 
Figure 4.3: Layout and geometric parameters of the host structure and the cantilevered vibration
energy harvester
Assuming a thin piezoelectric layer, the electric ﬁeld E3 can be expressed as a function
of the potential diﬀerence V across the thickness tp of the piezoelectric element:
E3 = −V
tp
. (4.15)
In bimorph conﬁguration and according to the polarization direction in the piezoelectric
materials, the electric ﬁeld for the upper element is E3up = V/tp and for the lower
element is E3low = −V/tp as the voltage is referenced to the substructure. The strain
in x1 axis (S1) has the general expression of the product of the curvature of the beam
by the distance from the neutral axis xc to a point of interest:
S1 = − (u3 − xc) ∂
2u3
∂x12
, (4.16)
xc = 0, for piezoelements and inactive substrate
xc =
−th
2
− tsup + −tH
2
, for the host beam,
where u3 is given as the deﬂection, th, tsup and tH are respectively the thickness of
the inactive substrate, the supporter and the host structure. The coordinate origin is
shown in Figure 4.3. The schematic FEM model is plotted in Figure 4.3, where the
free end of the host structure and the clamped-end of the harvester share a common
node; nevertheless, the neutral axis for each structures is diﬀerent.
Cette thèse est accessible à l'adresse : http://theses.insa-lyon.fr/publication/2013ISAL0085/these.pdf 
© [Y-C. Wu], [2013], INSA de Lyon, tous droits réservés
144 Chapter 4: The Eﬀect of Seismic Energy Harvesting
As the bending moment could be expressed as the area integral of the product of
the longitudinal force and the deﬂection reference to the neutral axis:
M =
∫
A
T1 (u3 − xc) dA, (4.17)
the overall bending moment of the harvester Mharvester is the combination of the bending
moment of the piezoelectric layers Mpiezo and the inactive beam Mbeam, yielding:
Mharvester = Mpiezo + Mbeam (4.18)
Mpiezo = −EpJp∂
2u3
∂x21
− d31wp
sE11 + s
E
12
E3j
∫ − th
2
− th
2
−tp
u3dx3
− EpJp∂
2u3
∂x21
− d31wp
sE11 + s
E
12
E3i
∫ th
2
+tp
th
2
u3dx3
Mbeam = −EhJh∂
2u3
∂x21
,
where Jp and Jh are the second moment of inertia for the piezoelectric plate and the
inactive substructure:
Jh = wh
∫ th
2
− th
2
(u3 − xc)2dx3
Jp = wp
∫ − th
2
− th
2
−tp
(u3 − xc)2dx3 = wp
∫ th
2
+tp
th
2
(u3 − xc)2dx3 (4.19)
xc = 0.
From the expression of Mpiezo (Eq. (4.18)), it is clearly shown that for a bimorph
piezoelectric patch, the mechanical eﬀect is doubled as the second moment of inertia
Jp for the upper layer and the lower layer are identical. The bending moment on the
host structure Mhost is the same as stated above, except that the position of neutral
axis is along the middle axis of the host structure,
Mhost = −EHJH ∂
2u3
∂x21
(4.20)
JH = wH
∫ − th
2
−tsup
− th
2
−tsup−tH
(u3 − xc)2dx3
xc =
−th
2
− tsup + −tH
2
For a dynamic Euler-Bernoulli beam, the Euler-Lagrange equation for beams is given
by:
∂2
∂x12
(−Moverall) = −m¯∂
2u3
∂x12
+ q (x1, t) , (4.21)
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Figure 4.4: The Hermite Cubic Shape functions
where q(x1, t) denotes the external force applied at position x1 and m¯ is the mass per
unit length of the structure. Based on the theory of Finite Element Method, the deﬂec-
tion and the slope of the beam could be expressed in terms of the nodal variables and the
Hermitian polynomial as the cubic shape functionN(x) = { N1(x) N2(x) N3(x) N4(x) },
which are deﬁned as:
N1(x) = 1− 3x2l2 + 2x
3
l3
, N2(x) = x− 2x2l + x
3
l2
N3(x) =
3x2
l2
− 2x3
l3
, N4(x) = −x2l + x
3
l2
, (4.22)
and with graphs depicted in Figure 4.4. The equation of motion is then written as:
[M]{d¨(t)}+ [C]{d˙(t)}+ [K]{d(t)} −B1V (t) = {F(t)}, (4.23)
where the damping matrix C is commonly deﬁned by the Rayleigh equation:
[C] = χ[M] + β[K],
χ and β are multiplication factors deﬁned by damping ratio ζ and natural frequencies
ω1, ω2,
χ = ζ
2ω1ω2
ω1 + ω2
, β = ζ
2
ω1 + ω2
,
and nodal degree of freedom {d} = { ui θi }T , where θi =
∂u3i
∂x1
.
Applying the bending moments stated in Eq. (4.18) and Eq. (4.20) into the Euler-
Lagrange equation (4.21), and applying the shape functions, the mass matrix M, stiﬀ-
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ness matrix K and force vector B1 can be found as:
[M] =
l∫
0
m[N]T [N]dx1 (4.24)
[K] =
l∫
0
[N′′]TEJ [N′′]dx1 (4.25)
B1 =
d31(tp + th)
(s11E + s12E)
wp
l∫
0
[N′′]Tdx1, (4.26)
Accordingly, the overall mass matrix is written as:
[M] =

MH
i
22 +MH
ii
11 MH
ii
12 0 0
MH
ii
12 MH
ii
22 +MH
iii
11 MH
iii
12 0
0 MH
iii
21
. . . MH j12
0
0
0
0
0
0
MH
j
21
0
0
MH
j
22 +Mh
i
11
Mh
i
21
0
0
0
0
Mh
i
12
. . .
Mh
l
21
0
0
0
0
Mh
l
12
Mh
l
22

(n+L)∗2
.
(4.27)
The host structure is assumed to have n elements, and the harvester has L elements.
For the notation inMmatrix; for example,MH i22 means the second-row-second-column
element in the mass matrix of the ith element and the subscript H deﬁnes the element
mass of the host structure. In the mass matrix M, the part belonging to the harvester
Mh (subscript h deﬁning the harvester) is constructed with the same rule with the
inactive substructure and the piezoelectric material; the overall stiﬀness matrix K
could be also formed with the same principle presented above. The beam element
mass matrix Me and stiﬀness matrix Ke are expressed as:
Ke = EeJe

12
le
3
6
le
2
−12
le
3
6
le
2
6
le
2
4
le
−6
le
2
2
le
−12
le
3
−6
le
2
12
le
3
−6
le
2
6
le
2
2
le
−6
le
2
4
le
 , Me =
ρeAele
420

156 22le 54 −13le
22le 4le
2 13le −3le2
54 13le 156 −22le
−13le −3le2 −22le 4le2
 ,
(4.28)
where the subscript e denotes the beam element. The host structure is clamped at one
end, and the external force is applied in the other end (Figure 4.3). The harvester is
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attached to the host structure free-end with an U-shape supporter (0.46× 15× 17.5×
20 × 10−9 m3 × 2700 kg/m3, where the coeﬃcient 0.46 is used to approximate the
U-shape volume), and two magnets (2 × 3.8 × 1.74 × 3.8 × 10−9 m3 × 7800 kg/m3)
are placed in the harvester free-end as a seismic mass.
From the expression of electrical displacement D3 (Eq. (4.13)), the electrical charge
Q can be obtained by taking the integration of D3 over the longitudinal length:
Q = wp
∫
D3dx1. (4.29)
The electrical charge Qi distributed on each piezoelectric element i (here the element
states the elements in the FEM model) is then expressed as:
Qi(t) = − wpd31tp
(sE11 + s
E
12)
∂u3(t)
∂x1
∣∣∣∣xi0+Lpi
xi0
− wpLpi
[
εT33
(
sE11 + s
E
12
)− 2d312]
tp (sE11 + s
E
12)
Vi(t)
= − wpd31tp
(sE11 + s
E
12)
θ(t)|xi0+Lpixi0 −
wpLpiε
S
33
tp
Vi(t), (4.30)
where Lpi is the element length and εS33 is the permittivity coeﬃcient under constant
strain. For a bimorph harvester connected in parallel, the overall charge is twice the
value obtained from Eq. (4.30), and the upper plate and the lower plate have equal
voltage:
Q˙(t) = Q˙up(t) + Q˙up(t) = 2Q˙up(t) =
V (t)
RL
,
Vup(t) = Vlow(t) = V (t). (4.31)
The voltage derivative is then given by:
V˙ (t) = − d31tp
2
Lp (sE11 + s
E
12) ε
S
33
θ˙(t)
∣∣∣x0+Lp
x0
− tp
wpLpεS33RL
V (t)
= B2 θ˙(t)
∣∣∣x0+Lp
x0
+B3V (t), (4.32)
where RL is the load resistance. The system of equations in frequency domain will
then lead to: ([K]− ω2 [M]) + j [C]ω −B1
jωB2 B3 − jω
 d˜(ω)
V˜ (ω)
 =
 F˜(ω)
0
 . (4.33)
Frequency response of voltage V˜ (ω) and harvested power P (ω) at a particular frequency
could then be expressed as:
V˜ (ω) = [B3 − jω]−1 [jωB2]× d˜(ω) (4.34)
P (ω) =
V˜ (ω)V˜ ∗(ω)
2RL
. (4.35)
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Table 4.1: Host and harvester beam characteristics for FEM model
Length, dH 0.104 m Thickness, tH 0.52 m
Width, wH 0.04 m Young's modulus,
EH
210 Gpa
Poisson's ratio, νH 0.3 Density, ρH 7450 kg/m
3
Damping ratio, ζH 0.007
Length, dh 0.033 m Thickness, th 49.4 µm
Width, wh 0.02 m Young's modulus, Eh 210 Gpa
Poisson's ratio, νh 0.3 Density, ρh 7480 kg/m
3
Damping ratio, ζh 0.0658
Length, dp 0.022 m Thickness, tp 55 µm
Width, wp 0.02 m Location, xp 0.0033 m
Density, ρp 7900 kg/m
3 Thickness, tsup 0.00175 m
Piezoelectric constant, d31 -152.5 pC.N
−1 Permittivity, εS33 15.5 nF.m
−1
Mechanical compliance
tensor, s11
E
15.27 ×10−12 Pa−1 s12E -5.46 ×10−12 Pa−1
In Figure 4.5, an example of harvester system beam tip frequency responses and
beam mode shapes are shown and predicted using the FEM model. The response is
obtained with the beam system characteristics stated in Table 4.1 and at a resistive
load RL = 1380 k Ω (which corresponds to the optimal load). The host beam and the
harvester beam mode shapes are predicted at the ﬁrst frequency peak and the second
frequency peak from global frequency response (Figure 4.5(a)) and normalized with
the beam tip displacement for each beams. At the ﬁrst frequency peak, both the host
beam and the harvester beam are in their ﬁrst mode; however, at the second frequency
peak, the host beam is still in its ﬁrst mode and the harvester beam turns into another
mode.
4.3 Experimental Validation
In this section, the experimental setup and results will be introduced to validate the
TDOF and FEM modeling stated in 4.2. It is very diﬃcult to implement a very
small scale harvester or a huge host structure in the lab. Accordingly, an experimental
setup with a moderate mass ratio around 0.02 will be presented in order to validate
the previous models and to expose the mechanical to mechanical coupling eﬀect on
the host structure that leads to the non validity of constant acceleration magnitude
hypothesis in SDOF models and an overestimation of the power output that can be
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Figure 4.5: Harvester system responses predicted with the FEM model: (a) frequency response; (b)
host and harvester beam mode shapes at the ﬁrst and the second frequency peaks
Figure 4.6: Experimental setup
expected. For convenience purpose, the host structure is taken as a cantilever beam,
although it can be any other structures (e.g., rotating machinery, car engine, wing. . . ).
The harvester is composed by a bimorph buzzer and it is attached on the host beam
through a self-made supporter and permanent magnets. Two small magnets are also
placed at the free end of the harvester to form a proof mass. The external excitation is
applied at the free end of the host structure with an electromagnet. The experimental
setup is depicted in Figure 4.6.
The harvester parameters are identiﬁed with the experimental measurements of the
open-circuit frequency f1h, the short-circuit frequency f0h, the open circuit piezovoltage
to the beam free-end displacement ratio λ, the −3 dB displacement bandwidth ∆f and
the clamped capacitance of the piezoelectric material C0h. A piezoelectric buzzer is
also bonded on the host structure for identifying its parameters and is not used in
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the harvesting experiment. It is furthermore considered as negligible in the modeling
because of its low product of thickness by Young's modulus compared to the host
structure. It is also important to note that when identifying the harvester, the harvester
is attached on the host structure and the host structure is blocked to make no boundary
condition change for the harvester. With these measurements, the parameters are
identiﬁed as [52]:
αh = λC0h, Kh = αhλ
f1h
2
f1h
2 − f0h2
, Mh =
Kh
4pi2f1h
2 , kh
2 =
f1h
2 − f0h2
f1h
2 , QMh =
f1h
∆f
,
bh =
2piMhf1h
QMh
. (4.36)
The model parameters are listed in Table 4.2 and the dimension and the physical
properties are given in Table 4.1.
The responses with varying resistive load by TDOF modeling, FEM simulation and
experimental measurements are shown in Figure 4.7. The experimental results are ob-
tained by tracking the optimal frequency response whenever the resistance is changed.
However, the frequencies where the optimal response occurs varies very little and is
always around 30.2 Hz. The FEM model is obtained with 13 elements for the host
structure and 30 elements for the harvester. In Figure 4.7, the measured responses
correspond well with FEM model and TDOF simulation. The displacement of host
structure has an evident decrease when the harvested power reaches its maximum
value 1.44 µW (when RL ∼= 16.7 kΩ), which shows that when the harvester converts
the energy from the host structure, it also induces a damping eﬀect on the host struc-
ture; and this reduction could be more than 3 dB. In Figure 4.7, the voltage and
harvested power are also plotted with a SDOF model, which is obtained considering
a constant acceleration magnitude applied to the clamped end of the harvester, and
Table 4.2: Experimental parameters for validating the host-harvester TDOF model
f1H 26.3 Hz f0H 26.256 Hz
C0H 40.2 nF QMH 142.23
αH 2.07× 10−4 MH 0.0115 kg
KH 314.4 Nm
−1 bH 0.0134 Nm−1s−1
f1h 24.05 Hz f0h 23.45 Hz
C0h 360 nF QMh 36.92
αh 3.102×10−4 N/V Mh 2.39×10−4 kg
Kh 5.467 Nm
−1 bh 9.792×10−4 Nm−1s−1
Fm 6.2×10−4 N kh2 4.89%
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Figure 4.7: Experimental validation when the dimension of the host structure is close to the harvester
(mass ratio=0.0208); the response is optimized with the frequency response for varying
resistance
this acceleration is taken from the second derivative of the host structure displacement
when it is in short circuit. It is clearly shown that with a SDOF model considering a
constant acceleration excitation, the harvester response (both in terms of displacement
and output power) is overestimated, as it does not consider the mechanical to mechani-
cal backward coupling to the host structure and thus the host structure damping eﬀect
is neglected, yielding an inaccurate estimation.
Although in the lab scale, the mass ratio chosen in the experiment is not the optimal
case (Figure 4.8) predicted with the TDOF modeling and could only achieve less than
half the optimal power output, the validation of the TDOF modeling is shown by the
experimental measurement.
4.4 Coupling Eﬀect between Host Structure and
Harvester and a Practical Application Example
This section details the coupling eﬀect between the harvester and the host structure
under a monochromatic force excitation using the TDOF model explained in section
section 4.2.1. Then a practical example with a self-powered bridge SHM system will
be analysis using the TDOF modeling.
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Figure 4.8: Optimal performance predicted with TDOF modeling for the experimental setup
4.4.1 Coupling Eﬀect between Host Structure and Harvester
The analysis of the coupling eﬀect between the host structure and the harvester is
based on model parameters listed in Table 4.3; these parameters are chosen based on
the experimental measurements of Section 4.3. In order to maintain the resonance
frequency of the harvester, the harvester stiﬀness is changing with the harvester mass
(the host structure is always maintained as the same structure). The resistive load is
varying from 18.38 Ω to 1838.2 kΩ.
For a fair comparison, a design criterion with a constant piezoelectric force factor
α = 5.5×10−5 as well as the constant mechanical quality factor QM = 36.92 have been
ensured for each iteration, and the damping coeﬃcient C2 and the electromechanical
coupling factor k are changing with the stiﬀness and the mass of the harvester. QM
is chosen according to the experimental measurement and the value of α is selected to
ensure a rational range of electromechanical coupling factor k2, as k2 depends on the
Table 4.3: Model parameters for TDOF model simulations
Host resonance frequency f1 26.3 Hz
Host dynamic mass M1 0.0115 kg
Host stiﬀness K1 314.4 N.m
−1
Host damping coeﬃcient b1 0.0134 N.m
−1.s−1
Harvester resonance frequency f2 24.05 Hz
Piezoelectric clamped capacitance C0 360 nF
Force magnitude Fm 6.2000× 10−4 N
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Figure 4.9: Responses of host structure and harvester under diﬀerent mass ratios and resistive loads;
the performance is optimized with frequency and the resistive load is normalized with the
optimal load for standard AC technique
open or short circuit stiﬀness, clamped capacitance and α. Displacement, voltage and
power responses at the resonance frequency as a function of the mass ratio (harvester
dynamic mass over host dynamic mass - the latter being ﬁxed) and the resistive load
are depicted in Figure 4.9; optimal host displacement and associated maximum power
for varying mass ratios are detailed in Figure 4.10. These ﬁgures clearly show that the
mechanical to mechanical coupling eﬀect (see Figure 4.1) increases (host displacement
Yhost decreases) with the increase of harvester mass, and actually becomes non negli-
gible for even a very small mass ratio (M2/M1 ≈ 1.6 × 10−4). Around this particular
mass ratio, the electromechanical coupling due to the energy harvesting process actu-
ally leads to a signiﬁcant change in the mechanical to mechanical coupling as well, as
the load adaption modiﬁes the mechanical behavior of the harvester which in turns
also modiﬁes the mechanical behavior of the host (Figure 4.1). With a higher resis-
tive load, the host structure displacement Yhost would have a slight increase after the
displacement decrease and the harvester displacement Yharvester would have an optimal
value (Figure 4.9), denoting the needs of taking the mechanical to mechanical coupling
to optimize the power harvesting abilities.
Around the sharp decrease of host structure displacement with the mass ratioM2/M1 ≈
1.6×10−4, the harvested power reaches its maximal value of 1.695 µW. To look it more
detail around the optimal mass ratio in Figure 4.11, the trade-oﬀ between the host dis-
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Figure 4.10: Mechanical to mechanical coupling eﬀect on host structure displacement and harvested
power versus diﬀerent mass ratios; the results are optimized with resistive load and
frequency
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Figure 4.11: The host displacement and harvested power as function of normalized resistive load for
picked mass ratios
Cette thèse est accessible à l'adresse : http://theses.insa-lyon.fr/publication/2013ISAL0085/these.pdf 
© [Y-C. Wu], [2013], INSA de Lyon, tous droits réservés
4.4 Coupling Eﬀect between Host and Harvester 155
placement and the harvested power can be explained more clearly as there are strong
coupling eﬀects (both electromechanical and mechanical to mechanical) for the en-
ergy conversion between the host structure and the harvester, and for the piezoelectric
element. Before the harvested power reaches its optimum value, when mass ratio in-
creases, the optimal value of resistive load also increases. After obtaining the optimal
power as a function of the mass ratio, the optimal resistive load decreases with the
increase of the mass ratio. Such a phenomenon may be explained by the strong me-
chanical to mechanical coupling between the host structure and the harvester, and the
electromechanical coupling eﬀect of the harvester itself (between the electrical part of
the piezoelectric element and the mechanical part); the coupling eﬀect on the opti-
mal resistive load has been shown for example in the work of Guyomar et al [54], and
it is therefore not surprising that the mechanical to mechanical coupling also aﬀects
the optimal load. The phenomenon can be explained by the fact that the harvesting
process modiﬁes the mechanical behavior of the harvester which in turns changes the
behavior of the host structure because of the mechanical to mechanical coupling. In
other words, in order to have a signiﬁcant harvested energy, the available energy in the
host structure should not be totally eliminated by preventing the energy entering into
it due to the mechanical to mechanical coupling with the harvester. With the decrease
of host structure displacement, in order to have a higher harvested power, the resistive
load tends to increase; after reaching an optimal harvested power, the resistive load
decreases to maintain the host displacement level. In addition, the coupling between
the harvester and the host structure can be explained with Figure 4.12. The frequency
responses for several mass ratio cases are exposed in Figure 4.12 when the displacement
of the host goes through the local minimum corresponding to the optimal mass ratio
value with the load chosen as the optimal resistive load RL = 61.8kΩ for optimal mass
ratio. The arrow shows the direction of the increase of the mass ratio. When the mass
ratio is small, the host structure displacement has only one peak value because of weak
mechanical to mechanical coupling eﬀect and its magnitude decreases as the mass ratio
increases. When the host structure displacement reaches the optimal mass ratio region,
the motions of the harvester and the host structure become strongly coupled and the
harvester frequency response peak is doubled.
Another design criterion can be considered which consists in a constant electrome-
chanical coupling factor k2 (where α varies with k2 and harvester stiﬀness) instead of
a ﬁxed force factor α. In the case of a simple SDOF modeling considering constant
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Figure 4.12: Frequency response for several mass ratio cases; displacements, output voltage and
harvested power are calculated for the optimal load at optimal mass ratio RL =
Ropt|(M2/M1)opt = 61.8 kΩ
acceleration magnitude (i.e., without considering the host structure and mechanical
to mechanical backward coupling from the harvester), the harvested power depends
on the multiplication of k2 and QM [48] and will reach a power saturation. However,
with a TDOF model, the performance is found depending on k2 and QM separately.
Simulation results shown in Figure 4.13 present the harvester performance under three
k2 values (k2=0.25%, 4%, 10%) for several QM values ranging from 36.92 to 1600,
optimized with global frequency response and frequency responses around the ﬁrst and
second frequency peaks. The performance is also optimized with the resistive load (in
the case when two optimal loads exist - which appears for strongly coupled and lightly
damped systems - the ﬁrst one is chosen as the displacement and power responses are
the same for the two optimal loads [86,141]). From the three subﬁgures in Figure 4.13,
it is found that for a lighter harvester mass, the harvester performance depends more on
the responses around second frequency peak, which is closer to the host structure nat-
ural resonance frequency, except for very weakly-coupled harvesters when k2 = 0.25%
(with very low k2, the harvester open-circuit and short-circuit resonance frequencies
are almost identical and the harvester frequency response are rather sharp) and a very
lightly-damped harvester (QM = 1600) with moderate coupling k2 = 4% (with very
high QM , the frequency response of the harvester is also rather sharp). For a heav-
ier harvester, it depends more on the ﬁrst frequency peak response as when the mass
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Figure 4.13: Optimal performance of host structure and harvester versus mass ratio under diﬀerent
k2 and QM values; optimized with (a) global frequency responses; (b) responses around
ﬁrst frequency peak; (c) responses around second frequency peak
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ratio increases, the frequency peak value shifts to the lower frequency. In the ﬁgure,
the decrease of host structure displacement at the optimal mass ratio is more evident
with higher k2. The harvested power increases with the increase of k2 and QM , and
reaches a power saturation at the optimal mass ratio; however, with a higher k2, the
power increases more rapidly. The dependance of the multiplication k2 and Qm and the
power output is validated only when k2QM is very small, but the optimal mass ratio
is always diﬀerent even with an identical and very small k2QM value. Moreover, the
mass ratio for obtaining the optimal harvested power is lower with a higher k2, which
shows that there exists a trade-oﬀ between the strong electromechanical coupling and
the mechanical to mechanical coupling (Figure 4.1).
Although in some cases the value of QM is not really realistic for millimeter scale
devices (which however can be obtained under particular conditions, e.g. MEMS piezo-
electric harvester in the vacuum condition [142]), these results point out the need of
a careful design for ensuring a good matching between the host structure and the
harvester to optimize the energy harvesting abilities. Such an issue is of signiﬁcant
importance when designing the harvester, especially for a highly-coupled harvesting
system.
4.4.2 Practical Application on a SHM System
To face the problem of supplying power to wireless sensors and preventing maintenance
problems of batteries for a SHM system, energy harvesting from ambient sources be-
comes more and more popular. A piezogenerator is nowadays well-utilized for Wireless
Sensor Networks (WSN) as the power output is fairly enough for a WSN system and as
it has adequate lifetime and low maintenance. The autonomous WSN system could be
embedded or retroﬁtted to monitoring sensor systems with an appropriate lifetime for
ﬁxed civil infrastructures such as buildings, bridges, tunnels, dams, mines, pipelines,
embankments, oﬀshore, oil platforms and so on or structures with diﬃcult and ex-
pensive maintenance such as aircrafts and railroads. However, most designs of the
harvester consider only the harvester performance and these harvesting system might
perform well only when the mechanical coupling between the harvester and the host
structure is very weak, which limits the harvested power. In this section, a quick anal-
ysis based on the TDOF modeling stated in previous paragraphs will be presented to
provide us a concept in piezoelectric harvester design for a given host structure; here
we take a moving bridge as our host structure. The model parameters of the bridge
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and the harvester are speciﬁed in the work of Yang et al [143] and Ali et al [144]
respectively listed in Table 4.4. The bridge stiﬀness is calculated with the formula
Kbridge = 3EI/L
3, and the bridge dynamic mass is obtained from the relation linking
resonance frequency and the stiﬀness, ωbridge =
√
Kbridge/Mbridge.
The harvester and host structure performance under diﬀerent resistive loads and
mass ratio (Mharvester/Mhost) are shown in Figure 4.14. The performance are optimized
with the frequency response. Under a force magnitude 33.26 N, the optimal power
output would have about 19 µW at the optimal mass ratio around 2.29 × 10−5 and
the optimal load around 26 MΩ. Compared to the work of Ali et al [144] (mass ratio
is around 6.76×10−7), it could achieve more than 1.5 times harvested power with a
higher harvester mass under a similar resistive load. In addition, as the harvester mass
is so small compared to the bridge mass, the harvester has almost no inﬂuence on the
bridge vibration before the optimal mass ratio obtained.
4.5 Optimization of Harvester Performance with
TDOF Model under a Broadband Force
Excitation
So far the analysis of piezoelectric harvester has usually been discussed under a monochro-
matic excitation in order to simplify the problem. However, in practical and realistic
environments, the real-world vibration contains more than single frequency informa-
tion and is usually broadband. In this section, the TDOF model stated in previous
paragraphs will be extended to consider a more general case with a broadband and/or
random force excitation. The modeling is based on the stochastic theory and the har-
vester performance can then be simply expressed with the power spectral density of
Table 4.4: Model parameters for a self-powered bridge SHM system
fbridge 2.084 Hz fharvester 2.084 Hz
ζbridge 0.02 ζharvester 0.038
Ebridge 27.5 Gpa C0harvester 2.866 nF
Lbridge 25 m αharvester 7.501×10−6 N·V−1
Ibridge 0.12 m
4 abridge 0.02 m·s−2
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Figure 4.14: Optimal performance of harvester versus the mass ratio in a practical case taken from
the literatures [143, 144]: (a) responses of host structure and harvester under diﬀerent
mass ratios and resistive loads; the performance is optimized with frequency responses
and the resistive load is normalized with the optimal load for standard AC technique; (b)
mechanical to mechanical coupling eﬀect on host structure displacement and harvested
power; the results are optimized with the resistive load and frequency response
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the input excitation.
4.5.1 Stochastic Modeling with TDOF Model
Recalling from Section 4.2.1, the host structure and harvester displacement response
can be expressed as the following expression:
V˜ (ω) = gs(ω)U˜(ω) with g(ω) =
αRjω
1 + C0Rjω
, (4.37)
U˜(ω) = L(ω)F(ω), (4.38)
with:
L(ω) = (I2 −G(ω))−1T(ω). (4.39)
The power spectral density (PSD) of a signal is deﬁned as the Fourier transform of its
autocorrelation function. Accordingly, the PSD of the global displacement response
can then be found from the PSD of the force excitation:
Suu (ω) = |L (ω)|2SFF (ω) . (4.40)
As the average power delivered into the load resistance can be expressed as the area un-
der the PSD function, it can easily be obtained from the force excitation PSD function
SFF(ω):
P =
〈V 2 (t)〉
RL
=
1
2pi
∫ ∞
−∞
SV V (ω)dω
=
1
RL
1
2pi
∫ ∞
−∞
|gL (ω)|2SFF (ω)dω. (4.41)
For a monochromatic force excitation (F = FM cos (ω0t)), the PSD function has
nonzero values at two sharp peaks in the frequency domain as:
SFF (ω) =
pi
2
FM
2 [δ (ω − ω0) + δ (ω + ω0)] , (4.42)
and the power output is simpliﬁed as:
P =
1
2RL
|gL (ω0)|2FM 2, (4.43)
which is identical as expressed in the previous work [52]. For a white noise force
excitation with a constant power spectral density function SFF , the power expression
can be simpliﬁed by taking SFF outside the integration:
P =
1
RL
1
2pi
SFF
∫ ∞
−∞
|gL (ω)|2dω. (4.44)
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Figure 4.15: Comparison of stochastic TDOF modeling and TDOF modeling under a monochromatic
force excitation
4.5.2 Case Study
In this subsection, the stochastic TDOF modeling expressed with the power spectral
density (PSD) of the input excitation will ﬁrst be validated with the TDOF modeling
(Section 4.2.1) under a monochromatic force excitation (F = FM cos (ω0t)); then diﬀer-
ent noise force excitation cases will be applied on the harvester-host structure system
and discussed. The harvester and host structure performance are discussed with the
stochastic TDOF modeling through numerical calculations.
The comparison of the harvester performance under a monochromatic force excita-
tion with TDOF modeling and stochastic TDOF modeling (Eq. (4.43)) is provided in
Figure 4.15 to validate the stochastic TDOF modeling. The simulation is done with the
parameters stated in Table 4.3 (α = 5.5× 10−5, QM = 36.92) and the harvested power
is normalized with FM 2/2 to show a fair comparison. A perfect correspondence between
the two simulation results shows the validation of the stochastic TDOF modeling. The
harvested power output is plotted in Figure 4.16 as a function of the harvester to host
structure mass ratio for the case of white noise force excitation (SFF = 10−8 N2/Hz).
The model parameters are also acquired from Table 4.3 and with α = 5.5× 10−5 and
QM = 36.92, 100, 200, 400 and 800. The harvested power is optimized with the resistive
load at each mass ratio and the optimal power output is obtained around a mass ratio
of 1.68×10−4 when QM = 36.92, which is very close to the result when it is under a
monochromatic force excitation (Figure 4.15). However, the decrease in power output
with the increase of mass ratio is slower. With the increase of mechanical quality factor
QM , the harvested power approaches a power limit around 0.25mW, and the optimal
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Figure 4.16: Harvested power versus mass ratio under a white noise force excitation at optimal resistive
load for several mechanical quality factors
mass ratio tends to be larger.
Instead of having a constant force factor α, a constant electromechanical coupling
factor k2 representing a ﬁxed ratio in mechanical to electrical energy conversion within
the harvester is considered in the following simulation. In Figure 4.17, the eﬀect of cou-
pling coeﬃcients (k2 and QM) on the harvester-host structure system is discussed under
a white noise excitation. The analysis is evaluated with the same model parameters
(Table 4.3) and three electromechanical coupling factor cases (k2 = 10%, 4%, 0.25%);
in each k2 value, the mechanical quality factor QM are taken as 50, 200 and 400. As
shown in the previous work [145] for monochromatic excitation case, the harvested
power improves with the increase of k2 and QM and ﬁnally reaches a power limit,
and the optimal mass ratio decreases with the increase in k2. In addition, the har-
vester performance considering the mechanical to mechanical coupling between the
host structure and the harvester depends on the electromechanical coupling factor k2
and mechanical quality factor QM separately but not the multiplication of k2 and QM
as in the classical SDOF system under a monochromatic excitation. However, with a
white noise excitation, optimal mass ratios are around 10−1, which are relatively larger
than under a monochromatic force excitation as the harvester mass is not necessary
to be very small to have the matched frequency peak with the excitation frequency,
which is also the host structure resonant frequency. In addition, with a constant k2, the
range of mass ratio for optimal output power is in two orders of magnitude from 10−2
to 1, which is larger than the result from a constant α design criterion. This might
be because with a constant α, the energy conversion process is a trade-oﬀ between
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Figure 4.17: The eﬀect of coupling coeﬃcients on the harvested power versus mass ratio under a white
noise force excitation
the mechanical energy which ﬂows from the host structure to the harvester and the
electromechanical energy ﬂowing within the harvester and the adjustable range of the
mass ratio is then limited.
Another noise excitation example to be introduced is a band-limited random noise
with "bell-curve" shaped spectral density. The spectral density function is in the form
of Gaussian function e−(f−fH)
2/(2fr) + e−(f+fH)
2/(2fr) with the center frequency at the
host structure resonance frequency fH ; fr controls the bandwidth of the "bell" shape.
Through the control of the bell-curve width, the excitation spectral density function can
approach the monochromatic excitation with a very small fr or a white noise excitation
with a very large fr (Figure 4.18). The harvester performance versus the harvester to
host structure mass ratio is depicted in Figure 4.19 when the harvester resonance
frequency equals to the host structure resonance frequency and the harvested power is
normalized with the mean square force of the excitation F 2rms =
1
2pi
∫∞
−∞ SFF (ω)dω. The
analysis is done under two design criteria as previously: constant force factor α and
constant electromechanical coupling factor k2. The constant α permits the piezoelectric
patch a ﬁxed capability in converting the strain to charges; and the constant k2 permits
the constant energy conversion in the harvester from the mechanical energy to electrical
energy. In the constant α design criterion, α = 2 × 10−5 and in k2 constant case,
k2 = 0.25%; in both cases, the mechanical quality factor is set to QM = 50 to have a
fair comparison. In both cases (Figure 4.19(a) and Figure 4.19(b)), a reasonable result
has been shown that as the PSD of the excitation is approaching to a monochromatic
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Figure 4.18: Bandlimited noise excitation with bell-curve shape PSD function in diﬀerent frequency
bands
excitation with very small fr, the harvester works in a higher eﬃciency, and with a
higher fr, the harvester performance approaches to the result under a white noise
excitation. In addition, it is interesting to note that when the excitation is more
like a monochromatic excitation, the optimal mass ratio tends to decrease to have
less eﬀect on the frequency peak shift and to have a higher power output as there is
a stronger mechanical to mechanical coupling eﬀect between the host structure and
the harvester. Compared to the constant α design criterion, with a constant k2, the
optimal mass ratio shifts a lot to a smaller value and the harvester is more sensitive to
the mass ratio when the width of bell shape PSD function decreases. With a constant
k2, the energy conversion between the host structure and the harvester and within
the harvester itself through the electromechanical coupling eﬀect can only be adjusted
through the mechanical energy poured into the harvester from the host structure; with
a constant α, the energy conversion process is however a compensation between the
mechanical energy conversion between the host structure and the harvester and the
mechanical to electrical energy within the harvester, and therefore, the optimal mass
ratio changes very little with the change of excitation bandwidth. When the excitation
power spectral density function becomes ﬂat (fr increases), the mass ratio between the
harvester and the host structure has less eﬀect on the harvested power with both a
constant k2 and α design criterion as there is no much need in tuning the frequency
through the mass ratio to make it matched with the excitation frequency; the harvester
works in a larger tolerance of harvester to host structure mass ratio.
The vibration frequency variation due to the surrounding disturbances such as tem-
perature change, strong wind and etc. is always a serious problem resulting in a
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Figure 4.19: The eﬀect of frequency bands of a bell-curve shape bandlimited noise excitation on the
harvester-host structure system: (a) constant α design criterion; (b) constant k2 design
criterion
decrease in harvester eﬃciency. In Figure 4.20, the excitation signal with narrow band
is assumed to have a center frequency shift ∆f from the resonance frequency of the
host structure fH . The normalized power output versus the mass ratio is depicted in
Figure 4.21 with constant α and constant k2 design criteria and it is clearly shown that
with only a 5 % mismatch with excitation peak frequency, the harvester performance
would have a 50 % drop. For negative and positive frequency shifts, the harvester
would possess a very similar performance. However, very similar to the eﬀect of the
excitation bandwidth, the frequency shift between the excitation center frequency and
the host structure resonant frequency under a constant k2 design criterion causes a
large shift in optimal mass ratio as shown in Figure 4.21(b). When the frequency shift
∆f increases, the energy input to the host structure from the excitation decreases and
in order to compensate this decrease, the optimal mass ratio between the harvester
and host structure tends to increase to have a higher mechanical energy poured into
the harvester from the host structure. In addition, through this compensation process
having an increase in optimal mass ratio, the decrease in power output because of the
frequency mismatching can be eﬃciently halted.
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Figure 4.20: Narrow-band noise excitation with a center frequency shift ∆f respecting to the host
structure resonance frequency
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Figure 4.21: Frequency detuning between the narrow-band noise excitation center frequency and the
host structure resonance frequency on the harvester performance: (a) constant α design
criterion; (b) constant k2 design criterion
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4.6 Issue of Frequency Detuning between Harvester
and Host Structure
Currently, most vibration based energy harvesters are designed as linear resonators
which work eﬃciently only with a limited bandwidth near their resonant frequencies.
However, in the practical scenarios, ambient vibrations are usually random with energy
distributed over a wide frequency range or are frequency-varying due to environmental
disturbances, for example the temperature variation, the wind, aging, etc.. Accordingly,
the frequency matching between the host structure or the vibration source and the
harvester is also a issue in vibration based energy harvesting. In this section, the
eﬀect of frequency mismatching between the harvester and the host structure will be
discussed with simulation results calculated with the TDOF model considering the
relation between the host structure and the harvester.
4.6.1 Constant Force Factor Design Criterion
The ﬁrst analysis of frequency detuning eﬀect between the host structure and the
harvester resonant frequencies will be discussed with a constant α design criterion
under a monochromatic force and white noise excitations. With a constant force fac-
tor (α = 5.5 × 10−5), the energy conversion process can be optimized through both
the electromechanical coupling of the harvester itself and the mechanical to mechan-
ical coupling between the host structure and the harvester. The frequency detuning
problem is discussed by setting a ratio between the harvester resonant frequency fh
and the host structure resonant frequency fH . The frequency mismatch eﬀect for two
excitation cases and two mechanical quality factors are exposed in Figure 4.22. The
harvested power is optimized in two ways under a monochromatic excitation; one is
the optimal power over the whole frequency range, which is called "global fmax" in
the ﬁgure, and another is the optimal power in the frequency range closed to the host
structure resonant frequency, which is called "local fmax". In the simulation, the elec-
tromechanical factor k2 is varying with the harvester stiﬀness as the force factor α
and the piezoelectric internal capacitance C0 are ﬁxed. It is shown in the ﬁgure that
with a higher mechanical quality factor QM , there exist two optimal mass ratios for
the same optimal power output when resonant frequencies of the harvester and the
host structure are very close. In Figures 4.22(e) and 4.22(f), the power is normalized
with the optimal value in each cases and it is clearly shown that the optimal power
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reaches the maximum value when the harvester resonant frequency fh is equal to the
host structure resonant frequency fH . When fh < fH , the optimal power would have
a slight decrease, and for fh > fH , the decrease in optimal power is faster as with a
constant α, the electromechanical coupling factor k2 decreases with the increase of the
open-circuit stiﬀness KD, which is proportional to the harvester resonant frequency
and inversely proportional with the mass ratio, and the power decrease faster when k2
is small because when k2 is small, the diﬀerence between the open- and short-circuit
resonant frequency is less and the range of frequency tuning is therefore less. However,
it is interesting to note that for a white noise excitation, when fh < fH , the optimal
power decreases faster than under a monochromatic excitation as the optimal mass
ratio for white noise case is slightly larger under the same frequency ratio.
4.6.2 Constant Electromechanical Coupling Design Criterion
Another design criterion is to ﬁx the electromechanical coupling factor k2, which means
the harvester has a ﬁxed capability (in a ratio) in converting mechanical energy to
electrical energy. In the simulation, the force factor α varies with the harvester stiﬀness,
and the stiﬀness varies with the harvester mass as the harvester resonant frequency
fh is ﬁxed. The capacitance C0 is set as 360 nF. As an excitation containing more
frequency information reﬂects a more practical case, in the simulation, a white noise
force is applied on the host structure as the external force excitation.
In Figure 4.23, 6 values of k2 have been taken in the simulation. It can be clearly
shown in Figure 4.23(c) that the power output improves when the electromechanical
factor increases. The increasing speed of the harvested power is very fast when k2
is small and ﬁnally the power reaches a saturation value when k is around 30 %.
It is diﬀerent than the results from constant α design criterion; with ﬁxed k2, the
harvester performance changes very little due to the frequency mismatching between
the host structure and the harvester (with less than 50 % for a two times frequency
mismatching). As the electromechanical factor k2 is ﬁxed, the ratio of the output
electrical energy to the mechanical energy is ﬁxed within the harvester. Accordingly,
the performance reduction due to the frequency mismatching can only be compensated
by the mechanical to mechanical coupling between the host structure and the harvester.
When the two frequencies are detuned, the harvester mass tends to be bigger to convert
more mechanical energy from the host structure. However, when the harvester resonant
frequency is perfectly matched with the host structure resonant frequency (fh/fH = 1),
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Figure 4.22: Eﬀect of frequency mismatch between the harvester and the host structure under a con-
stant α design criterion: optimal mass ratio at (a)QM = 36.92; (b)QM = 200; optimal
resistive load (c)QM = 36.92; (d)QM = 200; optimal power output at (e)QM = 36.92;
(f)QM = 36.92
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for a very weakly electromechanical coupled harvester (k2 is very small), the optimal
mass would have a sudden decrease. It is because when k2 is very small, the whole
system is considered to have only mechanical coupling eﬀect. In order to ensure the
frequency response of the whole system is with only one frequency peak which is very
close to the host structure resonant frequency, the harvester mass will be very small.
In addition, when the mismatching ratio between the two frequencies exceeds 1.5, the
optimal mass ratio tends to decrease to make the two frequency peaks of the whole
system as close as possible and be as close to the host structure resonant frequency.
Nevertheless, the frequency mismatching does not have much inﬂuence on the optimal
resistive load, especially for large k2 harvester. For a weakly-coupled harvester, the
optimal resistive load decreases with the increase of frequency mismatching, and this
load decreasing ratio is about the same as the increasing ratio in frequency mismatching
as the optimal resistive load is inversely proportional to the frequency. For a weakly-
coupled harvester, the whole system is purely mechanical coupled. So, when frequency
mismatching ratio increases, to keep the mechanical energy level, where the resistive
load tends to decrease, which is not like the highly-coupled harvester case, the decrease
in mechanical energy conversion due to the frequency mismatching can be compensated
by the high electromechanical energy conversion from the harvester to the resistive load.
Another simulation result presented in this subsection aims at discussing the ef-
fect of the piezo internal capacitance C0. In the simulation, three capacitances C0 =
360, 180, 90 nF have been used for a highly-coupled harvester with k2 = 10%, QM = 200
under a white noise force excitation. From Figure 4.24, we can see that as the capac-
itance C0 is a pure electronic component, the only inﬂuence is on the ﬁnal stage of
the energy harvesting process (energy transfer between the harvester and the resistive
load) and the inﬂuence of C0 will be corrected by the resistive load to optimize the
harvester performance.
4.7 Conclusion
This work provides a further step in the modeling of seismic piezoelectric microgen-
erators by providing a detailed discussion to describe the mechanical to mechanical
coupling induced on a given host structure from the piezoelectric harvester with a
TDOF model. In the ﬁrst case, we consider a constant magnitude force applied to the
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Figure 4.23: Eﬀect of frequency mismatch between the harvester and the host structure under a con-
stant k2 design criterion and a white noise excitation with QM = 200 and diﬀerent k
2:
(a) optimal mass ratio; (b) optimal resistive load; (c) optimal power output
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Figure 4.24: Eﬀect of frequency mismatch between the harvester and the host structure under a con-
stant k2 design criterion and a white noise excitation with QM = 200, k
2 = 0.1 and
diﬀerent block capacitances C0: (a) optimal mass ratio; (b) optimal resistive load; (c)
optimal power output
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host structure. FEM simulation and experimental results are presented to validate the
TDOF modeling under a single frequency excitation. The resonance frequency of the
harvester is tuned to be very close to one of the host structures resonance frequencies,
although a frequency peak doubling eﬀect may occur. An optimal ratio of the harvester
dynamic mass to the host structure dynamic mass has been proved to allow a maxi-
mum harvested power output, whereby the host structure displacement has a sudden
reduction due to the mechanical to mechanical coupling eﬀect. For a constant elec-
tromechanical coupling factor k2 case, an optimal mass ratio has also been reported;
this mass ratio decreases as k2 increases. The harvested power also increases with
increase of QM . However, it eventually reaches a power limit. Experimental measure-
ments conﬁrmed the non-validity of the constant acceleration magnitude assumption
without considering the coupling eﬀect between the harvester and the host structure,
even for a mass ratio as low as 0.02, for which the displacement of the host structure
is damped by more than 3 dB at the maximum power. Comparison with the classical
SDOF model that considers a constant acceleration excitation showed an overestima-
tion of the harvested power by a factor of 2, as the mechanical to mechanical coupling
is not taken into account in the SDOF model and thus the backward damping eﬀect
on the host structure is neglected and therefore the harvested power is overestimated.
Then the work is extended to consider a more practical case with a random and/or
broadband force excitation. In the second part of the work, the stochastic modeling is
introduced for analyzing the eﬀect of seismic energy scavenging on the host structure
and the harvester and the frequency detuning eﬀect between the structures under a
broadband force excitation. With the stochastic modeling, the harvester performance
can be expressed with the power spectral density (PSD) function of the excitation
force SFF . The analysis is also discussed under two design criteria, ﬁxed force factor α,
which introduces the trade-oﬀ between the electromechanical coupling within the piezo-
harvester and the mechanical to mechanical coupling between the harvester and the
host structure, and with ﬁxed electromechanical coupling k2, which presents the energy
compensation process by extracting more mechanical energy from the host structure
for a harvester with ﬁxed abiblity in converting mechanical energy to electrical energy.
The stochastic modeling is ﬁrst applied under a white noise force excitation and then a
band-limited random excitation with the two design criteria. The resonant frequencies
of the harvester and the host structure are set to be very close. It is found that with a
ﬁxed α, the adjustable range of mass ratio is narrower as the energy conversion process
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is a trade-oﬀ between the electromechanical energy conversion within the harvester and
the mechanical to mechanical energy conversion between the harvester and the host
structure. With a ﬁxed k2, it however owns a larger adjustable range in mass ratio
as the harvester performance strongly depends on the mechanical energy poured into
the harvester from the host structure. When the force factor is decreasing with the
increase of harvester stiﬀness, the decrease in energy conversion within the harvester
can be compensated by pouring more mechanical energy from the host structure.
Then, the stochastic modeling is used for discussing the frequency detuning problem.
The analysis is also done under the two design criteria to show two diﬀerent energy
conversion processes. The external excitation is considered with a white noise force
excitation to show a practical example. The harvester performance is found to be very
sensitive to the frequency ratio of harvester to host structure resonant frequencies with
ﬁxed α. When the harvester resonant frequency is slightly less than the host structure
resonant frequency, the harvester performance is less sensitive to the frequency ratio as
the harvested power varies more slowly when the electromechanical coupling factor k2 is
higher. When the harvester resonant frequency is slightly larger than the host structure
resonant frequency, the optimal mass ratio tends to increase to hold a higher poured-
in mechanical energy from the host structure and the resistive load is nevertheless
decreasing to slow down the energy harvesting process to hold the vibration level of
the host structure, and as the harvester resonant frequency is getting larger, the two
parameters (mass ratio and resistive load) are kept constant to hold the energy level in
every stages. With a constant k2, the harvester performance is surprisingly very little
changed due to the mismatching in the two resonant frequencies (with even less than
50 % for two times frequency mismatching). When the two frequencies are detuned,
the mass ratio (harvester mass to host structure mass) tends to be larger to convert
more mechanical energy from the host structure; when the two frequencies are perfectly
matched, the optimal mass ratio would have a sudden decrease for a weakly-coupled
harvester (which means the whole system becomes pure mechanical coupled) to ensure
the whole system is with a single frequency peak and it is very close to the host structure
resonant frequency.
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5 Conclusion
This work provided a detailed analysis on piezoelectric harvesters with practical as-
pects. The performance of nonlinear interfaced piezoelectric harvesters under a broad-
band and/or random vibration is discussed with two approaches: broadband modeling
and stochastic modeling. In addition, the interaction between the host structure and
the harvester is also discussed with a TDOF model under broadband excitations. The
nonlinear interface discussed in the broadband modeling and stochastic modeling con-
sists in a periodically switched circuit, which is called Periodic Switching harvesting
on Inductor" (PSHI) technique, providing another switching strategy and simplifying
the harvester performance to a cyclostationary process.
The broadband modeling, which serves as an introductory chapter of how the PSHI
interfaced piezoelectric harvester works under broadband excitations, is derived with
the self-sampling and self-aliasing theories. The modeling is introduced step by step
from the periodic switching process, which does not include a resistive load representing
the harvesting process, to the periodic switching harvesting process, which introduces
an exponential decayed eﬀect due to the energy dissipation on the resistive load. The
working principle of PSHI interfaced piezoelectric harvester is clearly presented with a
very simple monochromatic excitation case that the periodic switching processes acts
as a self-sampling process on the harvester response. Accordingly, with a switching
frequency chosen as twice the excitation frequency and a proper switching delay, a
constructive interference will lead due to self-aliasing eﬀects and improve the harvester
performance. Several well-known excitations are applied on the harvester and discussed
with the broadband modeling to show its eﬀectiveness. The simulation results calcu-
lated with the broadband modeling in frequency domain are also validated with time
domain iterative calculations.
Based on this broadband modeling, the stochastic approach consisting in the prob-
abilistic theory and being commonly utilized in analyzing broadband signals is further
introduced in Chapter 3. With the stochastic modeling, the performance of PSHI inter-
177
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faced piezoelectric harvester can be directly expressed with the power spectral density
(PSD) function of the excitation signal. As the switching process is periodic, the har-
vester performance can be seen as a cyclostationary process. The stochastic modeling
is derived from the state-space form of equation of motion and piezoelectric equation.
With the expression linking the cyclic autocorrelation function RXX and spectral cor-
relation density function (SCD) and by solving a set of coupled equations expressed
with cross-correlation functions, the PSD function of harvester performance can be
expressed with the excitation PSD function. The stochastic modeling is validated with
experimental measurements under a ﬁltered white noise force excitation and compared
with time-domain iterative calculations. The harvester performance is discussed under
several coupling factors (mechanical quality factor QM and electromechanical coupling
factor k2) and diﬀerent switching frequencies. The harvester performance is also op-
timized with the resistive loads. Under a white noise force excitation, a power drop
has been found when the switching frequency is around twice the harvester resonant
frequency especially for highly coupled harvester, and an optimal switching frequency
is found to be slightly less than twice the harvester resonant frequency. The opti-
mal switching frequency locates farther to twice the harvester resonant frequency as
the electromechanical coupling factor k2 increases, but it is however usually within the
range between 1.5ω0 and 2ω0 for harvesters with low to medium electromechanical cou-
pling factors (k2 < 3% with QM = 122.475). Also, it is interesting to notice that under
a broadband excitation with a switching electronic interface, the harvester performance
varies with diﬀerent choice of k2 and QM even when k2QM is held constant, and this is
contrary to the case under a monochromatic excitation. Except white noise excitation,
the harvester performance under a colored noise is also discussed with a PSD function
in the form of Gaussian distribution function by considering excitations with diﬀerent
frequency bands and center frequencies which is detuned from the harvester resonant
frequency. Finally, a comparison between the SSHI AC interface and PSHI AC in-
terface proposed in this work is calculated with time-domain iterative calculation and
stochastic modeling in frequency domain respectively. With the SSHI AC technique,
the switching process happens on the extremum displacements and permits the better
inversion for the system having a larger response at the harvester resonant frequency,
such as under monochromatic or pulse excitation. With the PSHI AC technique, the
switching process conducts periodically and naturally includes the phase delay between
the best inversion instant and the switching instant and therefore holds a less better
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performance than using SSHI AC technique for a resonant frequency response weighted
system. Nevertheless, for multimodal excitation case, the system responses are spread
at other frequencies, and in this case the optimal inversion instants become less im-
portant and the PSHI technique will permit a similar or even better performance than
SSHI AC technique with a smaller switching frequency especially for harvesters hold
moderate coupling factors. In addition, with a highly-coupled harvester, the stan-
dard AC interface is proved to be more eﬃcient than using switching interfaces as the
strong electromechanical coupling leads a larger inversion loss in switching processes,
and accordingly, decrease the vibration level and voltage output.
Other practical perspectives considered in the work for piezoelectric harvesters are
the backward damping eﬀect on the host structure due to the harvesting process and
the frequency mismatching issue between the host structure and the harvester resonant
frequencies. In order to focus on the harvester performance itself or to simplify the
problem, a single-degree-of-freedom (SDOF) system is usually considered in the existing
works. Nevertheless, based on the principle of energy balance for a force excited system,
there will be a backward mechanical to mechanical coupling eﬀect on the host structure
because the mechanical energy is transferred from the host structure to the harvester
and might degrade the harvester performance. Two analysis criteria are provided in
the work to consider diﬀerent energy conversion process: constant force factor α and
constant electromechanical coupling factor k2. With a constant force factor, the energy
conversion process can be tuned by both the electromechanical coupling within the
harvester and the mechanical to mechanical coupling between the host structure and
the harvester. With a constant electromechanical coupling factor, the energy conversion
however can be only tuned by the mechanical energy poured in from the host structure.
With both design criteria, an optimal mass ratio between the harvester mass to the host
structure mass has been proved to have the best power output. However, the adjustable
mass ratio is narrower for a constant force factor design under both monochromatic
force and white noise force excitations. This might be because the energy conversion
process under a constant force factor is a trade-oﬀ between the electromechanical energy
within the harvester and the mechanical energy ﬂowing between the host structure and
the harvester, which limits the adjustable range of mass ratio. The eﬀect of frequency
detuning of host structure and harvester resonant frequencies is analyzed under a white
noise force excitation with both design criteria for two mechanical quality factors. It
is interesting to ﬁnd that the optimal power output will be obtained only when the
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two resonant frequencies are exactly matched for constant force factor consideration,
and with a constant electromechanical coupling factor, the frequency mismatching is
however less important or even can be neglected (with a twice frequency matching, less
than 50 % power drop will be induced).
The work proposed in this thesis is based on the practical perspective of utilizing
piezoelectric harvesting systems and makes the analysis much closer to the real situ-
ation. For the future work, an AC-DC converter, which introduces another nonlinear
eﬀect can be taken into account in the modeling for a more practical consideration. A
stochastic modeling for SSHI interfaced harvesting system is necessary as SSHI tech-
nique permits a better harvesting performance for weakly-coupled harvesting system
compared to PSHI technique. The modeling of SSHI technique under broadband exci-
tations could be extended from the stochastic modeling of PSHI technique, for example
by modeling the SSHI technique with PSHI technique in diﬀerent given time-windows.
The backward coupling eﬀect of nonlinear harvesters (the nonlinearity here is in terms
of both mechanical and electrical) on the host structure can be also an interesting topic
to be explored.
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1 Etat de l'art - généralité sur la
récupération d'énergie
1.1 Motivations
La prolifération des dispositifs de récupération d'énergie a été promue par la décrois-
sance rapide de la consommation des dispositifs électroniques, suivant plus ou mois une
loi de Moore. Désormais, de nombreux dispositifs nécessitent très peu d'énergie pour
pouvoir fonctionner (Tableau 1.1). Néanmoins, la limitation des batteries en termes
d'auto-décharge, de maintenance (remplacement) et de recyclage devient de plus en
plus un frein au développement des systèmes autonomes. Les systèmes de récupéra-
tion d'énergie permettent ainsi de palier à ce problème, permettant une durée de vie
du système global grandement étendue, voire quasi-inﬁnie. Une application typique
consiste en l'utilisation de réseaux de capteurs autonomes qui, une fois déployé, ne né-
cessitent aucune maintenance et peuvent fonctionner de manière totalement autonome
(Figure 1.1).
Nous proposons ici une rapide présentation des sources d'énergies et moyens de
conversion pouvant être exploités pour alimenter des systèmes électroniques en puisant
Figure 1.1: Schéma-bloc d'un système de réseau de capteurs sans ﬁls auto-alimentés [2].
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Tableau 1.1: Consommation moyenne de dispositifs domestiques électroniques communs
Produit Puissance moyenne consommée
Ecran LCD (21 pouces) 30-80 W
Ordinateur portable (allumé, chargé) 30 W
Ampoule ﬂuorescente 14 W
Lecteur DVD (en lecture) 10 W
Ipad (wiﬁ et lecture vidéo) 2.5 W
Iphone 5 (communication/en veille) 680 mW/24 mW
Smartphone HTC One S ((communication/en veille)) 630 mW/170 mW
Liseuse numérique Kindle touch (mode lecture) 210 mW
Télécommande de télévision 100 mW
Radio FM portable 30 mW
Montre quartz 1 µW
l'énergie dans l'environnement immédiat, avec une attention toute particulière aux
systèmes de récupération mécanique utilisant l'eﬀet piézoélectrique.
1.2 Sources d'énergie et mécanismes de conversion
1.2.1 Energie thermique
L'énergie thermique est présente, sous une forme ou une autre, dans tout système,
mais est généralement disponible selon deux manières : gradient spatial ou variation
temporelle. Pour la première, l'eﬀet thermoélectrique (également connu sous le nom
d'eﬀet Seebeck), obtenu à partir d'éléments semi-conducteurs dopés (par exemple avec
du Bi2Te3 - ce dernier permettant d'obtenir jusqu'à 18% du rendement de Carnot), est
le plus connu et utilisé pour convertir l'énergie thermique sous forme électrique (Fig-
ure 1.2). Les éléments thermoélectriques sont ﬁables et peu sensibles au bruit, mais leur
eﬃcacité est assez limitée, notamment du fait d'un interfaçage thermique délicat pour
assurer un gradient thermique suﬃsant au sein de l'élément lui-même. Malgré cela, les
microgénérateurs thermoélectriques peuvent produire jusqu'à plusieurs milliwatts sous
un gradient de 10 à 30 K. Néanmoins, une possibilité pour améliorer le rendement
des microgénérateurs thermoélectriques est l'utilisation de structures hybrides [10].
Dans le cas de ﬂuctuations temporelles de la température, l'eﬀet pyroélectrique,
semblable à l'eﬀet piézoélectrique mais couplant les domaines de la thermique et de
l'électricité, peut être utilisé. Etant basé sur une variation temporelle de la tem-
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Figure 1.2: Thermogénérateur Micropelt : (a) Thermogénérateur ; (b) TE-Power PLUS (source:
www.micropelt.com).
pérature, la récupération d'énergie par eﬀet pyroélectrique se fait par l'utilisation
de cycles énergétiques (par exemple un cycle d'Olsen ou d'Ericsson - [12]), pouvant
récupérer jusqu'à plus de 100 mJ/cm3/cycle pour une température variant entre 100
et 130 C. Les éléments pyroélectriques peuvent par ailleurs outrepasser les perfor-
mances de générateurs thermoélectriques pour de très faibles fréquences de variation
(de l'ordre de 10−4 Hz - [9]). L'utilisation des non-linéarités intrinsèques du matériau
(par des transitions de phase) peut par ailleurs conduire à des énergies générées bien
plus importantes qu'en mode linéaire [?]. Par ailleurs, la transformation d'un gradient
de température en variation temporelle de température peut se faire par l'intermédiaire
de structures bistables [?].
1.2.2 Energie radiative
La prolifération des dispositifs de communications sans ﬁls et des émissions radio-
fréquences a conduit à une saturation des bandes fréquentielles dans de nombreuses
zones. L'énergie associée, bien que très faible (de l'ordre de 0,26 µW/m2), est ainsi
néanmoins très communément disponible. L'émission d'ondes radiofréquences pour
l'alimentation électriques de dispositifs peut aussi être délibérément eﬀectuée, comme
dans le cas de systèmes RFID (Radio Frequency IDentiﬁcation). Néanmoins, la
forme la plus commune dans la vie quotidienne de récupération d'énergie rayonnante
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est l'utilisation de cellules et panneaux photovoltaïques, qui convertissent l'énergie de
photons incidents sous forme électrique par l'utilisation de jonctions semi-conductrices
de silicium. A l'heure actuelle, la plupart des cellules photovoltaïques commerciale-
ment disponibles présentent des rendements de conversion de l'ordre de 15%, mais
leurs performances restent très dépendent des conditions d'ensoleillement. La com-
binaison d'éléments photovoltaïques et thermoélectriques est également très promet-
teuse, les panneaux chauﬀant énormément sous l'eﬀet des radiations solaires. L'énergie
radiofréquence et rayonnante peut aussi être récupérée à l'échelle microscopique par
l'utilisation de rectennas (compression du mot rectifying antenna - antenne re-
dresseuse) mise en réseau, voire de l'utilisation de nantenna (nano antenna) qui peu-
vent absorber les rayonnements dans la gamme de longueur d'onde entre 3 et 15 µm
(Figure 1.3).
1.2.3 Energie vibratoire
Les vibrations mécaniques sont très communément disponibles dans de nombreux en-
vironnements. Elles vont des vibrations du sol lorsqu'une personne marche, d'une
carcasse d'une machine rotative jusqu'aux charges que supportent les bâtiments, in-
frastructures et moyens de transport (avions...). Les vibrations sont disponibles sur
une large gamme de fréquences (de quelques Hertz voire moins à plusieurs centaines
de kiloHertz mais typiquement entre 1 et 1000 Hz - Tableau 1.2), et ne souﬀrent que
de peu de restriction de l'environnement. Ainsi cette énergie peut être récupérée pour
alimenter des dispositifs autonomes.
(a) (b)
Figure 1.3: Nantenna de l'Idaho National Laboratories: (a) Un réseau de nantennas, imprimé sur or
et imagé avec un microscope à balayage ; (b) Feuille de nantenna, assemblées à partir de
18 éléments.
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Tableau 1.2: Amplitude et fréquence d'accélération de sources vibratoires potentielles parmi des dis-
positifs commerciaux typiques [25]
Source de vibration Accélération (m.s−2) Fréquence (pic) (Hz)
Compartiment de moteur de voiture 12 200
Base d'une machine-outil 3 axes 10 70
Boitier d'un mixeur de cuisine 6.4 121
Sèche-linge 3.5 121
Personne tapant ses talons 3 1
Tableau de bord de voiture 3 13
Enceinte de porte juste après la fermeture de cette dernière 3 125
Petit four à micro-ondes 2.5 121
Events de climatiseur dans un immeuble commercial 0.2-1.5 60
Fenêtre proche d'une route fréquentée 0.7 100
CD dans un ordinateur portable 0.6 75
Plancher d'un étage d'un immeuble commercial fréquenté 0.2 100
En plus de l'optimisation de la structure elle-même (poutre encastrée-libre trapézoï-
dale...), la récupération d'énergie mécanique peut se faire par l'utilisation de nombreux
eﬀets de conversion, dont les principaux sont l'électromagnétisme, l'électrostatique, la
piézoélectricité (qui sera détaillée dans un paragraphe dédié) et l'électrostriction.
L'eﬀet électromécanique par l'utilisation du magnétisme se traduit par un change-
ment de ﬂux magnétique (provoqué par le mouvement) qui entraîne une variation
de tension électrique lorsqu'un enroulement de ﬁls électriques (bobine) est placé à
l'intérieur. De nombreuses applications utilisent cet eﬀet, dont le rendement devient
cependant relativement faible lorsque les dimensions sont réduites. Un autre eﬀet qui
utilise le magnétisme est la magnétostriction. Les matériaux magnétostrictifs sont des
éléments capables de changer leur forme sous l'eﬀet d'un champ magnétique, ou, de
manière réciproque, changer leur magnétisation sous l'eﬀet d'une déformation (eﬀet
Villari). Ces dispositifs, ainsi contrôlés par un champ magnétique, peuvent ainsi être
associés avec un autre eﬀet (par exemple piézoélectrique) aﬁn de récupérer l'énergie.
Les dispositifs électrostatiques exploitent quant à eux les variations de capacité aﬁn
de récupérer de l'énergie à partir de vibrations (ces dernières modulant la capacité
- Figure 1.4). Néanmoins, étant des systèmes passifs, il convient de pré-charger le
système pour l'accomplissement des cycles de récupération (typiquement à tension
constante - Ericsson - ou à charge constante - Stirling), ce qui peut conduire à une
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électronique de contrôle relativement complexe. Le système étant chargé lorsque la
valeur de la capacité est maximale, lors de la déformation (conduisant à une diminution
de la capacité), de l'énergie mécanique est convertie sous forme électrostatique, et
ensuite récupérée. Malgré la nécessité de devoir contrôler la charge ou la tension à
chaque instant (ce qui peut néanmoins être facilité par l'utilisation d'électrets), des tels
dispositifs présentent des capacités d'intégration très élevées. La variation de capacité
peut par ailleurs être obtenue selon plusieurs conﬁgurations mécaniques (Figure 1.5).
Enﬁn, par analogie avec la magnétostriction, l'électrostriction peut être envisagée
pour récupérer de l'énergie. De façon similaire, l'application de cycles énergétiques
permet d'assurer la conversion d'énergie, mais il est également possible d'appliquer un
champ électrique de polarisation aﬁn d'avoir un comportement pseudo-piézoélectrique.
Q 
V V cst V max V min 0 
Q cst 
Q max 
Q-Constrained 
Conversion 
Charge collected 
C max 
C min 
Charge injection 
Q 1 
Q 2 Q 3 
Q 4 
V 1 
V 2 
V 3 
(a) (b)
(c)
Figure 1.4: Cycles et dispositifs électrostatiques : (a) Cycles typiques de récupération d'énergie [?] ;
(b) exemple d'un microgénérateur électrostatique de 1 cm2 fabriqué au MIT ; (b) exemple
d'un microgénérateur électrostatique de 2 cm2 fabriqué à l'Imperial College [4].
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Figure 1.5: Topologies des systèmes électrostatiques [?].
1.3 Récupération d'énergie vibratoire par eﬀet
piézoélectrique
Grâce à leur intégrabilité et densité de puissance relativement importante, les éléments
piézoélectriques sont des choix de premier ordre pour concevoir des microgénérateurs
d'énergie, et ont ainsi fait l'objet de nombreuses études dans ce domaine. Typique-
ment, les microgénérateurs piézoélectriques peuvent générer des puissances allant du
µW à quelques mW. De même, leurs tensions de sortie relativement importante (de
l'ordre du Volt) en font des candidats particulièrement intéressants pour une inter-
face électronique aisée (pont redresseur...). Les éléments piézoélectriques capables de
transformer directement une énergie mécanique (contrainte, déformation) sous forme
électrique (champ électrique, induction) par divers mécanismes (par exemple par défor-
mation d'une maille cristalline dont les barycentres des charges positives et négatives ne
sont pas confondus) sont ainsi très bien adaptés à la récupération d'énergie vibratoire
à petite échelle. Ils peuvent coupler les grandeurs électriques et mécaniques dans le
même axe (mode 33) ou selon des axes diﬀérents, le plus commun étant l'utilisation de
modes de ﬂexion (couplage 31) permettant une utilisation à des fréquences compatibles
avec les vibrations (Figure 1.6). De même, le couplage avec la structure hôte peut se
faire directement (élément directement collé sur la structure) ou de manière sismique
via l'utilisation d'une structure mécanique intermédiaire (Figure 1.7). Bien que cette
dernière soit très sensible à l'adaptation avec la structure hôte et ne peut pas reﬂéter
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Figure 1.6: Illustration des modes 31 et 33 pour les matériaux piézoélectriques.
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Figure 1.7: Types généraux de conversion piézoélectrique [52] : (a) couplage indirect ; (b) couplage
direct.
les modes de la structure hôte hors de cette fréquence d'accordage, sa maintenance
aisée la rend commercialement très attractive. De par leur nature diélectrique, il est
possible, en plus de l'optimisation mécanique, d'augmenter artiﬁciellement le couplage
électromécanique des éléments piézoélectriques et donc les capacités de récupération
d'énergie, par l'utilisation de dispositifs de commutation adaptés [54, 74, 81,89,146].
1.3.1 Energie vibratoire
Bien que la grande majorité des études menées sur les dispositifs ne considèrent que des
excitations sinusoïdales, le comportement du microgénérateur dans son environnement
réel, où les vibrations sont généralement plus aléatoires et présentent un caractère large
bande, est radicalement changé. Ceci est d'autant plus vrai lorsque des non-linéarités
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(mécaniques ou électriques) interviennent dans le système. De même, dans le cas de
structures sismiques, les dérives de fréquence de résonance dues à des facteurs en-
vironnementaux ou au vieillissement peuvent conduire à un désaccordage qui réduit
dramatiquement l'énergie récupérée. Ainsi, l'aspect large bande d'excitations réalistes
et la nécessité d'adapter le système en conséquence a récemment attiré l'attention de la
communauté scientiﬁque. Diverses solutions ont été proposées, comme l'utilisation de
réseaux de résonateurs légèrement désaccordés les uns des autres, de structures bista-
bles, d'impacteurs, ou de composants non-linéaires (comme par exemple des rigidités
cubiques).
De même, en termes d'analyse, peu de travaux ont évalué l'impact de vibrations large
bande sur les performances des microgénérateurs. Parmi eux, beaucoup se basent sur
l'expérimentation ou l'analyse numérique (par exemple, les éléments ﬁnis) du fait du
manque d'outils théoriques d'analyse. Il convient cependant de noter que quelques
recherches ont proposé l'utilisation d'approches stochastiques pour évaluer théorique-
ment les niveaux d'énergie récupérée qui peuvent être espérés.
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2 Modélisation large bande de la
récupération d'énergie
non-linéaire
Le chapitre précédent a montré que la récupération d'énergie vibratoire à l'aide d'éléments
piézoélectriques peut être grandement améliorée par l'intermédiaire d'interfaces élec-
troniques non-linéaire. Dans ce chapitre, la modélisation du comportement d'une
technique similaire sous des conditions d'excitation quelconque et possiblement large
bande sera exposée, et formera une première étape à l'évaluation des performances de
récupération d'énergie large bande qui sera poursuivie dans le chapitre suivant. La
méthode de traitement non-linéaire envisagée consiste à commuter à intervalle régulier
l'élément piézoélectrique sur un circuit d'inversion de la tension de ce dernier. Cette
approche diﬀère légèrement de la technique SSHI classique qui consiste à inverser la
tension de l'élément sur des extrema de déplacement. La commutation périodique,
baptisée PSHI (Periodic Switch Harvesting on Inductor - Récupération par com-
mutation périodique sur une inductance), permet d'aborder le dispositif comme un
système auto-échantillonné, en ce sens que la commutation périodique, conduisant à
une inversion quasi-instantanée de la tension, peut être vue comme la réinjection dans
le système de ses propres valeurs échantillonnées (Figure 2.1).
H se
+
+
échantillonnage
gain
Figure 2.1: Principes de l'auto-échantillonnage.
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2.1 Processus de commutation périodique sans
récupération d'énergie
Avant d'aborder l'application de la technique PSHI à la problématique de récupéra-
tion d'énergie vibratoire, cette partie expose l'utilisation de la technique synchronisée
dans le cas où aucune charge électrique n'est connectée au système. Ceci permettra
d'établir la démarche adoptée de manière plus claire, tout en pouvant être adaptée
au cas du contrôle vibratoire. Le principe de l'approche par auto-échantillonnage
peut être illustré par la Figure 2.2. En considérant le cas simple d'un signal sinusoï-
dal de fréquence f0 (qui contient donc que deux composantes fréquentielles à ±f0),
l'échantillonnage du signal par un peigne de Dirac dont la période est la moitié de celle
du signal sinusoïdal conduit à la convolution du signal original par un peigne de Dirac
fréquentiel de fréquence 2f0. Ensuite, la superposition dans le domaine fréquentiel
du signal original avec sa version échantillonnée conduit à un processus cumulatif qui
ampliﬁe le signal original (si la phase est correctement choisie) par auto-repliement,
tout en générant des harmoniques supplémentaires. Dans cette partie, il sera d'abord
envisagé par soucis de clarté le cas où la tension est seulement annulée périodiquement
(et non inversée).
2.1.1 Commutation sur un court-circuit
Ce paragraphe a pour but d'introduire le concept de modélisation des performances de
la technique de commutation en utilisant le concept d'auto-échantillonnage sur un cas
relativement simple consistant en un élément piézoélectrique dont la tension est annulée
périodiquement (Figure 2.3), par exemple pour l'application au contrôle de vibrations
(technique PSDS : Periodic Switch Damping on Short-circuit - Amortissement par
Commutation Périodique sur Court-circuit).
Dans ce cas, en considérant un modèle masse-ressort-amortisseur couplé électromé-
caniquement (Figure 2.4) et dont les équations mécanique et électrique sont données
par :
Mu¨ = F−KEu− αV− Cu˙
I = αu˙− C0V˙
, (2.1)
avec u, F , V et I le déplacement, la force d'entrée, la tension et le courant sortant de
l'élément actif etM , C, KE, α et C0 la masse dynamique, le coeﬃcient d'amortissement
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Figure 2.2: Concept de l'auto-échantillonnage et de l'auto-repliement pour un signal sinusoïdal :
(a) somme du signal sinusoïdal et du peigne de Dirac ; (b) signal sinusoïdal subissant
l'auto-échantillonnage ; (c) réponse global après le processus d'échantillonnage.
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Figure 2.3: Commutation périodique sur court-circuit.
M
          C
F
I
VKs
u
Figure 2.4: Modélisation par système masse-ressort-amortisseur électromécaniquement couplé.
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FR-14 Chapitre 2: Modélisation large bande de la récupération d'énergie non-linéaire
structural, la raideur en court-circuit, le facteur de force et la capacité bloquée, la
tension aux bornes de l'élément piézoélectrique peut être exprimée par :
V (t) =
α
C0
u(t) + κ(t), (2.2)
où κ(t) est une fonction constante par morceaux. En notant tn (n ∈ N) les instants
de commutation, la fonction κ(t) peut être résolue. En combinant la tension ainsi
obtenue avec l'équation donnant le courant I et en considérant que les commutations
se font avec une période T , il est alors possible d'exprimer la tension dans le domaine
fréquentiel selon :
V (ω) =
α
C0
U(ω)− 1
jω
a
C0
1
Ts
∞∑
n=−∞
[
U(ω − n2pi
Ts
)
(
1− e−j(ω−n 2piTs )Ts
)
e−jn
2pi
Ts
t0
]
. (2.3)
où le terme de sommation fait clairement apparaître l'eﬀet de l'auto-échantillonnage.
t0 représente l'éventuel retard du peigne de Dirac non centré temporellement en zéro.
2.1.2 Inversion de la tension
Aﬁn de progresser par étape dans l'élaboration de la méthode d'analyse des perfor-
mances des techniques non-linéaires dans le cas d'excitations complexes, cette partie
propose l'inclusion de l'inductance dans le circuit de commutation, comme illustré en
Figure 2.5. Dans ce cas, la tension au moment de la commutation est inversée avec un
facteur γ (0 ≥ γ ≥ 1), conduisant au jeu d'équations :
−γV (t−n−1) =
α
C0
u(tn−1) + An−1, (2.4)
V (t−n ) =
α
C0
u(tn) + An−1, (2.5)
−γV (t−n ) =
α
C0
u(tn) + An. (2.6)
où An sont les constantes de la fonction κ(t).
La relation entre les constantes An peut être obtenue en considérant la diﬀérence
entre la constante An et An−1 par rapport à An−1 et An−2, ce qui permet d'exprimer
la fonction κ(t) et d'en déduire l'expression de la tension dans le domaine fréquentiel :
V (ω) =
α
C0
U(ω)− α
C0
(1 + γ)
1
jω
1
Ts
(
1
1 + γe−jTsω
)(
1− e−jTsω) ∞∑
n=−∞
(
U(ω − n2pi
Ts
)e−jn
2pi
Ts
t0
)
.
(2.7)
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Figure 2.5: Commutation périodique sur inductance.
qui, en plus du processus d'auto-échantillonnage, montre l'eﬀet cumulatif d'augmentation
de la tension du fait de l'inversion.
2.2 Récupération d'énergie par processus de
commutation périodique
Le paragraphe précédent s'est attaché, par soucis de clarté au niveau du développement
de la méthode d'analyse, au cas où aucune charge n'était connectée au système. Dans
cette partie, l'étude sera étendue au cas où la récupération d'énergie se fait eﬀective-
ment sur une charge résistive (représentant le circuit alimenté) connectée en parallèle
avec le système.
2.2.1 Expression de la tension
Dans ce cas, la fonction κ(t) n'est plus constante par morceaux du fait de la décharge
exponentielle de la capacité de l'élément piézoélectrique dans la résistance, et la réponse
en courant dépend de la convolution avec la réponse impulsionnelle décrivant ce circuit
:
I˜s = − (1 + γ)
∞∑
n=−∞
[ ∞∑
k′=0
(−γ)k′
(
[(u˙ ∗ h)]t−k′Ts e
− k′Ts
RLC0
− [(u˙ ∗ h)]t−(k′+1)Ts e
− (k′+1)Ts
RLC0
)
δ(t− nTs)
]
. (2.8)
Une analyse similaire au cas précédent permet ainsi d'exprimer la tension dans le
domaine fréquentiel :
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V (ω) = jωU(ω)h(ω)
−j(1 + γ)C0α 1Ts
(
1−e−Tsjωe−
Ts
RLC0
)
(
1+γe−Tsjωe
− Ts
RLC0
)h(ω)
[ ∞∑
n=−∞
[(
ω − n2piTs
)
U(ω − n2piTs )h(ω − n2piTs )
]
e−jn
2pi
Ts
t0
] ,
(2.9)
2.2.2 Prise en compte de l'amortissement
Du fait du couplage inverse, l'extraction d'énergie mécanique conduit à un eﬀet d'amortissement
qui réduit ainsi la quantité d'énergie récupérable dans la structure. Dans le cas d'une
excitation large bande et à partir de l'équation mécanique du modèle combinée avec
celle de la tension dans le cas commuté, on peut ainsi exprimer le déplacement dans le
domaine fréquentiel par :
λ(ω)−1U(ω)− F (ω) = η (ω)
∞∑
n=−∞
(
ω − n2pi
Ts
)
U
(
ω − n2pi
Ts
)
h
(
ω − n2pi
Ts
)
ej(ω−n
2pi
Ts
)t0 ,
(2.10)
avec
η(ω) = j
(1 + γ)
(
1− e−Tsjωe− TsRC0
)
(
1 + γe−Tsjωe−
Ts
RC0
) e−jωt0C0
Ts
h(ω) (2.11)
λ (ω) =
1
−Mω2 + jCω +KE + jωαh(ω) . (2.12)
En remarquant que la sommation introduite par l' auto-échantillonnage est invari-
ante par translation d'une fréquence proportionnelle à ωs = 2pi/T , il est alors possible
d'exprimer le déplacement par :
U(ω) = λ(ω)F (ω) +
η(ω)λ(ω)SF (ω)
1− η(ω)Sh(ω)
= U1(ω) + U2(ω). (2.13)
où :
β (ω) = h (ω) e−jωt0λ (ω) . (2.14)
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SF (ω) =
∞∑
n=−∞
[(
ω − n2pi
Ts
)
λ
(
ω − n2pi
Ts
)
F
(
ω − n2pi
Ts
)
h
(
ω − n2pi
Ts
)
ej(ω−n
2pi
Ts
)t0
]
,
(2.15)
Sh (ω) =
ejωt0
h(ω)
∞∑
n=−∞
[(
ω − n2pi
Ts
)
β
(
ω − n2pi
Ts
)
h
(
ω − n2pi
Ts
)
ej(ω−n
2pi
Ts
)t0
]
, (2.16)
et qui peut être vu comme la réponse sans commutation (U1) plus un contre-déplacement
introduit par le processus de commutation.
Ainsi, en combinant les expressions précédentes avec celle de la tension, il est possible
d'évaluer la puissance totale récupérée sur la charge à partir de l'expression de la force
dans le domaine fréquentiel :
P =
1
Tv
1
2pi
∫ ∞
−∞
V (ω)V ∗(ω)
RL
dω (2.17)
2.3 Etudes de cas
Dans cette partie, il est proposé de valider l'analyse des performances en termes de
récupération d'énergie de la technique de commutation périodique, via l'utilisation
d'une excitation simple (sinus), d'hypothèses simpliﬁcatrices (couplage limité), puis à
un cas plus général. Pour chaque étude, une comparaison avec une résolution tem-
porelle itérative par diﬀérences ﬁnies sera menée pour vériﬁer la validité de l'analyse
menée.
2.3.1 Excitation monochromatique
Dans le cas où le système est excité de manière monochromatique, les techniques PSHI
et SSHI se rejoignent, dès lors que la fréquence de commutation de la technique péri-
odique est égale à deux fois la fréquence de vibration et que le déphasage entre les
instants de commutation et la vitesse est nul. En négligeant le couplage inverse (faible
coeﬃcient de couplage piézoélectrique et/ou fort amortissement structurel), le déplace-
ment peut être considéré sinusoïdal, et son expression fréquentielle est donnée par :
U(ω) =
uM
2
[δ(ω − ω0) + δ(ω + ω0)] , (2.18)
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En couplant cette expression avec celles obtenues précédemment, on peut alors ex-
primer la tension selon :
V (ω0) =
uM
2
jω0h(ω0)− j(1 + γ)C0
α
ω0
2
pi
(
1 + e
− pi
Rω0C0
)
(
1− γe− piRω0C0
)h(ω0)uM
2
[
h(ω0)− h(−ω0)e−j2ω0t0
]
,
(2.19)
pour m = ±1 et
V (mω0) = −j(1 + γ)uM
2
C0
α
ω0
2
pi
(
1 + e
− pi
Rω0C0
)
e−jmω0t0(
1− γe− piRω0C0
) h(mω0) (h(ω0)ejω0t0 − h(−ω0)e−jω0t0) ,
pour m 6= ±1 (2.20)
l'expression fréquentielle de la tension étant nulle autrement. On pourra noter que la pre-
mière expression est identique à celle obtenue classiquement avec l'approximation du premier
harmonique [140]. Néanmoins, la méthode d'analyse choisie ici permet d'accéder aux har-
moniques de la tension et ainsi d'estimer de manière plus précise la puissance qui peut être
récupérée.
Lorsque l'amortissement induit par le processus de commutation est pris en compte, c'est-
à-dire que la force est considérée comme l'entrée sinusoïdale, l'utilisation des expressions
précédentes en notant que les réponses aux fréquences qui ne sont pas des harmoniques sont
nulles conduit aux expressions du déplacement (en ne considérant que les fréquences positives
- la réponse pour la partie négative étant simplement le conjugué) :
U(ω0) = λ(ω0)F (ω0) +
λ(ω0)η(ω0)SF (ω0)
1− η(ω0)Sh(ω0) . (2.21)
et pour m 6= 1 :
U(mω0) =
λ(mω0)η(mω0)SF (mω0)
1− η(mω0)Sh(mω0) (2.22)
avec
η (mω0) = j
(1 + γ)(
1− γe−
Ts
RC0
) C0
Ts
h(mω0)e
−jmω0t0
(
1 + e
− Ts
RC0
)
, (2.23)
SF (mω0) = ω0λ (ω0)F (ω0)h (ω0) e
jω0t0 − ω0λ (−ω0)F (−ω0)h (−ω0) e−jω0t0 ,
(2.24)
Sh (mω0) ≈ e
jmω0t0
h(mω0)
[
ω0β (ω0)h (ω0) e
jω0t0 − ω0β (−ω0)h (−ω0) e−jω0t0
]
(2.25)
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et pour la tension :
V (mω0) = jmω0U(mω0)h(mω0)− η(mω0)
α
[
ω0U(ω0)h(ω0)e
jω0t0 − ω0U(−ω0)h(−ω0)e−jω0t0
]
.
(2.26)
En utilisant des paramètres inspirés de structures expérimentales présentées dans
la littérature [54] et listés dans le Tableau 2.1, on obtient les résultats présentés en
Figure 2.6, qui concordent très bien avec les résultats théoriques et expérimentaux
obtenus dans la littérature (notamment le fait qu'un faible retard de commutation
peut augmenter légèrement la puissance récupérée - [126]). Par ailleurs, les formes
d'ondes obtenus par transformées de Fourier inverses et comparées à celles obtenues
par résolution temporelle (Figure 2.7) conﬁrment la précision de la méthode basée sur
le principe d'auto-échantillonnage.
2.3.2 Réponse impulsionnelle
Dans le cas intermédiaire d'une réponse impulsionnelle, l'ouverture de la bande fréquen-
tielle et sa recopie par convolution avec le peine de Dirac dans le domaine fréquen-
tiel (Figure 2.8) conduit à un étalement du spectre, voire même dans certains cas où
l'amortissement est important à un repliement (Figure 2.9). Dans le cas d'un système
très amorti et/ou peu couplé où le couplage inverse peut être négligé, il est alors possible
d'approcher l'expression de la tension dans la bande fréquentielle 2kω0 < ω < 2(k+1)ω0
par :
Tableau 2.1: Paramètres du modèle pour le microgénérateur
C0 20 nF
α 0.001 N/V
KE 3000 Nm
−1
M 200 g
C 0.2 Nm−1s−1
QI 5.6
f0 19.49 Hz
k2 0.0164
QM 122.475
k2QM 2.009
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Figure 2.6: Puissance récupérée normalisée en fonction du retard de commutation et de la charge sous
excitation sinusoïdale d'amplitude constante pour la technique PSHI : (a) vue 3D de la
puissance récupérée normalisée en fonction de R/Ropt et du retard de commutation (en
rapport de période); (b) vue de dessus de la puissance récupérée normalisée en fonction de
R/Ropt et du retard de commutation (en rapport de période) ; (c) vue de côté représentant
la puissance récupérée normalisée en fonction de R/Ropt; (d) vue de côté représentant la
puissance récupérée normalisée en fonction du retard de commutation (en rapport de
période).
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Figure 2.7: Résultats de simulation pour une excitation sinusoïdale d'amplitude constante obtenus à
partir de la modélisation large bande (trait plein rouge) et d'une résolution numérique dans
le domaine temporel (trait pointillé bleu) avec l'interface PSHI et un retard de commuta-
tion de 10% de la période de vibration : (a) comparaison fréquentielle ; (b) comparaison
temporelle.
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Figure 2.8: Eﬀet de l'auto-échantillonnage sur la réponse du système : (a) spectre du signal original
; (b) spectre de la fonction d'échantillonnage ; (c) spectre du signal échantillonné avec
ωs > 2ω0; (d) spectre du signal échantillonné avec ωs = 2ω0.
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V (ω) =jωU(ω)h(ω)
−
{
η(ω)
α
λ0 (ω − 2kω0)F (ω − 2kω0) ej(ω−2kω0)t0
×
[
(ω − 2kω0)h (ω − 2kω0)− (ω − 2 (k + 1)ω0)h (ω − 2 (k + 1)ω0) e−j(2ω0)t0
]}
.
(2.27)
avec :
U(ω) =
F (ω)
−Mω2 + jCω +KE . (2.28)
et :
λ0(ω) =
1
−Mω2 + jCω +KE (2.29)
η(ω) = j
(1 + γ)
(
1− e−Tsjωe− TsRC0
)
(
1 + γe−Tsjωe−
Ts
RC0
) e−jωt0C0
Ts
h(ω). (2.30)
ce qui donne des résultats qui sont très proches des résultats par intégration numérique
dans le domaine temporel (Figure 2.10)
2.3.3 Excitation aléatoire large bande
Ce dernier cas considère un force d'entrée suivant un loi de distribution gaussienne
avec une moyenne nulle et un écart-type unitaire, le tout moyenné sur quelques points
pour lisser la forme d'onde. Les simulations temporelle par intégration numérique et
fréquentielle suivant l'analyse précédemment exposée concordent toujours parfaitement
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Figure 2.9: Réponse impulsionnelle auto-échantillonnée dans le cas d'un système peu amorti ; − et
· · · représentent respectivement les réponses originale et échantillonnée.
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Figure 2.10: Résultats de simulation pour une excitation impulsionnelle sans couplage inverse obtenus
à partir de la modélisation large bande (trait plein rouge) et d'une résolution numérique
dans le domaine temporel (trait pointillé bleu) avec l'interface PSHI et un retard de
commutation de 10% de la période de vibration : (a) comparaison fréquentielle ; (b)
comparaison temporelle.
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(Figure 2.11). La puissance récupérée dans ce cas en variant la fréquence de commu-
tation et par moyennage de 10 simulations par point est exposée en Figure 2.12. Il
est intéressant de noter la présence de creux à des fréquences particulières, notamment
aux alentours de deux fois la fréquence de résonance, ce qui peut être expliqué par le
fait que le retard de commutation ne peut être compensé par un battement du à une
légère diﬀérence de fréquence.
2.4 Conclusion
Ce chapitre a exposé une approche de modélisation d'une technique non-linéaire de
récupération d'énergie basée sur une commutation périodique de l'élément piézoélec-
trique. Cette nouvelle méthode, fondée sur le principe d'auto-échantillonnage induit
par le processus de commutation, permet d'évaluer eﬃcacement la réponse du système
et l'énergie récupérée lorsque le microgénérateur est soumis à un déplacement ou une
force quelconque. Bien que plus eﬃcace et rapide qu'une analyse temporelle, cette
approche nécessite une connaissance complète de l'excitation (module et phase), ce qui
est rarement disponible dans l'optique d'application réaliste. Mais sa combinaison avec
une approche probabiliste permettra d'évaluer eﬃcacement les capacités de récupéra-
tion d'énergie de microgénérateurs intégrant l'interface PSHI dans un environnement
quelconque.
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Figure 2.11: Résultats de simulation pour une excitation aléatoire pour une fréquence de commutation
de 2ω0 obtenus à partir de la modélisation large bande (trait plein rouge) et d'une résolu-
tion numérique dans le domaine temporel (trait pointillé bleu) avec l'interface PSHI et un
retard de commutation de 10% de la période de vibration : (a) comparaison fréquentielle
; (b) comparaison temporelle.
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Figure 2.12: Energie récupérée (moyennée sur 10 simulations) obtenue par l'analyse large bande en
fonction de la charge (normalisée par rapport à la charge optimale dans le cas standard
sinusoïdal) et de la fréquence de commutation (normalisée par rapport à la fréquence de
résonance) pour une exictation aléatoire : (a) vue de dessus ; (b) vue de côté représentant
l'énergie récupérée normalisée en fonction de de la fréquence de commutation normalisée.
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3 Modélisation stochastique de la
technique PSHI dans le domaine
fréquentiel
Le chapitre précédent s'est attelé à la modélisation fréquentielle de la technique PSHI
de commutation périodique. Bien qu'il ait été montré que cette approche s'avère par-
ticulièrement eﬃcace pour évaluer les performances de récupération d'énergie dans le
cas d'une excitation aléatoire, ce chapitre propose d'étendre l'étude en y incorporant
une analyse stochastique, permettant une meilleure estimation de l'énergie qui peut
être récupérée dans le cas de signaux aléatoires d'environnements réalistes à partir de
la densité spectrale de puissance de l'excitation. On se bornera toujours au cas de la
technique PSHI, celle-ci étant linéaire mais non temporellement invariante ; en eﬀet,
la technique SSHI étant non temporellement invariant mais également non-linéaire,
ceci compromet l'utilisation des méthodes d'analyse stochastique. Cet eﬀet de non-
invariance temporelle engendrée par le processus de commutation peut être typique-
ment vu sur la réponse impulsionnelle donnant le courant en fonction du déplacement
établie dans le chapitre 2 :
hs(t, t1) = − (1 + γ)
∞∑
n=−∞
 ∞∑
k′=0
(−γ)k′
(
h
(
t− k′T − t1
)
e−
k′T
τe
− h (t− (k′ + 1)T − t1) e− (k′+1)Tτe )δ (t− nT )
. (3.1)
Ainsi, du fait de l'aspect temporellement variant de la technique PSHI, la méth-
ode d'analyse choisie se base sur une approche cyclostationnaire, qui postule que les
caractéristiques statistiques d'un signal présentent une périodicité, ce qui permet leur
expression en termes de séries de Fourier.
FR-29
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3.1 Application à la technique PSHI
3.1.1 Cas général
Dans le cas de l'analyse menée ici, on déﬁnira hxy(t, t1) les diﬀérentes réponses impul-
sionnelles du signal x par rapport à l'entrée y, permettant de relier les diﬀérentes fonc-
tions de covariance Kxy (KAB = E[A(t)B(t′)] avec E l'espérance et A et B deux fonc-
tions quelconques mais stationnaires au sens large) selon le jeu minimum d'équations
:
〈u˙(t)v(t′)〉 = ∂
∂t
Kuv(t, t
′) = Kvv(t, t′) (3.2)
〈v˙(t)v(t′)〉 = ∂
∂t
Kvv(t, t
′) = −ω0E2Kuv(t, t′)−
ω0E
QM
Kvv(t, t
′)
− α
M
KV v(t, t
′) +
1
M
KFv(t, t
′) (3.3)
〈V (t)v(t′)〉 = KV v(t, t′) =
∫ ∞
−∞
hV v(t, t1)Kvv(t1, t
′)dt1 (3.4)
〈F (t)u˙(t′)〉 = ∂
∂t′
KFu(t, t
′) = KFv(t, t′) (3.5)
〈F (t)v˙(t′)〉 = ∂
∂t′
KFv(t, t
′) = −ω0E2KFu(t, t′)−
ω0E
QM
KFv(t, t
′)
− α
M
KFV (t, t
′) +
1
M
KFF (t, t
′) (3.6)
〈F (t)V (t′)〉 = KFV (t, t′) =
∫ ∞
−∞
hV v(t
′, t1)KFv(t, t1)dt1. (3.7)
qui est soluble siKFF , qui caractérise l'excitation appliquée sur la structure, est connue.
En utilisant un temps central et une diﬀérence de temps plutôt que deux instants
distincts (RAB(t, τ) ≡ Kt2,t1 avec t = (t1 + t2) /2 et τ = t2−t1), il est possible d'utiliser
une représentation en série de Fourier dont les coeﬃcients sont donnés par :
RnAB(τ) =
1
Ts
∫ Ts
0
RAB(t, τ)e
−jωsntdt; (3.8)
et d'introduire la densité spectrale d'interaction selon :
SnAB(ω) =
∫ ∞
−∞
RnAB(τ)e
−jωτdτ . (3.9)
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ce qui permet d'exprimer et de réduire le jeu minimum d'équations précédemment
établi dans le domaine temporel à :
L
(
ω + 1
2
ωsn
)
j
(
ω + 1
2
ωsn
) Snvv(ω) = − αMSnV v(ω) + 1MSnFv(ω) (3.10)
L∗
(
ω − 1
2
ωsn
)
−j (ω − 1
2
ωsn
)SnFv(ω) = − αMSnFV (ω) + 1MSnFF (ω), (3.11)
avec :
L(ω) = −ω2 + ω0E2 + 2jωζω0E; (3.12)
Où ζ dénote le coeﬃcient d'amortissement. On pourra noter que SnFF est nul pour
n 6= 0 pour un signal stationnaire au sens large, et que le coeﬃcient non nul S0FF
représente la densité spectrale de puissance.
La résolution de ce système se fait en considérant les densités spectrales d'interaction
entre la tension V et la force F ainsi qu'entre la tension et la vitesse v :
SnFV (ω) =
∑
i
SiFv(ω +
1
2
ωs (n− i))yn−i(ω − ωsi+ 1
2
ωsn). (3.13)
SnV v(ω) =
∑
i
Sivv(ω −
1
2
ωs (n− i))y∗n−i(ω + ωsi−
1
2
ωsn). (3.14)
Où yk sont les coeﬃcients de Fourier d'une fonction t-périodique y(t, ω) découlant
des propriétés cyclostationnaires de la réponse impulsionnelle donnant la tension en
fonction de la vitesse hV v :
∞∫
−∞
hV v(t, t1)e
−jωt1dt1 = e−jωty(t, ω) =
∑
k
yk(ω)e
j(−ω+kωs)t, (3.15)
avec
yk(ω) = hˆ
∗(ω)×
(
δk,0 − 1
Ts
· 1 + γ−jω + 1
τ
+ jωsk
· 1− e
(jω− 1τ )Ts
1 + γe(jω−
1
τ )Ts
)
(3.16)
Ainsi il est possible d'en déduire la puissance récupérée à partir de la fonction de
covariance Kvv :
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P =
1
Ts
1
RL
Ts∫
0
∞∫
−∞
∞∫
−∞
hV v(t, t1)hV v(t, t2)Kvv(t1, t2)dt1dt2dt
=
1
RL
1
2pi
∞∫
−∞
dω
∑
n
S˜nvv(ω)
(
hˆ∗(ω)hˆ(ω + ωsn)
×
(
δn,0 + (1 + γ)
1
Ts
J(ω)
))
, (3.17)
où :
Jn(ω) =
1(
−jω − 1
τe
) 1− e(−jω− 1τe )Ts
1 + γe(−jω−
1
τe
)Ts
+
1(
j (ω + ωsn)− 1τe
) 1− e(jω− 1τe )Ts
1 + γe(jω−
1
τe
)Ts
+
τe
2
(1 + γ)
(
1− e− 2Tsτe
)
(
1 + γe(jω−
1
τe
)Ts
)(
1 + γe(−jω−
1
τe
)Ts
) .
3.1.2 Cas des couplages faibles
Lorsque l'on néglige l'impact de la récupération d'énergie sur la structure mécanique,
il est possible d'exprimer directement et simplement la densité spectrale de puissance
de la vitesse en fonction de celle de la force selon :
S0vv (ω) =
∣∣∣hˆvF (ω)∣∣∣2S0FF (ω) . (3.18)
Dès lors, la puissance s'exprime par :
P =
1
RL
1
2pi
∞∫
−∞
∣∣∣hˆvF (ω)∣∣∣2∣∣∣hˆ(ω)∣∣∣2 [1 + 1 + γ
Ts
J0(ω)
]
S0FF (ω) dω (3.19)
3.2 Résultats numériques
Cette partie présente l'eﬀet de diﬀérents paramètres du système (couplage, amortisse-
ment,...) ainsi que de diﬀérents types d'excitation sur l'énergie récupérée. Les résul-
tats se basent sur la structure expérimentale utilisée dans la partie suivante dont les
paramètres sont donnés Tableau 3.1.
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Tableau 3.1: Paramètres du modèle pour la simulation
Masse dynamique M 200 g
Raideur en court-circuit KE 3000 Nm
−1
Capacité C0 20 nF
Coeﬃcient d'inversion γ 0.75
Fréquence de résonance en court-circuit f0E 19.49 Hz
Dans le cas d'une excitation par bruit blanc, la Figure 3.1 montre la puissance
récupérée maximale (à charge optimale) normalisée en fonction de la fréquence de com-
mutation pour plusieurs valeurs de couplage électromécanique global k2, ainsi qu'une
comparaison avec la technique sans commutation (standard). Il apparaît clairement
qu'à faible valeur de k2, l'approche non-linéaire permet un gain certain en termes
d'énergie récupérée. Néanmoins, plus le couplage augmente, plus l'écart se réduit, la
technique standard dépassant même la technique PSHI. Plus particulièrement, le creux
déjà observé dans le chapitre précédent se conﬁrme dans ces résultats, et apparaît même
plus prononcé pour de fortes valeurs de couplage. La fréquence optimale maximisant
la puissance dans le cas de la technique PSHI devient par ailleurs de plus en plus faible
alors que le couplage augmente. Egalement, il est très intéressant de noter que la puis-
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Figure 3.1: Puissance de sortie normalisée à la charge optimale en fonction de la fréquence de com-
mutation avec le facteur de qualité mécanique QM = 122.475 et diﬀérents coeﬃcient de
couplage au carré k2. Les lignes horizontales correspondent aux puissances optimales dans
le cas de l'interface alternative standard (sans commutation).
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sance récupérée dépend de manière diﬀérente du couplage électromécanique k2 et du
facteur de qualité mécanique QM , ainsi que montré par la Figure 3.2, ce qui est très
diﬀérent du cas sinusoïdal ou seul intervient le produit de ces deux paramètres [86].
Grâce à l'approche stochastique dans le domaine fréquentiel, il est possible d'appliquer
n'importe quel type d'excitation. Il est ainsi possible d'évaluer les performances du sys-
tème lorsqu'est appliquée une forme présentant une densité spectrale de bande fréquen-
tielle limitée comme par exemple une distribution gaussienne. La Figure 3.3 montre la
forme de densité spectrale de force ainsi que la puissance maximale récupérée normal-
isée dans ce cas en variant l'ouverture de la bande (représentée par le paramètre fr).
Ces résultats montrent bien entendu que plus l'excitation a un contenu fréquentiel con-
centré autour de la résonance mécanique plus l'énergie récupérée est importante, mais
également que le creux et la fréquence de commutation optimale dépend de la largeur
du spectre. Ainsi, plus le spectre est large, plus le creux est atténué et la fréquence de
commutation optimale proche de deux fois la fréquence d'excitation.
De manière similaire, il est possible d'évaluer l'eﬀet d'un désaccordage entre l'excitation
et la résonance du système (diﬀérence de fréquence ∆f), représenté en Figure 3.4.
Il apparaît encore une dépendance de la fréquence optimale de commutation et de
l'amplitude du creux en fonction du décalage fréquentiel ; plus ce dernier est important
plus la puissance diminue, mais plus le creux s'atténue et plus la fréquence optimale
est proche de deux fois la fréquence de résonance.
3.3 Validation expérimentale
Aﬁn de vériﬁer plus en avant les développements théoriques menés dans la partie précé-
dente, il est proposé ici d'étudier de manière expérimentale la puissance qui peut être
récupérée en moyenne sur un système sismique soumis à une accélération (qui, lorsque
multipliée par la masse dynamique, devient la force appliquée au système) dont le con-
tenu fréquentiel est plus riche qu'une simple raie (Figure 3.5(a)). Les résultats, montrés
en Figure 3.5(b), obtenue en moyennant la puissance moyenne d'un jeu de 20 mesures,
conﬁrme la tendance prévue par l'analyse stochastique du système. Particulièrement,
on pourra noter que le creux autour de certaines fréquences est bien observé.
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Figure 3.2: Puissance récupérée normalisée à la charge et fréquence de commutation optimales pour
k2 = 1.67 ×10−4 %, 0.0167 %, 0.415 % and 1.64 % et diﬀérentes valeurs de QM . (a)
Puissance maximale récupérée normalisée en fonction du facteur de qualité mécanique QM ;
(b) Puissance maximale récupérée normalisée en fonction de k2QM . Les lignes pleines
représentent la technique non-linéaire PSHI ; les lignes en pointillés représentent le cas
standard.
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Figure 3.3: Densité spectrale de force et puissance récupérée dans le cas d'une excitation de proﬁl
gaussien de largeur de bande diﬀérente (fr = 10
2, 104, 108), k2QM = 0.508, f0E = 19.49
Hz.
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Figure 3.4: Puissance maximale récupérée en fonction de la fréquence de commutation dans le cas
d'une densité de spectrale de puissance de l'excitation gaussienne non centrée sur la réso-
nance.
Cette thèse est accessible à l'adresse : http://theses.insa-lyon.fr/publication/2013ISAL0085/these.pdf 
© [Y-C. Wu], [2013], INSA de Lyon, tous droits réservés
3.3 Validation expérimentale FR-37
10 20 30 40 50 60 70 80
0
1
2
3
x 10−11
f(Hz)
S F
F 
(N
2 /H
z)
f
c
 = 42.5Hz
Bande passante = 80Hz
Durée de temps = 17 sec
(a)
0 1 2 3 4
0
0.5
1
1.5
2
x 10−9
ω
s
/ω0
P 
(W
)
 
 
Expérimentale
Théorique
RL=110kΩ
(b)
Figure 3.5: Résultats expérimentaux. La puissance récupérée est optimisée avec une charge résistive
de 110 kΩ. (a) autocorrélation de l'excitation d'entrée ; (b) puissance récupérée pour
diﬀérentes fréquences de commutation.
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3.4 Comparaison entre les techniques PSHI et SSHI
Dans cette thèse, aﬁn de pouvoir appliquer les principes d'analyse stochastique, la tech-
nique de commutation est considérée périodique, contrairement au cas de la technique
SSHI qui elle est directement synchronisée sur le déplacement. Cette partie propose
de comparer numériquement les deux approches pour diﬀérents cas (faiblement ou
fortement couplé) et sous diﬀérentes conditions d'excitation. Les résultats montrant
les puissances récupérées par les techniques standard, SSHI et PSHI pour diﬀérentes
valeurs de couplage et de facteurs de qualité mécanique sont présentés en Figure 3.6(a)
dans le cas d'une excitation en bruit blanc ﬁltré pour assurer la stabilité de la résolu-
tion, en Figure 3.6(b) pour une excitation impulsionnelle et en Figure 3.6(c) dans le cas
d'une excitation quadrichromatique (à une, deux, quatre et douze fois la fréquence de
résonance). Dans le cas de la technique PSHI, la fréquence de commutation est choisie
de telle manière à maximiser la puissance.
Les résultats montrent qu'à faible couplage, la technique SSHI présente des perfor-
mances bien supérieures à l'approche par commutation périodique, notamment dans
le cas d'un bruit blanc ﬁltré où le SSHI permet de récupérer environ deux fois plus
d'énergie que le PSHI. Néanmoins, ce dernier reste très supérieur à la technique stan-
dard. Néanmoins, au fur et à mesure que le couplage et/ou le facteur de qualité
mécanique augmente, ces écarts se réduisent, conduisant à des puissances récupérées
similaires pour le SSHI, le PSHI et la technique standard. Il convient même de noter
que pour de fortes valeurs de ces paramètres dans le cas multimodal, la technique PSHI
dépasse largement le SSHI, ce qui s'explique par le fait que le SSHI se focalisant na-
turellement sur la plus haute fréquence détectable, les performances se retrouvent très
fortement dégradées lorsque celle-ci n'est pas la plus énergétique, ainsi qu'illustré en
Figure 3.7.
3.5 Conclusion
Ce chapitre a exposé l'analyse stochastique de la technique PSHI de commutation péri-
odique pour l'évaluation des capacités de récupération d'énergie dans le cas de signaux
complexes mais réalistes. Du fait de son aspect non temporellement invariant et non-
linéaire, une telle approche ne peut être appliquée à la technique SSHI, alors que le
comportement non temporellement invariant mais linéaire du PSHI permet d'appliquer
le principe de cyclostationnarité des signaux. Il a ainsi été démontré, numériquement
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Figure 3.6: Comparaison des puissances et énergies récupérées pour les techniques standard, SSHI
et PSHI pour diﬀérents proﬁls d'excitation : (a) Bruit blanc ﬁltré ; (b) impulsion ; (c)
excitation quadrimodale.
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Figure 3.7: Réponses en déplacement et tension d'un récupérateur fortement couplé dans le cas d'une
excitation multimodale.
mais aussi expérimentalement, que la technique PSHI présente des phénomènes de
creux lorsque le système est bien couplé et/ou amorti à certaine fréquence de com-
mutation en relation avec la fréquence de résonance du système électromécanique,
l'amplitude ces creux étant étroitement relié au coeﬃcient de couplage, tout comme
la fréquence de commutation optimisant la puissance récupérée. De plus, contraire-
ment au cas monochomatique, il a été montré que les performances de la technique
PSHI varient diﬀéremment avec le coeﬃcient de couplage global au carré et le fac-
teur de qualité mécanique. Une comparaison avec l'approche SSHI a montré que cette
dernière reste supérieure à l'approche périodique lorsque le système est peu couplé,
mais que cet écart se réduit lorsque le couplage et/ou le facteur de qualité mécanique
augmente. Par ailleurs, dans certains cas, les performances de la technique PSHI dé-
passent même celles du SSHI, car ce dernier se focalise par nature sur les fréquences
les plus hautes qui ne portent pas forcément le plus d'énergie.
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4 Eﬀet de la récupération sismique
sur la structure hôte et les
performances de récupération
Dans le cas d'applications réalistes d'un système de récupération d'énergie sismique, ce
chapitre propose d'étudier l'eﬀet du microgénérateur sur la structure hôte. En eﬀet, la
modélisation historique des microgénérateurs est passée d'une amplitude de vibration
constante de la structure électromécanique à une amplitude d'excitation constante,
aﬁn de relater l'amortissement induit par le processus de récupération qui limite la
puissance qui peut être délivrée. Ainsi, prendre en compte le couplage mécanique entre
le microgénérateur et la structure sur laquelle il est installé est une étape supplémentaire
pouvant aider au dimensionnement du récupérateur, toute la chaîne de conversion
d'énergie étant prise en compte (Figure 4.1). Par soucis de concision et de clarté, on
se limitera à l'interface électrique standard alternative ; l'implémentation de dispositifs
non-linéaires pouvant néanmoins être combiné à cette analyse en se basant sur les
résultats établis dans les chapitres précédents.
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Figure 4.1: Chaîne de conversion d'énergie.
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4.1 Modélisation théorique
4.1.1 Modèle à constantes localisées
Le système composé du microgénérateur et de sa structure hôte peut être vu comme un
système à deux degrés de libertés mécaniques dont l'un des oscillateurs est électromé-
caniquement couplé (Figure 4.2), ce qui conduit à l'expression matricielle des équations
mécaniques suivante :
Mu¨(t) +Cu˙(t) +Ku(t) = F(t) +AV (t), (4.1)
Où u(t) et F(t) sont les vecteurs de déplacement et de force (ce dernier ayant
seulement la composante appliquée sur la base qui est non nulle) :
u(t) =
 u1(t)
u2(t)
 ,F(t) =
 F (t)
0
 (4.2)
et M, C, K et A sont les matrices de masse dynamique, coeﬃcient d'amortissement
structurel, raideur en court-circuit et matrice de facteur de force déﬁnies comme suit :
M =
 M1 0
0 M2
 ,K =
 K1 +K2 −K2
−K2 K2
 ,C =
 C1 + C2 −C2
−C2 C2
 ,A =
 α
−α
 .
(4.3)
Dans les expressions précédentes, les indices 1 et 2 dénotent respectivement la struc-
ture hôte et le microgénérateur. L'expression du courant est similaire à celle utilisée
dans les chapitres précédents, excepté que la déﬂection dépend de la diﬀérence des
M1
K1
M2
V
K2
u2
u1
C2
RL
F
C1
Figure 4.2: Modèle à deux degrés de liberté du système de récupération d'énergie.
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4.1 Modélisation théorique FR-43
déplacements U2 − U1 plutôt que du déplacement du microgénérateur seul. Ainsi,
lorsqu'une charge résistive est connectée, l'expression de la tension dans le domaine
fréquentiel est donnée par :
V˜ (ω) =
αRjω
1 + C0Rjω
(U˜2(ω)− U˜1(ω)) = g(ω)
[
−1 1
] U˜1(ω)U˜2(ω)
 (4.4)
avec g(ω) =
αRjω
1 + C0Rjω
, (4.5)
En injectant cette expression dans l'équation mécanique, on obtient alors : U˜1(ω)U˜2(ω)
 = L(ω)
 FM0
 , (4.6)
où :
L(ω) = (I2 −G(ω))−1T(ω)
G(ω) = αg(ω)T(ω)
−1 1
1 −1

T(ω) =
−M1ω2 + (C1 + C2)jω + (K1 +K2) −C2jω −K2
−C2jω −K2 −M2ω2 + C2jω +K2
−1 .
. (4.7)
I2 étant la matrice identité de taille 2× 2. Une fois la matrice de déplacement obtenu,
il est alors possible d'exprimer la tension puis la puissance selon la relation :
P =
1
2
V˜ (ω)V˜ ∗(ω)
RL
, (4.8)
4.1.2 Modélisation par éléments ﬁnis
Aﬁn de valider le modèle à constantes localisées précédemment établi et de pouvoir
analyser plus ﬁnement les résultats, un modèle à éléments ﬁnis est également pro-
posé. On considèrera pour l'exemple envisagé que la structure hôte et le récupérateur
sont de simples poutres encastrées-libres, bien que les principes généraux exposés dans
ce chapitre peuvent s'appliquer à tout type de structure. En faisant les hypothèses
suivantes :
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1. Les structures mécaniques (hôte et récupérateurs) suivent les hypothèses d'Euler-
Bernoulli
2. La déformation est dans le plan
3. le champ électrique est constant dans l'élément piézoélectrique
4. L'élément piézoélectrique est isotrope transverse
il est possible d'exprimer la relation entre le vecteur d de déplacement et pente et celui
F de force et moment selon :
[M]{d¨(t)}+ [C]{d˙(t)}+ [K]{d(t)} −B1V (t) = {F(t)}, (4.9)
où les matricesM, C etK sont les matrices de masse dynamique, coeﬃcient d'amortis-
sement structurel et raideur en court-circuit obtenues à partir de l'assemblage des
matrices de chaque élément, ces dernières étant obtenues en considérant comme fonc-
tions de base la famille des splines cubiques d'Hermite. B1 est la matrice assemblée
traduisant le couplage piézoélectrique, obtenue de manière similaire aux précédentes.
Dans le cas de la structure envisagée (Figure 4.3), le noeud en bout de poutre corre-
spondant à la structure hôte est supposé avoir le même déplacement que la base du
récupérateur. De même, récupérateur et structure hôte ne partagent pas la même ligne
neutre.
Structure hôte
Substrat
Support
Elément
piézoélectrique
Récupérateur
ds dh
dp thtp
ts
x1x2
x3
tsup
x2
x3
ws
wh
F
RL
Figure 4.3: Schéma et paramètres géométriques de la structure hôte et du récupérateur.
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Par une analyse similaire, la tension peut être exprimée par :
V˙ (t) = − d31tp
2
Lp (sE11 + s
E
12) ε
S
33
θ˙(t)
∣∣∣x0+Lp
x0
− tp
wpLpεS33RL
V (t)
= B2 θ˙(t)
∣∣∣x0+Lp
x0
+B3V (t), (4.10)
où θ représente la dérivée spatiale du déplacement et RL la résistance connectée au
système. Les constantes sE11, S
E
12, 
S
33 et d31 sont les compliances élastiques à champ
constant, permittivité à déformation constante et constante de charge du matériau
piézoélectrique. Lp, wp et tp sont la longueur, largeur et épaisseur de l'insert.
Le vecteur déplacement et pente ainsi que la tension sont ensuite donnés par la
combinaison des équations mécanique et électrique, qui peuvent ensuite être exprimées
dans le domaine fréquentiel aﬁn de s'aﬀranchir du transitoire et faciliter la résolution :
 ([K]− ω2 [M]) + j [C]ω −B1
jωB2 B3 − jω
 d˜(ω)
V˜ (ω)
 =
 F˜(ω)
0
 (4.11)
V˜ (ω) = [B3 − jω]−1 [jωB2]× d˜(ω). (4.12)
Finalement, la puissance récupérée s'obtient à partir de la tension selon :
P (ω) =
V˜ (ω)V˜ ∗(ω)
2RL
. (4.13)
4.2 Validation expérimentale
Ce paragraphe propose de vériﬁer expérimentalement les prédictions théoriques et
numériques des modèles précédemment élaborés. Le dispositif expérimental, présenté
en Figure 4.4, présente les caractéristiques reportées dans le Tableau 4.1. Une identiﬁ-
cation préliminaire a également été menée pour déterminer les paramètres du modèle
à constantes localisées, qui sont présentés dans le Tableau 4.2.
Les résultats obtenus en termes de déplacement de la structure hôte, de la déﬂection
de la structure du microgénérateur ainsi que de la puissance récupérée sont présentés
dans la Figure 4.5, qui inclut le modèle à constantes localisées et l'analyse en éléments
ﬁnis pour comparaison. Egalement, en termes de déﬂection du microgénérateur et de
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Capteur inductif
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Récupérateur
Electro-aimant
Capteur capacitif
Structure hôte
Capteur de 
déplacement piézo-
électrique pour la 
structure hôte
(non utilisée pour 
récupération)
Figure 4.4: Dispositif expérimental.
Tableau 4.1: Caractéristiques des poutres.
Longueur, ds 0.104 m Epaisseur, ts 0.52 m
Largeur, ws 0.04 m Module d'Young, Es 210 Gpa
Coeﬃcient de Poisson, νs 0.3 Densité, ρs 7450 kg/m
3
Coeﬃcient
d'amortissement, ξs
0.007
Longueur, dh 0.033 m Epaisseur, th 49.4 µm
Largeur, wh 0.02 m Module d'Young, Eh 210 Gpa
Coeﬃcient de Poisson, νh 0.3 Densité, ρh 7480 kg/m
3
Coeﬃcient
d'amortissement, ξh
0.0658
Longueur, dp 0.022 m Epaisseur, tp 55 µm
Largeur, wp 0.02 m Position, xp 0.0033 m
Densité, ρp 7900 kg/m
3 Epaisseur, tsup 0.00175 m
Constante
piézoélectrique, d31
-152.5 pC.N−1 Permittivité, εS33 15.5 nF.m
−1
Compliances, s11
E 15.27 ×10−12 Pa−1 s12E -5.46 ×10−12 Pa−1
Tableau 4.2: Paramètres expérimentaux.
f1s 26.3 Hz f0s 26.256 Hz
C0s 40.2 nF QMs 142.23
αs 2.07× 10−4 Ms 0.0115 kg
Ks 314.4 Nm
−1 bs 0.0134 Nm−1s−1
f1h 24.05 Hz f0h 23.45 Hz
C0h 360 nF QMh 36.92
αh 3.102×10−4 N/V Mh 2.39×10−4 kg
Kh 5.467 Nm
−1 bh 9.792×10−4 Nm−1s−1
Fm 6.2×10−4 N kh2 0.0489
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Figure 4.5: Validation expérimentale de la récupération sismique (rapport de masse = 0.0208).
puissance, le modèle à un degré de liberté, qui considère une accélération constante
de la base du microgénérateur, est représenté. En plus de l'excellent accord entre
théorie, simulation et pratique, on note que, malgré le faible rapport de masse entre le
récupérateur et la structure hôte (le premier ayant une masse dynamique 50 fois plus
faible que la dernière), le couplage mécanique entre hôte et récupérateur est non nég-
ligeable, surtout à la charge optimale où le processus de récupération d'énergie induit
une atténuation de plus de 4 dB de la structure hôte (le récupérateur agissant comme
un Tuned Mass Damper - Amortisseur à Masse Accordée - adapté). Ainsi cet amor-
tissement a un impact non négligeable sur la puissance récupérée - cette dernière étant
surestimée d'un facteur 2 par l'approximation d'une accélération constante de la base
du microgénérateur dans le cas du système à un degré de liberté. Clairement, cette
hypothèse n'est pas valide ici, malgré le faible rapport de masse entre le récupérateur et
la structure hôte. La Figure 4.6 montre la position du dispositif expérimental par rap-
port à la puissance maximale récupérée théoriquement. Ainsi, on voit que le rapport de
masse optimal est plus faible, ce qui conduirait par ailleurs à un eﬀet d'amortissement
de la structure hôte plus important.
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Figure 4.6: Performances optimale du dispositif expérimental prédit par l'approche à constantes lo-
calisées.
4.3 Eﬀet du couplage entre récupérateur et
structure hôte
Cette partie propose une discussion plus détaillée des diﬀérents couplages et cou-
plages inverses qui interviennent dans le cas de microgénérateurs sismiques installés
sur une structure hôte. On s'attardera en particulier sur le couplage mécanique entre
le récupérateur et la structure hôte. Les paramètres de base étant dérivés du dispositif
expérimental exposé dans le paragraphe précédent, il est proposé de faire varier certains
de ces paramètres pour quantiﬁer leur eﬀet.
La Figure 4.7 montre l'eﬀet de la variation du rapport de masse entre le récupérateur
et l'hôte, en s'assurant que les fréquences des deux systèmes soient bien accordées
entre elles. Cette ﬁgure démontre clairement qu'une masse optimale existe, relatant
le compromis entre transfert énergétique de l'énergie mécanique de la structure hôte
vers le récupérateur (toujours sous forme mécanique), et de l'eﬀet d'amortissement du
récupérateur qui empêche l'énergie de rentrer dans la structure hôte. On remarque
également un glissement de la fréquence de résonance du système global (Figure 4.8),
cette dernière pouvant même se dédoubler pour des rapports de masse importants.
L'eﬀet du couplage électromécanique et du facteur de qualité mécanique du mi-
crogénérateur est présenté en Figure 4.9. Cette ﬁgure montre que l'augmentation des
capacités de conversion électromécanique du microgénérateur impacte le rapport de
masse optimal, tout comme l'augmentation de son facteur de qualité mécanique (ce
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Figure 4.7: Réponses de la structure hôte et du microgénérateur pour diﬀérents rapports de masse et
charge ; les performances sont optimisées par rapport à la fréquence et la charge résistive
est normalisée par rapport à la valeur optimale dans le cas de la technique alternative
standard.
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Figure 4.8: Réponses fréquentielles pour plusieurs rapports de masse ; les déplacement, la tension
et la puissance récupérée sont calculés pour le rapport de masse et la charge optimaux
(RL = Ropt|(M2/M1)opt = 61.8 kΩ).
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Figure 4.9: Performances optimales en fonction du rapport de masse pour diﬀérentes valeurs du facteur
de mérite k2QM .
dernier paramètre relatant la facilité de transfert de l'énergie de la structure hôte
vers le récupérateur), ce qui s'explique par le double compromis entre l'énergie élec-
trique extraite et l'énergie mécanique du microgénérateur, et entre l'énergie mécanique
transférée au microgénérateur et celle toujours présente dans la structure hôte. On
remarquera également un phénomène de saut des déplacements et de la tension qui
correspondent au cas où la puissance optimal est récupérée pour l'autre pic fréquentiel
(du au phénomène de dédoublement de fréquence).
4.4 Cas d'excitations large bande
Les signaux de l'environnement réel sont très rarement monochromatiques. Ainsi,
cette partie propose une modélisation stochastique similaire au chapitre précédent pour
quantiﬁer les capacités de récupération de systèmes sismiques lorsque l'hôte est soumis
à une excitation large bande.
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4.4.1 Modélisation
A partir de la modélisation par constantes localisées exposée dans la première partie
de ce chapitre, il est possible d'exprimer la densité spectrale de puissance du vecteur
des déplacements de la structure hôte et du récupérateur :
Suu (ω) = |L (ω)|2SFF (ω) . (4.14)
Conduisant ainsi à l'expression de la puissance récupérée :
P =
〈V 2 (t)〉
RL
=
1
2pi
∫ ∞
−∞
SV V (ω)dω
=
1
RL
1
2pi
∫ ∞
−∞
|gL (ω)|2SFF (ω)dω. (4.15)
Dans le cas d'un bruit blanc (densité spectrale d'excitation constante de valeur SFF ),
cette puissance se simpliﬁe par :
P =
1
RL
1
2pi
SFF
∫ ∞
−∞
|gL (ω)|2dω. (4.16)
alors que dans le cas sinusoïdal où la force est formée de deux Diracs dans le domaine
fréquentielle et a une amplitude FM , la puissance devient :
P =
1
2RL
|gL (ω0)|2FM 2, (4.17)
ce qui est similaire à ce qui a été établi dans la littérature.
4.4.2 Discussion
Pour vériﬁcation, la Figure 4.10 présente la comparaison entre la modélisation stochas-
tique et celle à constantes localisées dans le cas d'une excitation monochromatique, qui
valide la modélisation précédente basée sur l'aspect statistique.
La Figure 4.11 présente la puissance récupérée maximale en fonction du rapport
de masse pour plusieurs valeurs du coeﬃcient k2QM dans le cas d'un bruit blanc.
De manière non surprenante, la puissance augmente avec ce paramètre et atteint un
plafond pour de fortes valeurs de ce dernier. On remarque également un palier en
termes de rapport de masse optimal, qui est expliqué par le fait que le glissement, voire
le dédoublement de la fréquence de résonance du système complet (hôte+récupérateur),
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Figure 4.10: Comparaison du modèle stochastique et des résultats obtenus pour une excitation
monochromatique.
10−3 10−2 10−1 100
0
0.5
1
1.5
2
2.5
3
3.5
4
x 10−7
M
récupérateur/Mhôte
P 
(W
)
 
 
k2=10%
k2QM=5
k2QM=20
k2QM=40
k2=4%
k2QM=2
k2QM=8
k2QM=16
k2=0.25%
k2QM=0.125
k2QM=0.5
k2QM=1
Figure 4.11: Eﬀets du coeﬃcient de couplage et facteur de qualité mécanique sur la puissance récupérée
en fonction du rapport de masse pour une excitation en bruit blanc.
est toujours couvert par le spectre de l'excitation, permettant ainsi une plus grande
marge de manoeuvre sur la conception du microgénérateur.
Dans le cas d'une excitation plus réduite en bande fréquentielle (proﬁl gaussien
d'ouverture variable), présenté en Figure 4.12, ce palier se réduit et la masse opti-
male diminue alors que la bande fréquentielle devient de plus en plus limitée, passant
du cas de bruit blanc au cas monochromatique.
Le cas où la fréquence d'excitation est décalée par rapport à la résonance du système,
la Figure 4.13 montre l'eﬀet de ce décalage sur la puissance récupérée en fonction
du rapport de masse selon que le facteur de force α ou le coeﬃcient de couplage
électromécanique k est considéré constant, avec une excitation en bande étroite. Bien
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Figure 4.12: Eﬀet de l'ouverture de bande d'une excitation en cloche sur le sytème
{hôte+récupérateur} : (a) à α constant ; (b) à k2 constant.
que, de manière non surprenante, la puissance décroît avec le décalage, on pourra
remarquer que dans le cas d'un facteur de force constant, le rapport de masse optimal
et les formes des courbes ne changent pas outre mesure, alors que dans le cas d'un
coeﬃcient de couplage constant, ce dernier se décale vers des valeurs plus hautes, toute
en ayant une plage plus réduite.
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Figure 4.13: Eﬀet d'un décalage d'une excitation à bande étroite pour un rapport de fréquence unitaire
: (a) à α constant ; (b) à k2 constant.
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4.5 Eﬀet du désaccordage entre structure hôte et
récupérateur
Cette dernière partie de ce chapitre s'intéresse à l'eﬀet d'un décalage de la fréquence
de résonance du microgénérateur par rapport à celle de la structure hôte seule, dans
le cas où soit le facteur de force, soit le coeﬃcient de couplage global au carré est
considérée constant. En considérant une excitation en bruit blanc, dans le cas d'un
facteur de force constant (Figure 4.14 - fh/fH étant le rapport de fréquence de réso-
nance entre le microgénérateur et la structure hôte), on remarque des courbes de forme
similaires, mais un coeﬃcient de qualité mécanique plus important compense l'eﬀet du
décalage uniquement dans le cas d'une excitation monochromatique (en considérant
soit la fréquence optimale - global - soit en suivant une seule fréquence, même dans le
cas de dédoublage - local).
Pour un coeﬃcient de couplage constant (Figure 4.15(a)), on pourra néanmoins
remarquer que l'impact du désaccordage est quasi-nul, ce qui peut être expliqué par
la compensation de ce décalage par le contrôle du transfert d'énergie mécanique de la
structure hôte vers le récupérateur (le rapport de masse optimal variant énormément
et de manière non monotone de ce cas - Figure 4.15(b)).
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Figure 4.14: Eﬀet d'un désaccordage sur la puissance récupérée pour α constant et deux valeurs du
facteur de qualité mécanique : (a) QM = 36.92; (b) QM = 36.92.
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Figure 4.15: Eﬀet d'un désaccordage sur la puissance récupérée pour k2 constant : (a) puissance
maximale récupérée ; (b) rapport de masse optimal.
4.6 Conclusion
Ce chapitre a apporté une modélisation plus complète des générateurs sismiques,
prenant en compte le couplage mécanique inverse induisant une modiﬁcation du com-
portement mécanique de la structure hôte. Bien que dans certains cas, la masse dy-
namique de la structure hôte soit très largement supérieure à celle du récupérateur
(infrastructures civiles par exemple), il existe de nombreuses applications visant des
dispositifs de taille modeste (comme les machines tournantes). Ceci est d'autant plus
vrai que les travaux réalisés dans ce chapitre ont montré un eﬀet non négligeable du
au couplage mécano-mécanique entre la structure hôte et le microgénérateur même
pour des rapports de masses dynamiques très faibles (diﬀérence de trois ordres de
grandeurs ou plus). Ainsi, l'hypothèse d'accélération constante couramment utilisée
dans la littérature n'est plus valide, et la puissance qui peut être récupérée diminue
drastiquement.
Aﬁn de faciliter la conception de microgénérateurs dans le cas d'applications réalistes
et étudier les eﬀets de dispersion, les travaux menés dans ce chapitre ont également
porté sur l'impact d'une excitation large bande, où les contraintes en termes de rapport
de masse optimale sont grandement relâchées par la présence d'un plateau, ainsi que
l'eﬀet d'un désaccordage des fréquences de résonance entre l'hôte et le récupérateur,
où la puissance peut être maintenue constante dans le cas où le coeﬃcient de couplage
électromécanique du microgénérateur est constant. Néanmoins, cette possibilité se fait
au prix d'une conception très précise en termes de rapport de masse optimal, mettant
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une fois de plus en avant la nécessité de prendre en compte toute la chaîne de conversion
d'énergie lors de la conception du système de récupération.
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5 Conclusions et perspectives
Les travaux de cette thèse se sont attachés à évaluer les performances de microgénéra-
teurs puisant leur énergie dans les vibrations ambiantes par eﬀet piézoélectrique. Cette
thématique est présentement très fortement d'actualité du fait de la réduction de la
consommation des dispositifs de la microélectronique, de la limitation des batteries
et des problèmes environnementaux. Une forte volonté d'utilisation réaliste de tels
microgénérateurs a été le ﬁl directeur des études présentées dans ce mémoire.
Dans cette optique, les chapitres 2 et 3 se sont intéressés au cas d'excitation large
bande lorsqu'une interface électronique de traitement non-linéaire est utilisée pour
augmenter les capacités de conversion; le cas académique qui consiste à considérer
une excitation sinusoïdale étant fort peu souvent représentative d'environnements réal-
istes. Aﬁn de pouvoir utiliser les outils d'analyse de traitement de signal et de proces-
sus aléatoire, la technique non-linéaire considérée, nommée PSHI, consiste à inverser
rapidement la tension de sortie de l'élément piézoélectrique. Bien que cette tech-
nique diﬀère d'une commutation synchrone avec le déplacement (approche SSHI), ses
principes restent relativement similaires. Le chapitre 2 s'est tout d'abord intéressé à
modéliser cette technique en utilisant le concept d'auto-échantillonnage, la technique
PSHI pouvant être interprétée comme un échantillonnage de la tension rebouclé sur
elle-même. Ainsi, les expressions de déplacement, tension et puissance récupérée ont
pu être établies en considérant une excitation quelconque mais de spectre connu (en
module et phase). Diﬀérents cas de ﬁgure, pour valider le concept et l'analyse ou pour
quantiﬁer les performances, ont ainsi pu être étudiés. Le chapitre 3 a par la suite
étendu cette étude au cas où seule la densité spectrale de puissance de l'excitation
est connue ; cette grandeur étant plus communément accessible dans la réalité. Du
fait de l'aspect linéaire mais non temporellement invariant de la technique PSHI, une
approche stochastique basée sur la cyclostationnarité du signal a été choisie, perme-
ttant d'établir la puissance récupérable dans le cas d'une excitation aléatoire. En
parallèle, une approche numérique de résolution temporelle a été menée pour valider
FR-57
Cette thèse est accessible à l'adresse : http://theses.insa-lyon.fr/publication/2013ISAL0085/these.pdf 
© [Y-C. Wu], [2013], INSA de Lyon, tous droits réservés
FR-58 Chapitre 5: Conclusions et perspectives
l'étude, de même qu'une série de mesures expérimentales, conﬁrmant ainsi l'analyse
menée. Une étude plus approfondie a montré que, bien que la technique PSHI soit
moins performante que le SSHI, cette dernière permet néanmoins de proﬁter d'un gain
non négligeable en termes d'énergie récupérée comparé à l'approche standard, tout en
nécessitant une commande beaucoup plus simple. Cette étude s'est néanmoins limitée
à une seule fréquence de résonance du microgénérateur (modélisation à un degré de
liberté). L'extension des travaux menés ici au cas multimodal serait des plus intéres-
sante à mener. Ceci est d'autant plus vrai que le SSHI voit ses performances dégradées
dans ce cas, phénomène qui serait sans doute limité dans le cas du PSHI, la commu-
tation n'étant pas synchronisée au déplacement. De même, le lien entre PSHI et SSHI
pourrait être une piste à suivre, par exemple en modélisant le SSHI par le PSHI dans
une fenêtre temporelle donnée ; le SSHI global étant alors obtenue par la succession
des diﬀérentes fenêtres. L'eﬀet de l'introduction d'autres non-linéarités, mécaniques ou
électriques (raideur à caractère cubique ou convertisseurs AC/DC par exemple), serait
également une voie à explorer.
Enﬁn, le chapitre 4 s'est attelé à étudier les eﬀets de la récupération par couplage
sismique du microgénérateur avec une structure hôte. Il a ainsi été démontré que ce
couplage n'est pas négligeable même lorsque les dimensions du récupérateur restent
faibles par rapport à celle de la structure hôte, du fait du couplage mécano-mécanique
entre microgénérateur et hôte. Ainsi, l'hypothèse classique d'accélération constante
sur la base du microgénérateur n'est plus valide et conduit à une surestimation im-
portante de l'énergie récupérable, car seule une partie de la chaîne de conversion est
prise en compte. Ceci souligne une fois encore la nécessité de considérer tout les pro-
cessus de conversion d'énergie, ainsi que les diﬀérents couplages bidirectionnels, qui
conduisent non seulement au compromis de conversion électromécanique (énergie ex-
traite par rapport à l'énergie mécanique du microgénérateur), mais également au com-
promis de conversion mécanique entre l'hôte et le récupérateur, c'est-à-dire l'énergie
mécanique transférée à ce dernier par rapport à l'énergie mécanique dans la structure
hôte ; en d'autre termes, l'énergie mécanique doit toujours pouvoir entrer dans cette
dernière. Diﬀérentes analyses, en terme de proﬁl d'excitation ou de conception du
microgénérateur, ont été menées, montrant les points importants à considérer lors de
la conception d'un système de récupération. La combinaison du générateur sismique
avec l'interface non-linéaire PSHI ou SSHI et l'analyse de ce système en fonction de
plusieurs paramètres (proﬁl excitation par exemple) serait une étude qui pourrait pour-
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suivre ces travaux. Ainsi cette thèse, se voulant à mi-chemin entre travail académique
et considérations réalistes, a dégagé de nouvelles pistes de réﬂexion, tout en mettant en
avant des points importants à considérer lors de l'analyse et/ou de l'implémentation de
récupérateurs d'énergie, espérant ainsi apporter une pierre supplémentaire au domaine
de la récupération d'énergie, et de manière plus générale au monde passionnant des
systèmes multiphysiques.
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En particulier, la récupération d’énergie mécanique exploitant l’effet piézoélectrique est l’une des pistes les plus étudiées actuellement pour 
la conception de microgénérateurs autonomes capables d’alimenter les dispositifs électroniques. Par ailleurs, dans ce domaine, il a été 
démontré que l’utilisation d’interfaces électroniques effectuant un traitement non-linéaire de la tension de sortie de l’élément actif permet 
d’améliorer grandement les capacités de conversion (et donc de récupération) de l’énergie vibratoire. L’une de ces approches, nommée 
«Synchronized Switch Harvesting on Inductor» (récupération par commutation synchronisée sur inductance) s’est montrée particulièrement 
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de commutation comme un « auto-échantillonnage » du signal, ou en appliquant des théories d’analyse stochastique pour quantifier les 
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